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PREFACE 


The  former  edition  of  thrs  volume  met  witli  a  sale  which 
&r  exceeded  the  expectation  of  its  authors,  as  the  work  was 
-written  only  for  good  teachers  and  good  schools.  The  orig- 
inal design  of  writing  an  additional  volume  has  been  aban- 
doned, and,  in  the  present  edition,  chapters  have  been  added 
on  Permutations  and  ComhinationSj  Oakulus  of  ProbaJnUtieSy 
logarithms,  Interest  and  Annuities^  Indeterminate  Analysis, 
J)iophantine  Analysis,  and  the  General  Theory  of  Equations, 
including  Transfbrmation  of  Etpiations,  Limits  of  Boots,  Equal 
^Jtoots,  Integral  Boots,  Siurm^s  Theorem,  Homer's  Method  of 
living  Numerical  Equations  of  all  Degrees,  and  CardarHs 
i.ulafbr  Cubic  Equations. 

This  volume  is,  perhaps,  the  most  extensive  treatise  on 
AlgebiSL  which  has  ever  been  published  in  America,  and 
ithis  fact  leads  us  to  hope  that  it  will  be  extensively  used  in 
the  higher  grade  of  Institutions  where  the  mathematical 
'Sciences  receive  considerable  attention.  Although  an  un- 
!lisual  number  of  practical  examples  have  been  inserted  in 
ifhis  volume,  on  the  principle  that  algebraic  skill  can  only 
't)e  acquired  by  extensive  practice,  yet  the  teacher  should 
idect  only  such  as  may  be  best  adapted  to  the  particular 

;.dass  which  he  has  under  his  instruction.     While  some 
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lY  PBEFACE. 

classes  sliould  solve  all  the  examples,  others  should  turn 
their  attention  only  to  the  most  difficult,  and  others,  again, 
should  omit  the  most  difficult  examples.  The  judicious 
teacher,  who  becomes  femiliar  with  the  work,  can  select 
such  subjects  as  may  be  best  suited  to  his  class. 

The  arrangement  of  this  work  is,  in  many  respects,  new. 
The  plan  of  treating  every  subject  as  the  solution  of  a  gen- 
eral problem,  or  as  the  demonstration  of  a  theorem,  it  is 
hoped,  will  greatly  facilitate  rigid  class  instruction.  Many 
of  the  demonstrations  have  been  rendered  so  clear,  that 
they  may  be  readily  comprehended  by  students  of  ordinary 
capacity;  others,  which  are  of  a  more  abstruse  character, 
will  require  close  application. 

The  attention  of  teachers  is  called  to  the  classification  of 
AlgAraic  Symbols  in  Chap.  1. ;  the  eocplanation  of  svbtraction^ 
and  Articles  (81),  (82),  (83),  (84),  (94),  (95),  (96),  (97),  in 
Chap.  n. ;  Articles  (112),  (113),  and  (114)  in  Chap.  ni. ; 
the  demonstration  of  the  rule  for  finding  the  Oreatest  Common 
Divisor  of  two  polynomials  in  Chap.  IV. ;  Articles  (160)  and 
(162)  iu  Chap.  VL ;  the  general  Discussion  of  the  Courier 
Problem  in  Chap.  X. ;  and  the  Demonstration  of  the  Multi 
noniial  Theorem  in  Chap.  XVIII.  The  method  of  solving 
equations  of  the  third  and  the  fourth  degree  as  set  forth  iu 
Articles  (335),  (337),  (354),  and  (355),  although  tentative 
in  its  character  and  not  practically  general,  furnishes  the 
means  of  resolving  many  problems  which  have  heretofore 
been  considered  difficult.  This  method  is  considered  valu- 
able in  an  educational  rather  than  in  a  scientific  point  of 
view.     The  Chapter  on  ^^Oontimied  Fractions*^  will  be  foun< 
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to  be  a  fuller  discussion  of  this  interesting  subject  than  has 
yet  been  given  in  any  other  treatise  published  in  this  coun- 
try. We  might  call  attention  to  other  parts  of  the  work, 
but  it  is  deemed  imnecessary. 

This  volume  is  now  submitted  to  an  intelligent  public, 

with  the  hope  that  after  a  careful  examination  it  will  meet 

with  the  approbation  of  all  those  who  f&vor  the  use  of 

text-books  that  do  not  attempt  to  simplify  by  the  omission 

of  that  which  is  difficult 

J.  F.  S.  AND  W.  D.  H, 
July  4 ,  1859. 

[Kan.— 'A  Ebt  to  thii  Tohime  willbe  iasaed  withoot  delay.] 


SUGGESTIONS  TO  TEACHERS. 

After  the  class  has  completed  the  study  of  The  Ele- 
HENTABY  Aloebra  (or  any  other  work  nearly  equivalent), 
the  present  volume  may  be  studied,  as  follows : 

1.  Study  Chapter  L 

2.  Commence  Chap.  11.,  Chap.  X.,  and  Art  (310),  at  the 

same  time,  thus  dividing  the  lesson  into  three  portions. 

3.  After  studying  from  Art.  (810)  to  Article  (325),  inclusive, 

turn  to  Chap.  XIL,  and,  also,  to  "Pure Quadratics," 
Chap.  XL,  and  after  completing  "  Pure  Quadratics," 
turn  to  Art.  (825).  During  this  stage  the  lesson  will 
consist  of  four  portions. 

4.  After  completing  Chap.  X,  turn  to  Chap.  XVIII.,  and 

afl;er  completing  Chap.  XI.,  turn  to  the  General 
Theory  op  Equations. 

5.  Ailer  completing  Chap.  IX.,  turn  to  Permutations,  and 

so  on. 

Remark. — ^Thls  method  of  etudy  will  be  prodnctiyo  of  more  rapid  progreai 
than  the  ordinaiy  consecutiye  method,  for  seyeral  reaaona.  By  the  usual  plan, 
a  student  nearly  foi^ta  QuadraUcBf  as  learned  in  the  Elexentabt  Algebra, 
before  arriving  at  QuadrcUics  in  this.  If  he  has,  in  one  part  of  his  lesson,  di£Qj 
cultieB  that  he  is  unable  to  overcome  without  aid,  there  are  still  three  othCT 
parts  of  his  lesson  where  he  may  expend  his  efibrts,  and  thus  lose  no  time  in 
waiting  for  assistance. 

As  e\  idence  of  the  practical  workings  of  this  method  (and  one  similar),  H 
may  be  stated  that  one  of  the  authors  took  a  class,  mostly  young  womeq 
throagh,  and  the  other,  a  class  consisting  of  both  sexes,  nearly  through  tb 
fixrmer  edition  in  one  term  of  twenty-two  weeks ;  the  class  solving  all  the  ex 
amples.    The  ages  of  the  pupils  varied  from  fourteen  to  twenty-flve  years. 
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ALGEBRA. 


CHAPTER  I. 
DEFINITIONS. 

( 1  •)  Algebba  is  a  general  method  of  inyestigatiiig  the  relatioiis  of 
quantities. 

(2»)  Quantity  is  that  which  admits  of  increase,  or  of  diminution. 

(3«)  Mgebrak  notation  is  the  method  of  representing  by  symbols 
algebraic  quantities,  their  relations,  and  the  operations  to  be  peiformed 
upon  them. 

(4»)  .il^aftrai^  jymftofo  are  characters  used  in  algebraic  expressions. 

(5«)  Algebraic  symbols  are  of  six  kmds ;  namely, 
Symbols  of  Quantityy 
"        "  Operation, 
"        "  Helationy 
**        "  AggregaHon^ 
"        "  Continuationy 
and    '*        ^  Deduction, 

SYMBOLS  OP  QUANTITT. 

(6«)  The  symbols  of  quantity,  generally  used,  are  the  Arabic 
numerals  and  alphabetic  characters. 

(7«)  The  Arabic  numerals,  1,  2,  3,  4,  5,  ^bo,  are  used  to  represent 
known  quantities. 

(8«)  The  first  letters  of  the  alphabet,  a,  5,  c,  Arc,  are  generally 
used  to  represent  known  quantities,  or  quantities  that  may  be  assumed 
to  be  of  any  value  whatever. 

(9«)  The  final  letters  of  the  alphabet,  x,  y,  e,  u,  Ak^,  are  generally 
used  to  represent  quantities  which  depend  for  their  values  upon 
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known  quantities,  or  upon  quantities  whi«h  may  be  assumed  to  be 
known. 


( 1 0«)  The  symbol  0  is  called  zero,  and  denotes  the  absence  of  qi 
tity,  or  that  which  is  less  than  any  assignable  quantity. 

(II.)  The  symbol  oo  is  called  infinity,  and  denotes  that  which  is 
greater  than  any  assignable  quantity. 

(12.)  The  notations,  a',  a',  a"\  a"'\  Ac,  and  <ix^(i2^<i^^(i^^ 

a,,  are  often  used  to  denote  different  quantities  which  occupy  similar 
positions  in  different  operations,  a!  is  read  a  prime ;  a',  a  second; 
a"\  a  third;  a"'\  a  fourth;  dK^  and  a,,  is  read  a  suh  one  ;  a^,  a  mh 
two  ;  a,,  a  sub  three  ;  a^,a  sub  four a^a  sub  n. 

( 1 3.)  The  symbols  ',  ', '",  "",  Ac,  are  caUed  accents.  The  aymbok 
I,  a,  3,  4, ,,  are  called  subscripts. 

SYMBOLS  OP  OPERATION. 
(14.)  The  symbols  of  operation,  are  +,  — ,  '^j  x,  *,  -r-, :,  — ,  ), 

U,^^^<fec.,*'*'*'<feci/,v,v,<fec 

(15.)  The  symbol  +  is  called  plus,  and  is  the  sign  of  addition. 
Thus,  a  +  b  indicates  the  addition  of  a  and  b, 

(IG.)  The  symbol  —  is  called  minus,  and  is  the  sign  of  subtrac- 
tion.   Thus,  a— 6  indicates  the  subtraction  of  b  from  a. 

(17.)  The  symbol  ^,  when  placed  between  two  quantities,  denotes 
that  the  less  is  to  be  subtracted  from  the  greater.  Thus,  C^^d,  or 
5^6,  denot<>s  that  5  is  to  be  subtracted  frY)m  6  ;  and  a^b  denotes  that 
5  is  to  be  subtracted  from  a,  or  a  from  b,  according  as  a  is  greater .  or 
less  than  b. 

(18.)  The  symbols  x  and  *  are  signs  of  multiplication.  Thua, 
7x5,  or  7'5,  indicates  that  7  is  to  be  multiplied  by  5,  or  5  by  7 ; 
a  X  6,  or  a-b,  indicates  that  a  is  to  be  multiplied  by  b,  or  b  by  a. 

( 1 9«)  lu  representing  the  multiplication  of  literal  qnantitieB,  the 
sign  of  multiplication  is  generally  omitted.  Thus,  instead  of  a  x  6,  of 
arb,  we  write  ab;  and  instead  of  2  x  a,  or  2*a,  we  write  2a. 

(20.)  The  83rmbols  -j-,  :,  — ,  ),  and  | ,  are  signs  of  divisioiL 

Thus,  6-r-3,  6:3,  |,  3)6,  or  6|d^,  indicates  the  division  of  6  by  8 ; 

also,  a-T-b,  ^'^yj-j  ^)^i  or  w.b  ,  indicates  the  division  of  a  by  5. 
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(21»)  The  symbolB  \  ',  ',  \  dec,  are  caUed  exponents,  and  are 
signs  of  inyolntion.  Thus,  a\  which  is  an  abbreviation  of  aaaaa, 
denotes  that  a  is  to  be  raised  to  the  fifth  power,  that  is,  a  is  to  be  taken 
five  times  as  a  factor.    The  exponent  ^  is  not  usually  written. 

(22»)  The  symbols  »'  *'  *'  Ac,  are  called  fractwwd  exponents, 

and  are  the  signs  ofevdu^ff/^mmSpiuB,  a%  a%  a*,  Ac,  respectively 
indicate  that  the  square  root,  the  cube  root,  the  fourth  root,  <!^c.,  of  a 
are  to  be  extracted. 

(23*)  In  firactional  exponents^e  numerator  denotes  a  power,  and 

the  denominator  a  root.  Thus/a;^  tenotes  the  fifUi  root  of  the  third 
power  of  X,  or  the  third  power  otTne  fifth  root  of  x. 

(24«)  The  symbol  V  is  called  the  radical,  and  is  the  sign  of  evohi- 
tion.  Thus,  Vo,  V<h  ^^  ^^  respectively  indicate  that  the  square 
root,  the  cube  root,  the  fourth  root,  &o^  of  a  are  to  be  cTtracted. 
The  small  figure  in  the  angle  of  the  radical  is  the  index  of  the  root. 
When  no  index  is  written,  *  is  understood.  Thus,  Va  is  the  same  as 
l/a. 

SYMBOLS  OF  RELATION. 

(25«)  The  symbols  of  relation  are  :,=,::,><,  -s-  .,  ., 
and  -77-    :    :    :    . 

(26*)  The  symbol  :  denotes  ratio.  Thus,  a  :  b  denotes  the  ratio 
of  a  to  6. 

(27  •)  The  symbols  =  and  :  :  are  signs  of  equality.  Thus,  a=:5 
denotes  that  a  equals  b ;  and  a : b=ze :d,0T  a:b  ::c:d  denotes  that 
the  ratio  of  a  to  5  equals  the  ratio  of  cto  d. 

The  symbol  :  :  is  not  used  except  to  denote  the  equality  of  ratios. 
Thus,  we  never  write  a : :  6  for  a=6. 

(28*)  The  s3rmbols  >  and  <  are  signs  of  inequality.  Thus, 
a>6  denotes  that  a  is  greater  than  b;  and  a<6,  that  a  is  less 
than  5. 

(29»)  The  symbol  -f-  ...  is  the  sign  of  an  arithmetieal  series. 
Thus,  -f-  a .  6 .  c .  c^denotes  the  equality  of  the  difference  between  a  and 
b,  b  and  c,  and  c  and  d. 

(30*)  The  symbol  -H-  :  :  :  is  the  sign  of  a  geometrical  series. 
Thus,  -H-  a :  6 :  e :  i  denotes  the  equality  of  the  ratios  of  a  to  5,  5  to  ^ 
and  eU>  d, 

2 


X 

denotes  that  the  sam  of  a,  5,  and  c  is  to  be 
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SYXBOLS  OF  AGGBEGAnON. 
(310  The  symbols  of  aggregation  are  y  I  >  (  ),  [  1  and  |  |, 

(32*)  The  STmbol  is  called  a  wnadum^  and  denotes  that  the 

quantities  orer  which  it  is  placed  are  to  be  considered  as  one  quantity. 
Thus,  Va+h-\-c  denotes  that  the  square  root  of  the  sum  o^Oy  b^  and  c 
is  to  be  extracted. 

(33.)  The  symbol  |  is  called  a  har^  and  denotes  that  the  qtuuntitiei^ 
in  the  column  immediately  preceding  it,  are  to  be  considered  as  out 

+a 
quantity.    Thus,   +i 
+c 
multiplied  by  x. 

(34«)  The  parenthesis  (  ),  brackets  [  ),  and  braces  |  j>,  denote 
that  the  quantities  contained  within  them  are  to  be  considered  as  one 
quantity.  Thus,  {b'{-e)x  denotes  that  the  sum  of  b  and  e  is  to  be 
multiplied  by  x;  [a+(6+c)jr]y  denotes  that  the  sum  of  a  and 
(5 + c)  J?  is  to  be  multiplied  by  y  ;  and  -{2 + [a  +  (6 + c)x'ji/^  u  denotes 
that  the  sum  of  z  and  [a  +  {b+e)x^  is  to  be  multiplied  by  u. 

SYMBOLS  or   CONTINUATION. 

(35*)  The  symbols  of  continuation  are  ... .  and ,  and  an 

equivalent  to  ofec,  and  so  on^  or  continued  according  to  the  same  law. 
Thus,  a,  a\  a\  a\  a\  a\  a\  a\  Ac,  and  a„  a„  a,,  a^,  a„  a„  a^,  a„ 
Ac,  may  be  written  a,  a*,  a', . . , .  and  a,,  a^,  a,, . . . . 

SYMBOLS  OP  DEDUCTION. 
(36«)  The  symbols  of  deduction  are  .* .  and  *.* 

(37«)  The  symbol  .*.  signifies  therefore,  whence,  etmsequmUiy^ 
hence,  from  which  we  iftfer,  dsc. 

(38*)  The  symbol  •  .•  signifies  since,  or  because, 

(39»)  A  monomiai,  or  term,  is  an  algebraic  expression  whioh  is  not 
connected  to  any  other  bj  the  sign  of  addition  or  subtraction ;  as,  a, 

2a,  ab,  a^bc,  ^,  (a  +  6),  {x+y)x,  (j?+a)  (y+6),  <fec 

(40«)  A  binomial  is  an  algebraic  expression  which  is  composed  of 
two  terms;  as,  a+6,  2a?— 3y,  (ar+y)+2,  («+«)  + (y+ft),  <tc. 
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(41«)  A  irmomM  is  an  algebnio  ezpieflnon  whicli  Ib  oompoBed 
of  three  terms ;  a8,a+6-|-c,  x—y+Sz^  («+y)+o-l-(c+^,  (*"">) 
—  (a— 6)  +  (c— ci),  Ac. 

(42*)  K  polynomial^  or  multinomial^  is  an  algebraic  expression 
which  is  compoeed  of  several  tierms;  as  a +6,  a— 6+c,  «+y— 2+n, 
a-f  6— c+rf— «,  Ac. 

(43*)  A  residual  is  an  algebraic  expression  which  denotes  the 
difference  of  two  terms;  as,  a— i,  (a-f  6)--(c+«0,  Ac 

(44«)  A  simple  term  is  one  which  contains  but  one  sign  of  addi- 
tion or  subtraction  expressed  or  understood;  as,  —  S^e,  4a&,  Ac 
But  (a +  6)  is  not  a  simple  term,  because  it  is  equivalent  to  (+a-f  6) 
which  contains  two  plus  signs. 

(45*)  A  compound  term  is  one  which  is  composed  of  two  or 
more  simple  terms  affected  bj  a  sign  of  aggregation ;  as,  (a— 5), 
V2x—3y+4z,  ](«+y)«+  («+*)  [c+  (»»— «)]  +  g'[,  Ac 

(46*)  A  positive  term  is  one  that  is  affected  by  the  sign  of  addi- 
tion; as,  +6«,  +(a-f  6),  +(ar— y),  or  6j?,  (a+ft),  («— y),  Ac 

(47«)  A  negative  term  is  one  that  is  affected  by  the  sign  of  sub- 
traction; as,  —6a,  —  («— y),  —  (3aj— 4y-J-7«),  Ac 

(48»)  Like^  or  similar  terms^  are  those  that  contain  the  same 
letters  affected  by  the  same  exponents ;  numerals  denoting  abstract 
numbers ;  and  numerals  denoth^  concrete  numbers  of  the  same  de- 
nomination. Thus  6aV  and  69aV,  and  4xy*  and  — '/icy*,— 
6(a*-f  6')  and  42(a'-f  6*),  67  and  34,  $12  and  — $10  are  respectively 
similar. 

(49«)  Unlike^  or  dissimilar  terms,  are  those  that  axe  not  similar. 
Thus,  a  and  «,  a^x  and  od^,— d(d;+y)  and— 7(d;+c),  are  respectively 
dissimilar. 

(50«)  Homogeneous  terms  are  those  in  which  the  som  of  the  ex 
ponents  of  the  literal  factors  in  each  are  equaL  Thus,  2^y  and  ary% 
4a'5*  and  6ab\  are  respectively  homogeneous! 

(51*)  The  coefficient  of  a  term  is  that  factor  which  is  considered 

as  denoting  the  number  of  times  the  rest  of  the  terra  is  taken.    Thus, 

in  6a,  6  is  the  coefficient  of  a  ;  in  ax,  a  may  be  considered  the  coeffi* 

'  dent  of  x^  or  1  may  be  considered  the  coefficient  of  ax  ;  also,  in  6aa^ 

6a  is  the  coefficient  of  d^  and  6  the  coefficient  of  ax. 
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(52«)  A  numerical  quanHty  is  one  which  is  expwwaod  lij 
nmxierals ;  as,  6,  43,  ^. 

(53»)  A  literal  quantity  is  one  which  is  expressed  entirelj  oris 
part  by  letters ;  as,  oar,  Sab,  Ac. 

(54.)  A  rational  quantity  is  one  which  can  be  expressed  without 

the  aid  of  a  radical  sign  or  fractional  exponent ;  as,  a,  \/a*=ra,  5' = 
6*,V'36=6,  &C. 

(55.)  An  irrational  quantity  is  one  which  can  not  be  exprooncd 

without  the  aid  of  a  radical  sign  or  fractional  exponent ;  aa,  ^/€^  5% 
f  2,  Ac. 

(56,)  The  power  of  a  quantity  is  the  product  resulting  by  taking 
the  quanti^  a  certain  number  of  times  as  a  factor.  Thus,  aaaa  or 
a*  denotes  the  4th  power  of  a. 

(57.)  The  root  of  a  quantity  is  a  quantity  which  taken  a  oertain 
number  of  times  as  a  factor,  produces  the  given  quantity. 

(58.)  The  reet/?ro0ti/ of  a  quantity  is  unity  divided  by  that  qiiantitj^ 

Thus,  -  is  the  reciprocal  of  a,  and  -, or  -is  the  reciprocal  of  ^. 

I 

(59«)  An  algebraie  formula  is  the  general  expression  of  a  mathe- 
matical truth. 

(60,)  A  proposition  is  something  proposed  to  be  done,  or  to  be 
demonstrated. 

(61«)  A  problem  is  something  proposed  to  be  done. 

(6 2,)  A  theorem  is  something  proposed  to  be  demonstrated 

(63.)  A  lemma  is  something  to  be  demonstrated  in  order  to  ren- 
der what  follows  more  easy.  • 

(64.)  A  corollary  or  coneectary  is  an  obvious  consequence  deduced 
from  some  preceding  truth  or  demonstration. 

(65.)  A  scholium  is  a  remark  appended  to  the  demonstration  of 
a  theorem  or  to  the  solution  of  a  problem. 

(66.)  An  hypothesis  is  a  supposition  made  in  tiie  enunciation  of 
a  proposition,  or  in  the  comne  of  a  demonstntion. 
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(67.)  A  direct  demonitratian  ia  one  in  which  the  xeasoniog  em- 
ployed is  regular  deduction. 

(68.)  Ad  indirect  demonstration  is  one  by  which  a  thing  is 
proFed  to  be  true  by  showing  that  the  supposition  that  it  is  not  true 
leads  to  an  absurdity.  This  kind  of  demonstration  is  fi:equently  called 
a  reductio  ad  ahsurdum, 

(69.)  An  axiom  is  a  self-evident  truth. 

AXIOMS. 

It  The  whole  is  equal  to  the  sum  of  all  its  parts. 

2«  If  equal  quantities  be  added  to  equal  quantities,  the  sums  will 
be  equal. 

8«  If  equal  quantities  be  subtracted  from  equal  quantities,  the 
remainders  will  be  equal 

4*  If  equal  quantities  be  multipHed  by  equal  quantities,  the  pro- 
ducts will  be  equal. 

6%  If  equal  quantities  be  divided  by  equal  quantities,  the  quotients 
will  be  equal. 

6*  If  imequal  quantities  be  added  to  equal  quantities,  the  sums  will 
be  unequal. 

7t  If  unequal  quantities  be  subtracted  from  equal  quantities,  the 
remainders  will  be  unequal. 

8*  If  unequal  quantities  be  multiplied  by  equal  quantities,  the 
products  will  be  unequal. 

9f  If  unequal  quantities  be  divided  by  equal  quantities,  the  quo- 
tients will  be  unequal. 

10*  Quantities    which  are  an  equal   number  of  times  the   same 
quantity,  are  equal  to  each  other. 

11,  Equal  powers  of  equal  quantities  are  equal 

12«  Equal  roots  of  equal  quantities  are  equal.  \ 

(70.)  EXERCISES  IN  NOTATION. 

1.  Write  a  added  to  6. 

2«  Write  a  subtracted  from  h, 

St  Write  the  difference  between  a  and  h.  Am,  a^h. 
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4t  Write  in  three  ways  a  muhiplied  by  6. 

69  Write  in  two  ways  6  multiplied  by  8. 

6«  Write  in  five  ways  a  divided  by  6. 

7*  Write  in  three  ways  the  product  of  a  added  to  5  by  ihe  differ- 
ence between  b  and  a  when  a  is  greater  than  b. 

8t  Write  in  two  ways  the  square  root  of  a,  added  to  b. 

9«  Write  in  two  ways  the  cube  root  of  a,  added  to  the  square  of 
the  sum  of  a,  b,  and  c. 

lOt  Write  in  two  ways  the  square  root  of  the  sum  of  a  and  &. 

lit  Write  in  two  ways  the  cube  root  of  the  sum  of  a  and  the 
square  of  the  sum  of  a,  by  and  c. 

U»  Write  the  product  of  the  sum  of  a  and  b  by  the  sum  of  x  and 
y,  divided  by  the  cube  root  of  a,  diminished  by  d. 

(71.)  EXEBCISES  m  NUHEBATIOK. 

1.  Reada+6. 

2.  Bead  a— 6. 
8«  Beada^c 

i.  Bead  6  x  7  or  6-7. 

5*  Bead  a  x  5,  or  arb. 

6t  Beada5. 

7t  Beada-^5. 

8t  Bead  0:6.  Arts,  a  divided  by  b^  or  the  ratio  of  a  to  5. 

9«  Bead  a\  Am.  a  squared,  a  square,  or  a'<  square. 

19.  BeadVcL 
11.  Beadi^o+y. 


li.  Bead  y^a+i^ft+c. 
13.  Beader  «+^6+Vc. 


14.  Bead  3  V  «*  +  Vai+i^a. 

15.  Bead(ar*-/){«+*[«+3(6-;>)]+4y«l 


CHAPTER  II.    ' 
ADDITION. 

(72.)  Addition  \&  finding  the  simplest  expression  for  the  smn  of 
■everal  algebraic  quantities. 

CASE    I. 
(73»)  When  quantities  are  entirely  disdmilar. 

I  RULE. 

Connect  them  together  by  their  proper  signs. 

PBOBLBH, 

Eind  the  sum  of  a,  ^b,  +3c,  and  — 5i. 

SOLUTION. 

Ckmnecting  these  exjHiessions  together,  we  have  a—h-^Ze—Sd. 

BXAMPLB8. 

!•  Find  the  sum  of  6a  and  —lb.  Jns.  6a— 75. 

2»  Find  the  sum  of  4a,  —8ft,  and  +5ar.  Ans.  4a— 36-1- 6«. 

8*  find  tiie  sum  of  as;,  -{-bm,  — ey,  and  +nt9. 

Ans.  ax-^bm—ey-^-nw. 

CASE    II. 
(7  4»)  When  the  quantities  are  similar  and  have  the  same  sign. 

BULB 

1.  When  the  quantities  are  numerical,  add  as  in  arithmetic,  and 
prefix  the  sign  +,  or  — ,  a«  the  case  mag  be. 

BULE 

2.  When  the  quantities  are  Uterfd,  add  the  coefficients,  affia  the  literal 
part,  and  prefix  -\',or  —,as  the  case  may  be. 

PROBLEM 

1.  find  the  sum  of  —4,  —7,  —8,  and  —8. 
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SOLUTION. 

Operation, 

—  4  Adding  these  numerals  together  and  prefixing  the 

—  7  sign  — ,  we  have  —22. 

—  8 

—  3 

PROBLBM 

2.  Plnd  the  sum  of  — Soix,  — 7a&p,  — OoAa:,  and  — 9o6«. 

SOLUTION. 

—  3a&r  Adding  the  numerical  coefficients,  prefixing  the 

—  ^abx  sign  — ,  and  annexing  the  common  literal  factor, 

—  Qahx  we  have  —  26a5x. 

—  ^dbx 


—2bahx 
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JA.  2.  8.  4.  «. 

:■/    4a  4ab  -     abe  5{a'{'b)  TVoT^ 

a  lab  —  Sabe  7(a+6)  Wa+a? 

6a  Bab  —  4abe  8(a-f  ft)  Sf'a+V 

a  2a5  -12aftc  I4(a  +  b)  IVaTs? 

2a  ab  ^  2abc  (a+b)  9f^a+^ 

8a  Sab  —liabe  12(a+ft)  iWa+s? 

Za  llab              — 


— 3Ga6c  42(a+ft) 


*25a  ZZab 

6.                               7.  8. 

-  4(a«-6*)*  SCor'+y)*  4(a:*-y>)i- 

-  7(a*-&»)*  41^^^  eV?^ 

-  8(a»-6»)*  14(a:'+y)*  V?^ 

-  8(a«-y)^  16(a:*4-y)*  8(a:*-y*)* 

*  When  no  sign  is  written  +  is  understood. 


9. 

ADDI 

10. 

2x'y-  y' 
3x'y-4y' 

6a!'y-3y' 
Sx'y-iy* 

TION. 

at^o'- 

-5')i- 
-6'   - 

11. 

8o'+    p 

■le^'m'- 

-n' 

7a' +  3p 

•  AVm'- 

■  7(m'- 
-  6(«'- 

■  8(m'- 

-«') 
-n')* 

-.1* 

9a' +  6p 

a'+  9p 

14a'+16p 

14Vo»- 
3(o'- 
fi(a'- 

-6'  - 
-6')^- 
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12. 

3a*—  1  +  6abc 
4a'—  6  +  '/a^  +  4a;'y 
6a'—  3  +  8aftc  +  6x'y  +  4mn 
6a'—  4  +  6a^  +  6a:'y+  mn+  erf 
7a' — 1 2  +  3a6c -f  4a;'y  +  3mn  +  4a/ 

CASE    III. 
(7  5.)  When  the  quaDtities  are  similar,  and  all  have  not  the  i 
sign*  r 

RULE. 
Find  the  sum  of  the  similar  positive  terms,  also  the  sum  of  the 
similar  negative  termA,  ani  theriy  disregarding  the  signs,  ascertain 
their  difference,  and  prefix  -\-,  or  — ,  according  as  the  sum  of  the 
positive  or  negative  terms  is  greater, 

PROBLEM. 

Find  the  snm  of  6a,  —7a,  —3a,  +4a,  —2a. 

SOLUTION. 

Operation. 

+  6a  The  sum  of  the  positive  terms  is  +10a,  and  the 

—7a  sum  of  the  negative  terms  is  —12a.     Disregarding 

—3a  the  signs,  we  have  2a  for  the  difference  between  lS?a 

+  4a  and  10a,  to  which  prefix  — ,  becaase  12a  is  greater 

—2a  than  10a  and  has  a  minus  sign. 

—2a 

We  maj  also  add  the  terms  successively.  Thus,  -^2a+4ta  u 
4- 2a;  which,  added  to  —3a,  is  —a;  which,  added  to  —7a,  is  —8a; 
which,  added  to  +6a,  is  —2a. 


S6  ADDITION. 

BXAMPLB8. 

1.  What  is  the  sum  of  — 4:ry,  +V:ry,  +6aiy,  and  — Sxy/ 

t.  What  is  the  sum  of  — 6a5,  — Ta6,  +3a6,  and  +4€i6  / 

Am.  --6di 

8«  What  is  the  sum  of  Ba+xy,  — 4a— 4ay,  +7a — 0dey,  oi 
da+xyf  Am.  12a^7sy. 

4*  What  is  the  sum  of  4ztf—ab,  —  3xy+4a5,  — 4xy — 5a^  oi 
+5a^+4a6?  .int.  2«y+2a& 

5,  What  is  the  sum  of  «+i+c+rf+<— /  «+&+«+<?—«+/ 
a+&+c-rf+«+/,  «+*— c+<f+«+/,  a— &+«+<+/,  and  — «+» 
+«+«+//  Ans.  4a  +  46+4c+2<f +  4^  +  4/ 

6t  What  is  the  sum  of  7a— 6c +36  aad  2a— 8c— 76  / 

Ans.  9a— 8c4&. 

7.  What  is  the  sum  of  5a  +  46— Sc— 7i+8  and  8a— 126  +  7e- 
lW-4?  Ana.  8a-86  +  4<:— 17rf+4, 

8.  What  is  the  sum  of  — 7/-|-8o,  4/— 2a,  3/— 8a,  and  +2a  / 

9.  What  is  the  sum  of  12A— 8c— 7/+S^  and  — 8A+8c— 2/^ ^y 
+  6a? ;  Ans.  9A  +  6c— 9/— 6^  +  ««. 

lOt  What  is  the  sum  of  16a— 66  + 16c— 9i,  3a+186— 6c— 7rf+ 
8^^  -.7a— 26— 8rf+6tf— 9A,and  11a— 36  +  2c  +  8rf+7A/ 

Ans,  23a  +  86+12c— llrf+8c— 2A. 

H.  What  is  the  sum  of  8a +  6,  2a— 6+c,  — 3a  +  66+2rf,  — 66— 8( 
+  3c?,  and  — 5a+7c— 2i/  Ans.  2a— 6+6c+8ct 

12,  What  is  the  sum  of  — a  + 36— c— 116</+ 6c— 6/;  8a— 26 — 8c 
— i+27c,  66— 8c+3c— 7/,  7a— 66  +  l7c+9rf— 6C  +  11/,  and  —8a 
— 6c— 2i+6c— 9/+^/  Ans.  6a— 109rf+37c— 10/^+^. 


13.  What  is  the  sum  of  i^a^'+y'- m'  +  n»— 2»mi,— f«'+y*  +  8m* 

—Sn*  +  6mn,-6f'?+/-4m*  +  6n«-7mJi,  2(a;*+y»)*  +  12m«— 2^ii« 

+tnnj  and  8(a?"+y')*— 8i»*— Jn'- 6m».^        

Ans.  6V«»+y«+2m»-9mji. 

14*  What  is  the  sum  erf  6ac^— Vi+y  +  («—*),  —  7al^«+2(x+y)| 
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and— curi -h  («+y)i— 3(a— 6)  t 

Ans,  6afl?i— 6V«+y+6(a— 6). 

15*  What  is  the  ram  of  2yay-f  a»+^-f  V«g+^,  gVay+asi-f  yg 
— 3(a«+*y)i,  12(ay+«j+yaj)i+6(ar+^)t,  — 8yay+»+y»— 2 
Vax+6y,  and  (iry+aa+y»)i+(«c+fty)i? 

^11*.  i7ya«+«+ysf+2Va«+4y. 


16.  What  is  the  sum  of  4(a+6)f^«*-y*— 2(a— *)f^«*+y",  — 8(a 
+6)y?=^*  +  (a-6)V?+7i  -(a+6)(««-y-)*  +  8(a-6)(«»+y»)*, 
6(a+*)(«--y»)i-(a-*)(a^+y')*,10(«+^«*--y»-5(a-6)(«-+ 
y»)i,  and  ^2(a +&)(«•-/)* +4(a-6)t^z*+y«?  

Ans.  14(a+6)y«*-y". 

17.  What  is  the  sum  of  10f^2+6V8-7V6  +  2Va,  6i^2+V8+ 
4V6-8Va,  and-8y2-9V8-3V6  +  \/a+4^a^^ 

An8.  12f^2-.3V8-6V5+f^aE 

18*  What  is  the  smn  of  fia*6+8a-*6*c— 7o6,  —  6a*6+2a-»6V+ 
l7o6,  and  9a*6-8a-*6*c-10a6;  .4iw,  8a*6-8arV«. 

19*  What  is  the  sum  of  —  3((M?+&y+«f)i— f'«*+y'+a— 6,  3 
Vcur-f  fty+caTf  (a^-f  y')*-3  (a-6),  Vaar  +  6y+a-  fVTy"  +  2 
(a-6),  3Vaa;+6y+c» + (ir*+y")i+a-6,5Va«+  fty +<»  +  («" +y")* 

-2(0—6),  and  (a«+6y+«s)*-4V+p— 8(a— 6)? 

-4n»,  9((3u;+&y+»)l— 4(a— 6). 

20.  What  is  the  sum  of  6ai6T-9cfc;+10ai6i,  — 6ai6}— a96}+6 
eH  2cfcf— 8ai6l— 3as6},  and  —  2ai6f +cic;— ai6lf  ^fu.  0. 

CASK    IV. 

(76.)  When  the  quantities  are  partially  similar,  and  have  the 
same  or  different  signs. 

RULE. 

Find  the  exprestumfor  the  sum  of  the  coefficients  of  the  terms,  and 
annex  apart,  or  all  of  what  is  common  to  each  term,  according  ae  ike 
addition  is  to  be  partial  or  complete, 

BncABK.— We  majtake  as  manj  ftotors  of  aojterm  for  the  ooeflBdent  as  irs 
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PBOBLBM 

1.  find  an  expression  for  the  partial  adcGtion  of  Cmax^  &m^ 
12pax,  and  9vax, 

SOLUTIOK. 

Considering  a;  as  the  common  factor,  the  coefficients  are  6ma,  Sm^ 
12pa,  and  9va,  whose  sum  may  he  represented  hj  (6ma  +  Sna  +  lS|^ 
+  9va),  to  which  annexing  x,  we  have  (6ma  +  37ia  +  12/xs+9m)x 
for  an  expression  for  the  partial  addition  of  6f7tax+dnar  +  12/N»+ 
9vax, 

Considering  oo;  as  the  common  hcioT,  the  coefficients  are  Qm^  8a, 
12pf  and  9v,  whose  sum  may  he  represented  hj  (6m+dn  +  12p+ 
9v),  to  which  annexing  cur,  we  have  (6m  +  dn  +  12p+9v)aa;  ftr 
another  expression  for  the  partial  addition  of  6maa;+dmu;+12|Mf 
+  9vaar. 

PROBLEM 

8.  Fmd  an  expression  for  the  complete  addition  of  Qmax^  Bmm 
12pax,  and  9vax. 

SOLUTION. 

We  observe  that  Qmax  =  2m'Sax, 

Bnax  =   wSax^ 
\2pax  =    ip'Sax^ 
and  9vax  =   BvBax. 

From  this  we  see  that  Sax  is  the  entire  common  factor  to  whioh 
prefixing  the  expression  for  the  sum  of  the  coefficients  2m,  n,  4p^  and 
3v,  gives  (2m4-w4-4p+3r)3ax,  or  3(2w+n4-4/i-f  3t;)aar  for  die  ex-' 
pression  for  the  complete  additon  of  Qmax,  Snax,  l2paXy  and  Bvcuc, 

EXAMPLES. 

!•  Find  the  sum  of  ax,  bx,  and  ex.  Ans,  (a  +  6-f-c)«. 

2*  Rnd  the  sum  of  ax-^hy-^cz^  bx-{-cy  +  az,  and  caf+ay  +  fe. 

S*  Find  the  sum  of  6a;*y4-7x'2J4-9a;*ym. 

Ans.  [3(2-f3m)y  +  7«]a?». 

4*  Find  the  sum  of  (a— 6)f'x+(wi--n)yy+V'2,  (a  +  c)r+— (>»^|») 

yi  +  2f^2,(5-c)f^ir  +  3(m-n)  Vy^ZV2,  and  (c-a)f^i"-5(m-n)|/y  _ 
6*^2.  ^w».  (a+c)f^J-2(m-n)f^v~6f'2. 
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5«  Find  the  sum  of  (m+w)y'— (a— 6)j?'+ary,  (n— ^)y*— (2a+ 
h)s^^hxy^  {p—2n)y*—{cSa)3i^+cxi/^  and  (7— m)y'— (c  +  2d)«* 
^dxy.  Am,  g^y'— 2(c+{i)ar*4-(a— 64-c— rf)«y. 

6*  Find  the  sum  of  ax*-\-hy-\-e  and  dx^-{-hy-{-h. 

Am.  (a+^a?*+(ft+A)y+c+ifc. 

7i  Find  the  sum  of  «* + ary + y *,  az^^axy + oy',  and— 6y* + 6iry + 
hx^.  An9.  (1  +  a  +  6)a;'  +  (1 — a  +  h)xy  +  (1  +  a— 6)y*. 

8.  Find  the  sum  of  (a  +  &)«+(c— rf)y— ajf^2,  (a— 6)ar4-(3c+2(i)y 
-\-bxV2,  2hx+Bdy^2xV2,  and—Sbx—dy^ixV^ 

Jns.  {2a—b)x  +  {4c-{-Sd)y-'2xV2' 

9.  Find  the  sum  of  Sa-^+Sa-*^^*— 3a»,  — 3ca"^+4/ar' 
6*-*— a  +  10o»,  and  a-ft'+a  +  SaV— 2^'(r-'6— »• 

Ans.  •  (6  -  3c)a-6' + (2y*  +  3)a-"6— *  +  W  +  3a*6\ 

10.  Rnd  the  sum  of  3-2-^ +  5',  —  8-2-'^  +  3a"6-*",  and  —1S'5*  + 
4a-2-'  +  ca"6-*.  Am.  (4a— 6)2"^— 12.6'  +  (c+3)a"6-*. 

!!•  Find  the  sum  of  9flr*6-*c*— 76,  186— a"6"+c'— 3-2*,  and 
So-ft-— Aa-'i-V+Sc*- 6  •  2\ 

Am.  (9-A)a-*6-»c*  +  2a"6"'  +  lU+4c*— 8.2*. 

12,  Findthesumof  (a+6)f^«  +  (2+m)f^y,4y^  +  (a+c)«^,  3»fy+ 

(2c?— c>r^,  (m4-n)y^4-(6  +  2c)yz,  and_— 2»1/i+12af'y. 

-4n«,  [2(a  +  6 +rf— n)  +  3c— e]  Vx+ 2[3 +m  +  2(n  +  3a)]  Vy.     . 


SUBTRACTION. 

(7  7  •)  Subtraction  is  finding  the  simplest  expression  for  the  dif- 
ference between  two  algebraic  quantities. 

CASE   I. 
(78.)  When  the  terms  are  entirely  dissimilar.  • 

RULE. 

Write  the  quantity  to  he  subtracted  after  the  (me  from  which  it  it 
to  b$  iubtracM  with  the  sign  —  between  them. 
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PBOBLBM 

1.  Sobtract  -{-b  horn  a;  also, — 6  from  a. 

SOLUTIOH. 

By  the  rule  we  have  for  the  sobtraction  of  +&  from  a,  a— (+6) 
which  18  the  same  as  a— &  That  a— (+&)  is  the  same  as  a— 6,  may 
be  proved  in  the  following  nuamer : 

Sinoe  a-^b-^b  is  equal  to  a;  if  from  a+6 — b^ 

0p9rati(m,  +b  be  taken,  the  remainder  will  be  the  same  aa 

a^b—b  when  +b  is  taken  from  a.    But,  +b  taken  from 

+b  a+b'-b  leaves  a— 6;  therefore,  +b  taken  from 

a— 6  a  leaves  a— 6;  thatia,a— (+ft)=a— 6. 

By  the  rule  we  have  for  the  subtraction  of  —6  from  a,  a--( — 6) 

whibh  is  the  same  aa  a-^b.    That  a— (—5)  is  the  same  as  a+6|  may 

be  proved  in  the  following  manner : 

Sinoe,a+^— ^iseqnal  to  a;  iffroma+& — 6, 

Operation.  —6  be  taken,  the  remamder  wiU  be  the  same  aa 

u-^b—b  when  —b  is  taken  from  a.    But  —ft  taken  frx>m 

—6  a+^— ft  leaves  a+ft;  therefore,  —ft  taken  from  a 

d^+ft  leaves  a+ft;  thatis,  a— (— ft)3=a+ft. 

PBOBLBM 

2.  Subtnust  ft— 0  from  0. 

BOLUTIOir. 

Since,  a+ft— ft+c— c  is  equal  to  a;  if  from 

OpercUhn.  a+b—b+e—e^  ft— c  be  taken,  the  remainder 

a+ft— ft+e— c  will  be  the  same  as  when  ft— c  is  taken  from  a. 

+ft  — c  But,  ft— c  taken  from  a+ft— ft +c — e  leavea 

a      — ft+c  a—b'\-e;  therefore,  ft— c  taken  from  a  leaves 

a—b+c. 

BZAMPLBS. 

1,  Subtract  c+rf  from  a+ft.  Ans.  a  +  b^e—d. 

2«  Subtract  ft— c— rf+e  from  a,  u4n».  a— ft+c+rf— «. 

.  8.  Subtrict  — (ft+c+rf)  from  a.  Jjw.  a+ft+c+rf. 

i.  Subtiact  — y— gfiwnar.  -4iw.  a:+y+a. 

OASB   II. 
(79«)  When  the  terms  are  similar,  or  partially  similar. 
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BULS. 

Imagine  the  dgn  of  the  term  to  he  eubtracted  to  be  ionub  when  it  is 
4-,  and  plus  iohen  it  is  — ,  and  then  proceed  as  in  addition. 

RsMABK. — ^The  reason  of  this  rule  has  been  made  manifest  in  the 
solution  of  problems  1  and  2,  Case  L 

PBOBLBM. 

Subtract  6az^9yz  from  1ax+4yz. 

SOLUTION. 

Operation.  Ima^ning  6ar— 9ya?  to  be  —Qax-^^yz  and 

*!ax-{-  4yz  adding  it  to  7ax-{-4yz,  we  have  ax+lSyz,  the 

6cm;—  9yz  remainder. 

BXAMPLK8. 
I.  i. 

From4a+36— 2c+8rf  From    12ay+3y*— 17«*— 8f^2 

Take     a+26-h  e-{-5d  Take  —  5gy-f  V--19a:*+2f^2 

Rem.    Sa-^bSe+Sd  Rem.     I7ay— 4y*+  2«*— V2 

From  28<w'— 16aV  +  26a*a?—  13a*  Prom  2(a  +  6)  +  3(a— «) 
Take  18ag'  +  20aV-24a'a;-  la*  Take  {a  +  b)S{a^x) 
Rem.  lOoa?*— 36aV+49a*a:—  6o*        Rem.      a+i +6(a— a?). 

.5.  Fromi/«*—y*+4(a:+y)—3f'a+a:  subtract 3(a;+y)-2(«'—y*)* 

+  3(a +a:)i  ^iw.  WH^'  H^+y)  -r«i^^T^. 

6*  From  aJ*— 2j:y +(«•-»- y*)  +  (2ay—y*)  subtract  3^  +  2^— y*  +  {:^ 
+y*)-2(22y-y«).  ^iw.  y«-4ay4-3(22y-y».) 

7.  Prom  2a*+air+a^—12a'j+20(u?»—4x*  +  6aV—l6a«*  subtract 
«■— 3aa;4-2a^— 16a'«+126ur'— 12a^— 4ar»  +  2aV. 

-4n«.  a*  +  4ax—x*  +  4a'ar + 8a«* + 2flfir*  +  4a V. 


8*  From  4y«— 4ya:+«'— 2a(a:-hy)  +  6f^a*— a:*— 8f^6''— y»  take  4«* 
-42y+y•-4a(a?+y)-10f'6^^+4♦^i^^^^ 


-4rw.  3y'-3a;«+2a(ir+y)  +  2i^a'-aj'4-2f'6'— y». 
0.  From  (a+6)f?+y  +  (a+c)(a+ir)»  take  (a-6)i^?Ty"+<« 
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10*  From  ax*-{-byx  +  cy*  take  dx*—hry-^ky*. 

Atis.  (a-'d)z'-{-{b  +  h)xy-h{c—k)y'. 

11«  From  a(a?+y)— 6iry+c(x— y)  take  4(j;4-y)  +  (a  +  ^)ary — 1{x 
— y).  Ans.  («-4)(ar+y)-(a  +  26)a:y  +  (c  +  7)(jr— y). 

12.  From  2a;— y  +  (y— 2jr)— (ar— 2y)  take  y -2ar— (2y— ic)4-(x+ 
2y).  Ans.  y— «. 

13.  FromVi^«-2(a  +  x)^  +  3  take  -3f^aT^+4(ar''— y')*— 1. 

Ans.  VaTx— SVx^—y* -h 4. 

14*  From     2a:(«+y)*— 3aary-f  2a6c     take      —  iVoary+llaftc— x 
Vay+y.  -4»w.  14aary— 9a5c4-3a:(ar-hy)*. 

is.  From  a(a?— -y)»+6jry4-c(a+a:)*  take  (x— y)^— 62y-h(aH-c)(a 
+*)'.  ^7W.  (a-l)(ar-y)*  +  26a;y-a(a-i-a:)\ 

16.  From(a  +  6)(ar+y)— (c+^(ar-y)  +  m  take  (a-6)(a?-|-y)+(c 
— <0(^~y)--**-  ^^'  26(x4-y)— 2c(a:— y)4-wH-n. 

ly  •  From  ar*  +  mxy + nar  +  6  take  sx^^pxy  +  ya? — c. 

^rw.  (a— «)a;*  +  (m4-i?)ary+(n— g')ar  +  6H-c. 


18., From  {a'-h)xy—{p-\-q)Vx-^y—hx'  take  (2p— 8^)  (a?  +  y)i 
— oary— ;(3+A)a?*.  -4n*.  (2a—h)xy—{^p'-2q)Vx'\-y-\'^x\ 

19.  Rrom9a-a:*— 13  4-20a6"a;— 4A"car'  take   35'"cx*  +  9a"'a;«— 6  + 
3a6"a?.  Ans.  l1ab*x-Wca^-^'r. 

20*  From    5a*— 7a'6'— 3c"*d?  +  7rf    take    —  15a'6*  +  3a*— 3a'- 
7c"*(r.  Jw«.  2a*  4-  8a'6'  +  4c~*c?*  +  7rf  -f  3a\ 


MULTIPLICATION. 

^  % 

(80.)  MuLTiPUCATioN  is  finding  an  expression  for  the  produc'  of 
two  or  more*  algebraic  quantities.  • 

I  PROPOSITION 

(8 1  •)    1.   WTien  a  positive  quantity  is  multiplied  by  a  pawUm 
quantity^  the  product  is  positive. 
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DEMONSTRATION. 

Operation,  Let  us  multiply    +2  by   +8. 

+  (+2)  J  +2  )  This  means  that  the  +2  is  to  be 

-  2)  V    or    4-  2  >   or  4-  2  taken   positively,  or  additively,  8 

-2))  +2;         +3  times.     Hence,  the  result  is   +6, 

,  /  I  g\     _-     ^-6    =    H-6  ^^  shown  by  the  operation. 

The  principle  contained  in  this  proposition  is  generally  expressed  by 
the  following 

RULE. 

Plus  (+)  multiplied  by  plus  (  +  )  gives  plus  (+). 

PROPOSITION 

(82.)    2.   When  a  negative  quantity  is  multiplied  by  a  positim 
quantity^  the  product  is  negative. 

DEMONSTRATION. 

Operation.  Let  us    multiply   —2  by    +8. 

+  (—2)  )         —2  )  This  means  that  the  —2  is  to  be 

-f-(— 2)v   or  --2V   or  —2        taken  positively,  or  additively,  8 

-|-(— 2)  )         —2)  +8        times.     Hence,  the  result  is  —6, 

,  /     g\     =— 6    =  — 6        ^^  shown  by  the  operation. 

The  principle  contained  in  this  proposition  is  generally  expressed  by 
the  following 

BULE. 

< 

Minus  (— )  multiplied  by  plus  (+)  gives  minus  (— ).   , 

PROPOSITION 

(83.)  3.  When  a  positive  quantity  is  multiplied  by  a  negative 
quantity y  the  product  is  negative, 

DEMONSTRATION. 

Operation,  Let  us  multiply   +2  by  —8. 

—  (  +  2)  ^         — 2  )  This  meons  that  the   +2  is  to  be 

—  (4-2)>   or  — 2>   or  +2         taken  negatively,  or  subtractively, 

—  (  +  2))         —2)  —3         3  times.     Hence,  the  result  is  —6, 

—  (  +  6)     =o    —6    =  —6         as  is  shown  by  the  operation. 
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The  expreenon  —(+2)  is  the  same  as  —8,  became 

Operation.        —(+2)  meaos  that  +2  is  to  be  subtracted.      But 

+  2—2  there  is  nothing  from  which  to  subtract  it.     L^  ubi 

+  2  then,  subtract  it  from  nothing,  or  zero.    For  aero,  we 

—2  write  +2—2,  and  taking  +2  from  it  we  have  — 2,  li 

is  shown  by  the  operation.    Therefore,  —  (  +  2)  =  — 8. 

The  principle  contained  in  this  proposition  is  generally  expreased 
by  the  following 

RULE. 
Plus  (+)  multiplied  by  minus  (— )  gives  minus  (— ). 

PROPOSITION 

(84.)  4.  Whm  a  negative  quantity  is  multiplied  by  a  negalim 
qmntity,  the  product  is  positive. 

DEMONSTRATION. 

Let  us  multiply   —2   by   —8. 
This  means  that  the  —2  is  to  be 
taken  negatively,  or  subtractively, 
3  times.    Hence,  the  result  is  +6, 
_/     g\         = +6~      —4-6        *®  ^  shown  by  the  operation. 

The  expression  —(—2)  is  the  same  as  -f  2,  beoaias 

Operation,        —(—2)  means  that  —2  is  to  be  subtracted.      But 

+  2—2  there  is  nothing  from  which  to  subtract  it     Let  «% 

—2  then,  subtract  it  from  nothing,  or  zero.    For  zero,  we 

+2  write  +2—2,  and  taldng  —2  from  it  we  have  +2,  as 

is  shown  by  the  operation.    Therefore,  —(—2)=  -fS. 

The  principle  contained  in  this  proposition  is  generally  expressed hj 
the  following 

RULE. 

Minus  {—)  multiplied  by  minus  (— )  gives  plus  (  +  ). 

(85.)  The  principles  contained  in  these  four  propositions  may  be 
expressed  by  the  following 

RULE. 

The  multiplication  of  like  signs  gives  plus  (+),  and  the  mulHpl^ 
cation  qfvifUKE  signs^  iinrus  (— ). 


\ 
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PBOPOBITION 

(86.)  5.  The  product  of  ttoo  literal  terms  may  he  expressed  hy 
writing  them  m  order^  with  or  without  a  sign  of  multiplication 
between  the  consecutive  terms,  preceded  by  ■{•  or  ^<,  according  as  the 
signs  are  like  or  unlike. 

DEMONSTRATION. 

The  truth  of  this  proposition  depends  upon  (19.)  Thus,  a  multiplied 
by  —6  may  be  expressed  by  — axft,  — a*6,  or  — a6;  (a +6)  multi- 
plied by  (c—d)  may  be  expressed  by  (a-{-b)x  (c— cQ,  (a+^)'(c--rf), 
or  (a+6)(c— c£);  and  (a+8)  multiplied  by  (4—6)  may  be  ex- 
pressed by  (a+3)  x  (4-6),  (a+8)-(4-6),  or  (a  +  3)  (4-6). 

PROPOSITION 

(87«)  6.  If  two  termSj  when  the  exponent  and  sign  of  eojch  are  not 
considered,  have  a  common  part,  their  product  mag  be  expressed  by  the 
common  part  affected  by  the  sum  of  their  exponents,  and  preceded  by 
+9  or  — y  according  as  the  signs  of  the  terms  are  like  or  unlike. 

DEMONSTRATION. 

The  two  terms  +a*  and  —a',  when  the  exponents  and  signs  are 
not  considered,  have  a  common  part  a  ;  therefore,  we  are  to  prove 
that  the  product  of  +«*  and  —a*  is  —a*.  Since,  +a*=  +aa  and  —a* 
=  -000,  we  know  by  the  last  proposition  the  product  of  +aa  and 
—ooa  is  -—aaaaa.    But, —aaaaa=— a*.    Therefore,  +a'x— a*= 

Remark^ — ^By  this  proposition,  we  have  +2'x2*=+2*+'=-f-2" 
=4;  -ar»x-flr»=+a-^*=+a-*;  a-*x -a»=-a-^+*=-a* 
or  —a. 

GSKERAL    BULE. 

(88.)  In  multiplieation,  coefficients  are  multiplied,  and  exponents 
are  added. 

CASE    I. 
(89.)  When  both  multiplicand  and  multiplier  are  monomials. 

RULE. 
Multiply  according  to  the  principles  of  the  preceding  propositions 
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EXAMPLES. 

1.  Multiply  4a*6'crf  by  SaicV.  Ant.  12a'6V<i' 

J.  Multiply  12f^ay  by  4bx.  Am.  ^%ha^^. 

$•  Multiply  6ij:»y'«*  ^7  ^xy*z\  Am.  SBj^yV. 

'  4*  Multiply  13a'6Vy  by  Sabxy\  Am.  —  65a»6*«y. 

5.  Multiply  —  20a''6' by  5o"'6"(f.  ^iw.  —  100a* +'*&*+ V. 

6*  Multiply  a*  by  a".  -4iif.  ci***. 

7»  Multiply  a"  by  a~".  -4n«.  a""^. 

8*  Multiply  a~*  by  a".  Ans.  a""^. 

9.  Multiply  a"*  by  a"".  -4n*.  «-<■*+•>. 

19.  Multiply  20"*,  7a"*,  and  —3a'  together.  Am.  —  42a"^. 

1|.  Multiply  3-7"*,  7"»,  and  4-7"  together.  Am.  12-1-^. 

»•  Multiply  —  7a""'6*c~*by  3a'6~»c.  Am.  — 21a6~»c"^. 

19,  Multiply  — a'"»,  — 8a*^/,  and  doT^^cz  together, 

\  Am.  15a^^^*+ycx. 

li.  Multiply  -13a-»c-"by  -4a~*6"*c*.  Am.  62a-*6~«c"\ 

!&•  Multiply  ar*b^,  a*m,  and  a*+"6  together.        Am.  a^hf^^^. 

16.  Multiply  (a+y)""*AV*,  (a+y)*+TX  and  (a+y)  together. 

^  Am.  fnA»(a4-y)*+*. 

17.  Multiply  at  by  ai.  Ans.  a. 

18.  Md^ply  ax  by  — a""!.  .4n*.  —  Va. 

19.  Multiply  ai  by  al.  Am.  al. 
20    Multiriy  -«-{  by  ar?.  ^»m.  -aj-i*. 

>  CASE    II. 

(90.)  When  the  multiplicand  is  a  polynomial,  and  the  multipliei 
a  monomial^ 

V  RULE. 

Multiply  each  term  of  the  multiplicand  by  the  multiplier^  connecU 
ing  them  ^  their  proper  signs. 

\  PROBLEM. 

Multipljf^6a  +  45*c-3(r  by  4a'. 


) 
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SOLUTION. 

Operation.  Multiplying  6a,  +46V,  and  —  S^T  by 

6a  +  46'c    —  ScT  4a*,  respectively,  gives  24a*,  +16a"6"c,  and 

4a*  —  12a*rf*  which  connected  by  their  proper 


24a*  +  16a*6*c-12a*6*       signs  is  24a»  +  16a*6*c-12a*(r, 

EXAMPLES. 

1,  Multiply  a*-3a6-56*  by  4a*6.     Jns.  4a*6-12a»6*-20a*6*. 

2.  Multiply  2a*6*— 5a*c*  +  9a*6*c»by  8a*6c*. 

Ans.  6a*6V-16a*5c*4-27aVc*. 

S,  Multiply  2a*— 3c +  6  by  be.  Am.  2a*5c— 86c*+6^. 

4.  Multiply  aa?*— 6a;* +ca?—rf  by  —a:*. 

Am.  ^ax^-^bx'^cx*+dx^. 

5«  Multiply  6fn»+3m*— 2»*  by  12a6n, 

-47W.  60a6mn*  +  36a6»i*»— 24a6n*. 

6*  Multiply  Saaf— 66y  +  7«y  by  —-labxy. 

Am.  — 21a**6ai*y  +  86a6*a!y*— 49a6«*y*. 

7.  Multiply  — 15a*6+3a6*-126*  by  — 5a6. 

-47W.  75a*6*--16a*6*+60a6\ 

8.  Multiply  a-a^-^-ft-y"— c"3r— rf"a:"  by  a:*y", 

-4n«.  a*af^y"+6"a:*y*"— c"afy«'^+*— (^«**y". 

0.  Multiply  3a;"^— 6a;-y"*+2f~'  by  2a;""V- 

Am.  6a:""V— 10af"*5r^+2a:'^«"» 

10.  Multiply  2a~f-7a:"^y*-llcJ  by  axiT^ei. 

Am,  2aiary"'*cl— 7aariy<?F— llaay'^c 

CASE    III. 
(9 1  •)  When  both  the  multiplicand  and  multiplier  are  polynomials. 

B  U  L  E.  *, 

Multiply  each  term  of  the  multiplicand  by  each  term  of  the  mvU 
tiplieTj  and  add  the  products. 

PBOBLBM. 

Multiply  a*+a6+6*  by  a+b. 
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•bLUTIOV. 

Opiration. 

a*+    a&+6'  Multiplying  a' +06+6*  hja  gives  a'+«\ 

a+h +a*V  also,  multipljingit by  b  gives  a'6+ci^ 

a'+  a*6+  ah*  +&' which  resulti  added  produoe   a'+So"! 

SXAMPLBB. 

h  MolUplya+ftbya+ft.  Jns.  a'  +  2a6+&* 

J.  Multiply  a— 6  by  a— ft.  Ans.  a*— 8a&+6^. 

8.  Multiply  a+ft  by  a-ft.  ^Iim.  a*— 6\ 

I.  Multiply  a«-a5+ft"  by  a+ft.  -4n*.  a*  +h\ 

5.  Multiply  a*+aft+ft'  by  a—h.  Ant.  a'^l^. 

6.  Multiply  a»-a*6+aft*-6»  by  a+ft.  -4jw.  a*— 6*. 

7.  Multiply  a'+a^b+ab^-hb*  by  a-ft.  Ans.  a*— 6*. 

8.  Multiply  a*-2ft*  by  a-ft.                Ans.  a»-2aft*-a*6+26*. 
0.  Multiply  a:*— 3«— 7  by*— 2.  -4jm.  «"— fi«*— «+14. 

10.  Multiply  a* + a* + a'  by  a«— 1.  Ans.  a* --a*. 

11.  Multiply  4o*—16a«+8«*by6a«—2a'a?. 

^djw.  20a»— 88a*a?+47aV— eaV. 

12.  Multiply  a*-2a*6+4o«6*-8a6'  +  166*byo+26. 

^iw.  a»+826\ 

18.  Multiply  i  a:»  +  3a«-la*by  2«*— oar— ia\ 

14.  Multiply  15a"*ft*-7a"*ft*  +  6a-^ft«by8a"*6«-3a-»6\ 

.4jm.  120a"'6*-101a"^ft*  +  69a"*ft»-18a-»6". 

15.  Multiply  a-  +  6'— 2<f  by  2a*— 36. 

Ans.  2a'-  +2a-6'— 4a»(f— 3a-6— 36^*+6fe». 

16.  Multiply  «"^+3a-'ar"^— 10a*»a:~>  by  aV+6a*+"a!H*«-2a*^* 

^4iw.  a*ar^'  +  8a"^«<^''+8a*^a!^~66a**+*«'+20a*-+««H*. 

17*  Multiply  Bx+Qj  3x+2,  3a;— 2,  and  3^—6  together. 

Ans.  81a;*— 86ae'  +  144. 
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18t  Multiply  8a— 25, 4a— 8&,  4a+86,  and  da+26  togeUief. 

Ans.  144a*-146a»6*  +  866*. 

10«  Multiply  «— a, «— 6,  and  «— c  together. 

Am,  «"— {a+6+c)«*  +  (a6+ac+fcc)«— oftc 

30.  Multiply  8a*H+»a""^6Hy  4a* 6"^c*-8a«6"^<n. 


^  ■■  »  ■■  » 


MULTIPLICATION   BY   DETACHED 
COEFFICIENTS. 

PROBLSH. 
(93.)  To  multiply  by  detached  coefBcients. 

RULE. 

Arrange  the  multiplicand  and  multiplier  according  to  the  ascending 
or  descejiding  powers  of  a  particular  letter,  and  then  remoffs  the  letters 
and  multiply  the  coefficients  thus  detached  and  restore  the  letters  ac- 
cording to  the  law  ofeaponents  in  each  particular  ease, 

i5ehonstratiok. 

Let  us  multiply  «*+«*y+«y'+y*  by  a:— y.     The  tenns  in  these 

polynominals  as  they  stand  are  arranged  according  to  the  descending 

powers  of  x  and  the  ascending  powers  of  y. 

Operation,  Hemoving  the  letters,  we  have  the  coefficients 

1  +  1  +  1  +  1  1  +  1  +  1  +  1  to  be  multiplied  by  1—1.    The 

1—1  product,  as  shown  in  the  operation,  is  1  +  0+0 

1  +  1  +  1  +  1  +0—1.    Weknowthat  the  exponent  of  :r  in 

—1  —  1—1—1  the  first  term  of  the  product  of  the  ^ven  poly- 

1  +  0  +  0+0—1  nominal  must  be*.    Annexing  the  letters  to 

the  coefficients  1+0  +  0  +  0—1  according  to 

the  descending  powers  of  x  and  the  ascending  powers  of  y,  we  have, 

I«*  +  0a?'y+0«*y*+0a5y'— ly*,  or  simply  «*— y*. 

Again,  let  us  multiply  2a*— 8a&*  +  5&*  by  2a'— 56\     Arranging 
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the  terms  according  to  the 

Operation.  ing  powers  of  a  or  the   ancflndiwg 

2+0—  3+6  powers  of  6,  we  have,  2a*  +  0a'6— 1 

2+0—  5 a6*  +  6*»  and  2a'+0a6— 56*.    He 

4+0—  6  +  10  product  of  2  +  0— 8  +  6  by  2+0-« 

-10-  0  +  15-26  18  4  +  0-16  +  10+16— 26,  to whick 

4+0—16  +  10  +  16—26  annexing  the  letters  we  have,  4ef+ 

0a*6-16aV  +  10aW+15a&*— 26^, 
or  4o»-16a"6«  +  10a*6»  +  16a6*-256*. 

■  ZAMPLES. 

1,  Multiply  8a'+4aa;— 6a:*  by  2a*— 6ax+4a:". 

Am.  6a*-10a*ar-22a*«*  +  46a«'— 208^. 

2.  Multiply  «*— 8«*  +  3«— 1  by  «*- 2a:+l. 

Ans.  a?*— 6ir*  +  10«*— 10«"  +  5a?— 1. 

8.  Multiply  y*— ya  +  Ja*  by  y* +ya— Ja*. 

Ans.  y*-a*y*+iaV— iV«*- 

4.  Multiply  a?*— «*+a:*— a:  +  l  by  Gx^^hx^-^ax. 

Ans.  ex'— (6+c)a?*  +  (a  +  6+c)a:*— (a  +  6+c)a?*  +  (a+6+c)«»-.(« 
+6)a;'  +  aa?. 

5.  Multiply    a'-a'^ft+aV-a^ft'+a^ft^-a'^^+a'd'-od^  +  ft'     ly 
a+6.  Ans.  a*+y. 

6.  Multiply  ar*  +  4«*y+6«*y*+4ay+y*  by  «*  +  8«*y+8a!y*+-y«. 
4fW.  x'  +  7a?*y  +  21ar*y*  +  86a:y + 86ary  +  21a:*y* + 7ay»  4.y\ 
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(93.)  DiYisioN  is  finding  a  factor  of  a  given  quantity  which  mul- 
tiplied into  a  given  fector  will  produce  the  given  quantity,  or  is  find- 
ing how  many  times  one  quantity  is  contained  in  another. 


PROPOSITION 


(94.)  1.  When  a  positive  qtuintity  is  divided  hy  a  positive  quQ»^ 
tity,  the  quotient  is  positive. 
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DEMONSTRATION. 

Let  us  divide  +  6  by  +2.  Here  we  seek  a  factor  which  multiplied 
into  4-  2  will  produce  +  6.  The  sign  of  the  factor  sought  must  bo 
+  ,  or  like  the  sign  of  the  2,  in  order  that  this  factor  multiplied  into 
4-2  shall  produce  a  positive  quantity.  Thus  +6-5-4-2  can  not  be 
equal  to  —3,  because  4-2x  — 8=— 6;  but,  4-64- 4-2=  4-3,  because 
4-2x4-3=4-6. 

Again;  the  division  of  4-6  by  4-2 

^^        '  can  be  represented  thus,  — -.    Factor- 

+  2     4-  ?  ing  the  numerator,  we  have,  — ; 

4-2 

and  canceling  the  -h2  in  both  terms, 

we  obtain,  4-3. 

The  principle  contained  in  this  proposition  is  generally  expressed 

\>j  the  following 

BULB. 
Plus  (+)  divided  by  plus  {+)  gives  plus  (4-). 

PROPOSITION 

(95»)  2.  When  a  negative  quantity  is  divided  by  a  positive  quas^ 
Uty,  the  quotient  is  negative. 

DEMONSTRATION. 

Let  us  divide  —6  by  4-2.  Here  we  seek  a  fector  which  multiplied 
into  4-  2  will  produce  —6.  The  sign  of  the  factor  sought  must  be  — , 
or  unlike  the  sign  of  the  2,  in  order  that  this  factor  multiplied  into 
4-2  shall  produce  a  negative  quantity.  Thus,  —6-7-4-2  can  not  be 
equal  to  4-3, because  4-2x  4-3=4-6;  but,  —6-7-4-2=— 3, because 
4.2X— 3  =  — 6. 

Again ;  the  division  of  —6  by  -H  2  can 

.^y^    .  be  represented  thus,  — -.   Factoring  the 

-6     4-)ix-3         ^                     ^             ,        +2X-3'      , 
—  —     «         numerator,  we  have — ;  snd  can- 


4-2     -\-t  '  4-2 

celing  the  +2  in  both  terms,  we  ob- 
tain, —8. 
The  principle  contained  in  this  propoedtion  is  generally  expressed 

by  the  following 
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BULK. 
JimuM  (— )  diffided  bypiut  (+)  ph$t  (— \ 

PBOPOSITIOK 

(06«)  3.  Wkma  positive  quaaUityii  divided  by  a  neffoHve  giigifc' 
the  guoHent  is  negative. 

DSM0N8TBATI0K. 

Let  us  divide  +6  by  —2.  Here  we  seek  a  factor  which  mnltipli 
into  —2  will  produce  +6.  The  sign  of  the  factor  sought  must  be- 
or  like  the  sign  of  the  2,  in  order  that  this  fiictor  maltipBed  ii 
—2  shall  produce  a  positive  quantity.  Thus,  +6-t — 2  can  not 
equal  to  +3, because— 2x  +3=— 6;  but^  +6-, — 2=— d,beciii 
— 2x— 8=  +  6. 

Operation.  Again ;  the  divi^on  of  +  6  by  —2  g 

— -  =  — 5 =  —3.  be  represented  thus,  — -.     Factoring  i 

2  X  —3 

numerator,  we  have,  — \   and  ci 

""•2 

oeling  the  —2  in  both  terms,  we  o 

tain  —3. 

Hie  principle  contained  in  this  proposition  is  generally  ex^ptem 

by  the  following 

BULE. 
Plus  (+)  divided  by  minus  (— )  gives  minus  (— ). 

PROPOSITION 

(97«)  4.  When  a  negative  quantity  is  divided  by  a  negaiA 
quantity^  the  quotient  is  positive. 

DSMOKBTRATION. 

Let  U8  divide  —6  by  —2.  Here  we  seek  a  factor  which  multiplii 
into  —2  will  produce  —6.  The  sign  of  the  factor  sought  most  be  - 
or  unlike  the  sign  of  the  2,  in  order  that  this  factor  multiplied  in 
—2  shall  produce  a  negative  quantity.  Thus,  —6-^ — 2  can  not) 
equal —3,  because— 2x — 8= +6;  but,  —6-5 — 2=  +  3,  beoai 
-2x+3=-6. 
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operation.  Again;  the  division  of  —6-7-— 2  can 

— -  =  — 5 =  +8.  be  represented  thna,  — -.     Factoring  the 

—2  X  -4-3 
numerator  we  have  — ;  and  can- 
celing the   —2  in    both    terms,  we  ob- 
tain +3. 
The  principle  contained  in  this  proposition  is  generally  expressed 
by  the  following 

BULB. 
JtfintM  (— )  divided  Inf  minue  (— )  giveejplus  (-)-)• 

(98«)  The  principles  contained  in  these  four  propositions  are  ex- 
pr^sed  by  the  following 

BULS. 

The  diffieian  of  like  eigne  ffivee  piut  (+),  and  qf  unlike  eigne  (— ). 

RiMABW. — ^We  may  consider  that  a  positive  quotient  denotes  the 
number  of  times  that  the  divisor  must  be  eubtracted 
Operation.        from  the  dividend  to  obtain  zero  for  a  remainder. 
+6     —6       Thus,  we  see  that  +2  must  be  eubtracted  three  times 
+2     —2       from  +6  and  —2  three  times  from  —6,  to  obtain 
+4     —4       aero.    Hence  the  quotients  obtained  by  dividing  +6 
4-2     —2       by +2,  and  — 6  by —2  ought  both  to  have  the  same 
+2     —2       sign;  and,  therefore,  the  quotient  in  each  case 
+2     —2       must  be  +3. 
0         0 
We  may  also  consider  that  a  negative  quotient  denotes  the  num- 
ber of  times  the  divisor  must  be  added  to  the  divi- 
Operatum.        dend  to  obtain  zero  for  the  amount.      Thus,  we  sec 
that  +  2  must  be  added  three  times  to  —6,  and  —  2, 
three  times  to   +6,  to  obtain   zero.    Hence,  the 
quotients  obtained  by  dividing  —6  by  +2,  and  +6 
by  —2,  ought  both  to  have  the  same  sign;  and 
therefore,  the  quotient  in  each  case  must  be  —8. 


-6 

+6 

+  2' 

-2 

—4 

+4 

+2 

-2 

-2 

+2 

+2 

-2 

0 

0 

4A  DIVISION. 

PROPOSITION 

(00«)  5.  The  quotient  obtained  by  dividing  one  iertn  by  amOm. 
may  be  expressed  by  those  factors  of  the  dividend  which  are  not  em- 
mon  to  the  divisor, 

DSM0N8TBATI0K. 

Let  us  divide  6a5ci  by  2bc.  Tlie  dividend  6a5o(f =:26e  x  8ad^  firai 
which  we  see  that  3,  a,  and  cf  are  the  fiicton  of  the  dividend  wUtt 
are  not  common  to  the  divisor.  Therefore,  ^ad  is  the  quotient.  Ak 
the  quotient  of  aaaaa  divided  by  aan  is  oo,  because  aaa  of  the  difi- 
dend  is  the  same  as  the  divisor,  thus  leaving  aa  which  is  not 

PBOPOSITION 

(100«)  6.  If  two  terms,  when  the  exponent  and  the  sign  <f  eid 
are  not  considered,  have  a  common  part,  the  qttotient  arising  fnd 
dividing  one  by  the  other  may  be  expressed  by  the  common  part  afidd 
by  an  exponent  equal  to  the  exponent  of  the  dividend  minus  the  esp- 
nent  of  the  divisor,  and  preceded  by  +  or  — ,  according  as  the  sigs 
of  the  dividend  and  divisor  are  like  or  unlike. 

DEMONBTRATIOK. 

The  two  terms,  —a'  and  +a*,  when  the  exponents  and   signs  m 

not  considered,  have  a  common  part  a.    We  are  now  to  prore  tbit 

the   quotient  arising  from  dividing   —a*  by  +a*  is  — a\      8moi 

^a^=^aaaaa,  and  '\-a*=:aaa,  we  know  by  the  last  proposition  tbt 

the  quotient  arising  from  dividing  ^aaaaa  by  +aaa  is  — oo.    B* 

^aa=^a^ ;  therefore  the  proposition  is  proved. 

a*  a*  a* 

By  this  proposition,  we  have  -^=a*~*=a* ;  -;p=a"*~" ;  — ^r=:a' 

a* 

PROPOSITION 

(1  Ol  •)  7.  Any  factor  may  be  transferred  from  the  denominator  ft 
the  numerator  of  a  fraction,  or  from  the  numerator  to  thedenominakr^ 
by  changing  the  sign  of  the  exponent. 
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DEM0K8TBATI0K. 

We   have  just   seen    -^=a".      But  a"=— r— ;    therefore, 

— r-= ;  or,  in  other  words,  a*  has  been  trausfeiied  from  the 

or         1 

denominator  of  -^  to  the  numerator  by  changing  the  sign  of  the 

exponent. 

Again ;  dividing  both  numerator  and  denominator  of  -;-  by  a",  and 

we  have  -= 5=-iZ5.     But  a*~*=a*cr' ;   therefore,  -7-=-t-zk» 

or,  in  other  words,  a'  has  been  transferred  from  the  numerator  to  the 
denominator  by  changing  the  sign  of  the  exponent 

By  this  proposition,  we  have  -7=  — — =a5""* ;  -= — jtt-  ;  -= — ^ ; 

c^  'a  'a"  '  1       a    or* 

From  this,  we  see  that  the  reciprocal  of  a  is  -,  or  a"' ;  of  a'  is 

—J,  or  or' ;    of  or*  is  — j,  or  a*.      Hence,  we  may  obtain  the 

reciprocal  of  any  quantity  by  merely  changing  the  sign  of  ita  ex- 
ponent. 

PROPOSITION 

( 1 02.)   8.  Any  quantity  which  has  zero  for  an  exponent  w  equal 
to  unity. 

DEMONSTRATION. 

If  we  prove  that  a'=l,  we  shall  prove  the  proposition;  since  a 
may  represent  any  quantity  whatever. 

Weknowthat  -=^=1.    But, by  Prop.  7,  (101.),^=a'-*=a'. 
Since,  then,  a^  and  1  are  each  equal  to  -^,  they  are  equal  to  each 


other,  that  is,  a*=l. 


GENSBAL     BULE. 


(103«)  In  divieion,  eoeffieients  are  divided,  and  exponents  sub* 
traded. 
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GA8S    I. 
(104«)  When  both  dividend  and  divisor  are  nKmomiaku 

BULK. 
Divide  acoofding  to  the  prineipUs  (^  the  prteedJM^  propotiikmL 

BXAMPLBS. 

!•  Divide  a6c  by  oc.  Jbit.h 

2.  Divide  6abe  by  —2a.  Jbu.  — ak 

8«  Divide  — 10:ryz  by  5y.  Ame.  -^ta 

4.  Divide  18aa^  by  Sou;.  ^^fat.  fe. 

5.  Divide  —  2ac"y*  by  — 4ay.  .^ju.  7«3f*. 

6.  Divide  a-  by  a\  .^m.  rt^. 

7.  Divide  a*  by  tf"*.  Amm.  eT^. 

8.  Divide  tf—  by  a*.  .^<m.  «r«M-i. 

9.  Divide  cr"*  by  cr*.  .Aml  oT', 


10.  Divide  ca"  by  dcr*. 

n.  Divide  — 3a"6»  by  --iarW.  Jns. 

Vt.  Divide  6  (a+ft)"*  by  4  (a+ft)~*.  -4jw. 


4c' 

3 

18.  Wvide  (a+«)'(a+y)-'  by  (a+a?)-*(a+y)-\ 

14.  Divide  150a'6'af  by  SOaVcT.  Jnt.  Be^b'^ 

15.  Divide  16a*-«>**  by  So-*"^**.  -Aw.  M^s^y^. 

16.  Divide  — 48a-6»  by  Oof 6'.  -Aw.  —  SflT-^**^. 

17.  Divide  6a*<r*  by  8a"*(f*.  .4n#.  ^ 

18.  Divide  12a~*rf*c"*  by  Sa^cT*©^.  .Am;,  f*. 


19.  Divide  (a+a?)"^by  6(a+«)'.  Am. 


^(a^Sj^ 


DiYiBioir.  47 

20.  Divide  (a+6)*(«+y)'^  by  (a+6)-+(«+y)V. 


Am.  ;    .   ;,. 

(*+y) 


CASE    II. 


(105«)  When  the  dividend  is  a  polynomial,  and  the  divisor  a 
monomiaL 

BULE. 

Divide  each  term  qf  the  dividend  by  the  diviior,  and  connect  the 
quotients  by  their  proper  eigne. 

PROBLEM. 

Divide  6a'6*-8a"6V+4a*6V  by  2a«6\ 

SOLUTIOK. 

Dividing  6a*&\  —  8a*6V,  and 

Operation.  4-4a*6'c    respectively^    by    2a'6^, 

2e^V)  6a'6*-8o'5'<r+4o*5V        givesSoft",  -4W,and + 2a\  which, 

806*  — 4&r     +2a*c  connected  by  their  proper  signs,  is 

8a6«-4W+2a*c. 

BXAMPLBS. 

!•  Divide  12a*«+4a«"— 16a  by  4a,  -4n*.  8ax+«'— 4. 

I.  Divide  12ay-16ay +20ay-28ay  by  -4ay. 

Ane.  —Sy^-k-^f-ba^y+la: 

(•  Divide  16a*6c— 20a(y4-6ar  by  —babe. 

Ane.  — 8aH — ^ r» 

4.  Divide  ayH^—ar+^+aH^-a^  hy  af,       u4im.  «—«•+«'—«•. 

5.  Divide  crH«-a"+»«-a"+»a?-a*+*a:  by  a*. 

Ane.  ax—a^x—a^x—a^x. 

6.  Divide  aof +aaJ^*+aaf+*+aar«^  by  af. 

^YM.  a+ax+^+a^« 

7.  Divide  6(«+y)*-8(«+y)*4-4a*(«+y)  by  2(a?+y). 

u4n«.  8(»+y)"-.4(af+y)+2a* 

8.  Divide  «(a+&y-10(a+&y  +  16(a 4-5)  by  -5(a+6). 

,4,1,.  -(a4-6)*+2(a+6)-8. 
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9,  Divide  aar->  +fa-+'-c«— •+*»•  by  «"^. 

Ant.  a«»+&r^— e*»+^*- 

10.  Divide  JaV—Jax"  + 3a6*x  by  faV. 

CASS    III. 
(106«)  When  both  dividend  and  divisor  are  poljnomiala. 

BULE. 

1.  Arrange  both  dividend  and  divisor  aeeordinff  to  the  a$eem 
or  descending  powers  of  the  same  letter  in  both, 

2.  Divide  the  first  term  of  the  dividend  by  the  first  term  ff 
divisor  ;  the  result  will  be  the  first  term  of  the  quotient^  b^f  d 
multiply  all  the  terms  in  the  divisor^  and  subtract  the  product  fi 
the  dividend, 

8.  Then  to  the  renttxinder  annex  as  many  of  the  remaining  tern 
the  dividend  as  are  necessary^  and  find  the  next  term  of  the  ^Mst 
as  before,  and  so  on. 

PROBLEM 

1.  Divide  6aV+a*— 4a*af+a:*— 4<m;'  by  «"+«*— 2<Mr. 

SOLUTION. 

Arranging  the  terms  according  to  the  descending  powers  of  s^ 
have. 

— 2a'a:+6aV— 4aar' 
~2a'a;+4aV~2gjr' 

aV— 2ax»+a?* 

aV— 2(ia:»+a;* 
0 

ANOTHER    SOLUTION. 

Arranging  the  terms  according  to  the  descending  powers  of  n; 
have 
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«*--4ar'a  +  6«'a'— 4a?a*+«*  [g*— 2ga+a* 
g*--2ar'a+  arV  «'— 2«x+a* 

— 2ar*a  +  6a:"a'— 4a»' 

— 2a?'a+4xV--2a»' 

«»a'— 2aw»+a* 
a?V~2a»'+a* 

0 

PROBLEM 

«•  Divide  2a"*— 6a'"6"+6a*6«*-26'*  by  a»— »•. 

SOLUTION. 

a*— ^•)2a»*-  6a«-6*  +  6a-6«»-  26*-(2a'*- 4a*6* + «^ 
2g"'-2g"6'* 

— 4a*"6»+6a'*6'- 
— 4a*"&»+4a»6*" 


2a"6'-— 26'» 
2g*fe'*— 26** 

PROBLEM 

8.  Divide  «*—(a+6+c)«'+(a6+ac+6c)x—aAc  by  «—€i 

SOLUTION. 


-(a+6)a:"4-(ai+<wr+ftc)af 

a&r      —      abc 
abz      —      aftc 


EXAMPLES. 


1«  Divide  a*  +  2a5+6'  by  a+6.  Am.  a+bb 

2«  Divide  a*— 2a6  +  6'  by  a—b,  Ans,  a— 6. 

<•  Divide  a:*+4a;V  +  6«"y'+4ary'+y*  by  «'+2ary+y*.  "^ 
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4.  Divide  **-4x'y+e«'y'-44y+y*  by  «— jr. 

4,  Divide  x^-y*  by  a?— y.  Am,  «*+«V+«*y^+ay +J'. 

6.  Divide  «*+/  by  x+y.  -4jw.  *•— «»y +«»y^— ay+jf*. 

7.  Divide  «"—9x"  +  27«--27  by  «— 3.  -4iit.  «»—6jp+9. 

8.  Divide  12x*-192  by  3x~6.  Atu.  4«'  +  ar»  +  lte+32. 

9.  Divide  6aj»-6y*  by  2x>-2y".  Am.  8af*  +  8«»y»+8/. 
10.  Divide  «"  +  6x"y  +  6xy'+y*  by  «"+4a!y+y\  uIjm.  «+|l 
U.  Divide  a*-3a*6'  +  3a'6*-6*  by  a'-3a'&+3a6*— 6\ 

12.  Divide  a*-6*  by  a'+a«6+a6'+6».  ulnt.  a-i 

13.  Divide  4«»+a?'  +  Sx+f  by  4«+l.  Ans.  «»+J. 

14.  Divide  «*+y*  by  «+y. 

^il».  ««-«>y+jy«y»+^. 

15.  Divide  ar+>+ary+rcy-+y^'  by  aT+y-.  ^n#,  jp+y. 

16.  Dinde  «**+«""y^+y**  by  «"*+afy*+y"\ 

Am.  «*•— «y+y*. 

17.  Divide  a*^6'-4a-+-»6'*-27a*+-^6"-+42a-+*-»6*«    by  ft 
— 7a"^'6^  -4n<.  a"+3a-^*6»— Co— •*^. 

18.  Divide  a*— af  by  a— «. 


-4n5.  a"^*+tt"-"«+a— •a:"4- 


a— « 


19.  Divide    «*-(a+6+t0a?'+(arf+W4-c)«-«?  by  a?*,  (a+q 
x+e.  Ana.  x^i. 

20.  Divide  -a*6*  +  15a"6*-48a"6'-20a"6^  by  !()«•&• --a'A. 

21.  Divide  4c*-96V  +  66"c-6*  by  2(?'-36(;  +  6'. 

Arts.  2c'+36c— r 

22.  Divide  Ja:*-4«*4-'iV-V^-V*+27  by  iic'-a;  +  3.  . 

Am.  i«'-6«»  +  Jaj4.g. 

21.  Kvide  -1+aV  by  -1+an.  ^n*.  1+an+aV, 


DIVISION.  61 

24.  Divide   a*d^'-Sa*cd:'Jt^ac^d'--e*d:'^a^i^d^'-a^d^    by    aV- 
2acrf*+cV+acV.  .    Ana.  ad-^ed. 

25.  Divide  4-6«*  +  2V  by  J+2z+3«'.  Ans.  l-.6a  +  9«'. 

26.  Divide  —  2a-'ar'  +  llr«r'«'— 6a;^— 24aV  by  2a-'a:"— 3a«*. 

27.  Divide  a"*-*»6"'c— a*"+^>6*-i'c*+(r-"6--*c*+a'"^6^H^c»— a****"-* 
6V-» + 6H-»c*4^»  by  tf-*6-^» + h<r-\ 

28.  Divide  4(3a^H"^  +  7a"T^6A)c*_3(3aV5-V-^.«7aV-5--it)^t 
by  3a*6"*+7a"*6i         -  Ans.  4aH-*c'-8a»6~*rf-« 


^  ■■  »  ■■  » 


DIVISION   BY   DETACHED 
COEFFICIENTS. 

PBOBLEH. 
(107*)  To  divide  by  means  of  detached  coefficients. 

BULE. 

Arrangs  the  terms  of  the  divisor  and  dividend  according  to  the 
ascending  or  descending  powers  of  a  letter  common  to  bo^ ;  then^ 
omitting  the  letters,  write  the  coefficients  with  their  respective  signs, 
supplying  the  coefficients  of  the  absent  terms  with  zeroes.  Proceeding 
as  usual  in  division,  the  result  will  he  the  coefficients  in  the  quotient, 
to  which  annexing  the  letters  according  to  the  law  in  each  particular 
ease,  will  give  the  complete  quotient. 

PROBLEM. 

Divide  6a*— 96  by  Sa—e. 

SOLUTION. 

Amngmg  the  coefficients  as  directed  and  dividing,  we  obtidn 


V 
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Operation.     |8--6 for  the  cwwrfBoiftnts  in  die  ^ 

6+0+0+0— 96L2  +  4  +  8  +  I6  tient,  +2,  +-4,  +8,  aad  + 

6—12  An  uupectian  of  the  pfob 

12+  0  shows  that  the  fint  tennof 

12—24  dirisor     ihoald      eontam 

24—  0  Therefore,  oommencnng  witk 

24—48  and  inserting    the   deaeoDd 

48—96  powers  <^  o^  we  have  Ibr 

48—96  complete  quotient^  2a*+4i 

0  8a  +  16. 

EXAMPLES. 

1.  Dividea?'— 3a«"— 8aV  +  18a»af— 8a*by«»  +  2a«— 2a\ 

Am.  «"— 5ajr+4«'. 
a.  I>ivide3y*  +  3xy*— 4«"y— 4«"by  af+y.       -4ii«.   — i^'+Sf' 

S.  Divide  10a*— 27a'a:  +  34aV— 18a«"— 8«*  by  2a*— 3a«+4y 

ulnt.  6a* — 607—21' 

4.  Divide  tt«+4a»— 8a*-26a'  +  36a*  +  21a-28  by  a«  +  6a+4. 

Am.  a*— a*— 7a*  +  14a— 7. 

5.  Divide  af^+ay-ary-jr+'  by  a?*+y-.  u4«#.  «-.y. 


^  ■■  »  <■  » 


SYNTHETIC   DIVISION. 

PROBLEM. 
(108*)  To  divide  by  synthetic  division. 

RULE.* 

!•  Divide  the  divisor  and  dividend  hy  the* coefficient  of  tke  A 
term  in  ^  divisor,  which  will  make  the  leading  coefficient  <d  \ 
divisor  unity,  and  the  first  term  of  the  quotient  will  be  identical  w 
that  of  the  dividend, 

t.  Change  all  tlte  signs  of  the  terms  in  the  divisor,  except  thijtt 
cmd  multiply  all  the  terms  so  changed  by  the  term  in  the  quotient^  a 

*  This  rale  is  dae  to  lir.  W.  G.  Homer  of  Bath  England. 
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'  i 

|j  J^Uwe  the  products  successively  under  ike  corresponding  terms  cf  tks 
^  dividend,  in  a  diagonal  column,  beginning  at  the  upper  line, 

m  8«  Add  the  results  in  the  second  column,  which  will  give  the  second 
m  term  of  the  quotient ;  and  multiply  the  changed  terms  in  the  divisor 
i^  by  this  result,  placing  the  products  in  a  diagonal  series  as  before. 

^       4.  Add  the  results  in  the  third  column,  which  will  give  the  next 

*  term  in  the  quotient^  and  multiply  the  changed  terms  in  the  divisor 
^  by  this  term  in  the  quotient,  placing  the  products  as  be/ore. 

5»  This  process  continued  until  the  results  become  0,  or  until  the 
quotient  is  determined  as  far  as  necessary,  will  give  the  same  series  of 
terms  as  the  usual  mode  of  division  when  carried  to  an  equivalent 
extent. 

Rexark. — ^In  83mt1ietio  diyision,  as  in  cUvision  hy  detached  ooeffldents,  it  Is 

*  costomaiy  to  omit  the  letters. 

PROBLEM. 

Divide  a?*— 6«»+15«'— 24«"  +  27«"— 13«+6  by  a^— 2««4-4ir»— 

*  2a;  +  l. 

SOLUTIOK. 

Since,  in  this  problem  the  coefficient  of  the  first  term  of  the  diyisor 
is  unity,  Part  Ist  of  the  role  is  unnecessary. 

(Part  2d  of  the  Rule.)  Omitting  the  letters,  arrange  the  dividend 
horizontally,  and  the  divisor  vertically,  changing  the  signs  of  all  its 
terms  except  the  first 


Operation. 

Then  multiply  the  changed 

1 

1-5  +  15-24+27-13+6 

terms  in  the  divisor  by  1,  and 

+  2 

+  2-  6+10 

place  the  product,  +2,-4,  +2, 

-4 

—  4  +  12—20 

and  —1  diagonally  under  —6, 

+  2 

+  2-  6  +  10 

+  15,<-24,  and  +2»  respect- 

-1 

—  1+  8—5 

ively. 

1—3+  6+  0+   0+  0+0 

(Part  3d  of  the  Rule.)  Adding  the  results  in  the  second  colunm, 
gives  —8  for  the  second  term  of  the  quotient,  which  multiplying  into 
the  changed  terms  of  the  divisor,  gives— 6,  +12,  —6,  and  +8,  which 
must  be  placed  diagonally  under  +16,  —24,  +27,  and  —13  respect- 
ively. 

(Part  4.)  Adding  the  terms  in  the  third  colunm  ^ves  +5  for  the 
third  term  of  the  quotient,  which  multiplying  into  the  changed  terms 
of  the  divisor,  gives  +10,  —20,  +10,  and  —6,  which  must  bft  ijImsiA 
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diagonally  under  —24,  +27,  —13,  and  +5  roBpeodvely.  Hmt  thi 
process  terminatesi  since  the  sum  of  each  <^  the  remaining  oolanm 
equals  0. 

Bestoring  the  letters  accordbg  to  the  law  of  the  case,  we  obtain  if 
the  quotient  sought  z*— 3x4-5. 

EXAMPLES. 

!•  Divide  a»— 5o*af+10aV— 10aV+6a**— a?*  by  a*— 20*+^*. 

Ans.  a*— Sa'ap  +  So*"— Ji". 
2.  Divide  a'— 3aV  +  3aV— «•  by  a*— 3a*«+3ax*— «», 

5.  Divide  «*— y*  by  x—y. 

Ans.  «*+«'y+«*y«+a^y*+«»y«+ay»4./, 

4.  Divide9«"— 46a;»+96«"  +  160«byie— 4x— 6. 

Ans.  9aj*— 10x'+6««— 30ft 

4.  Divide  25aj*-«'-2x'-8x'  by  6a^-4a:'. 

Ans.  5x'+4«*4-8«+S. 

6.  Divide  a'— 6a*«+ lOaV— 10oV+6ax*— a?*  by  a'--.da*«+3^ 


CHAPTER  III. 
THEOBEMS  AND  FACTOBINO. 


THEOREM    I. 

(109.)  The  square  of  the  sum  of  ttoo  quantitiee  is  equal  to  the 
square  of  the  first,  plus  twice  the  product  of  the  first  by  the  second, 
plus  the  square  of  the  second. 

DEMONSTRATION. 

.  Let  a-\-h  represent  the  sum  of  two  quantities.     Squaring  it,  or 
nmltipljing  it  by  itself  we  have  a*+2a&+6\  or  (a+6)*=a"+2a6 

PROBLEM. 

Square  2a*  +  36*. 

SOLUTION. 

By  the  tiieorem,  we  have  (2a*)*+2(2a*)(86")4-(36*)S  which,  after 
the  operations  indicated  are  performed,  becomes  4a*+12a*6*+0ft' 

EXAMPLES. 

1.  Square  x-\-y,  Ans.  a;'  +  2ay+y\ 

i.  Square  2x-{-y.  Ans.  4ai^'\-4xy-^y\ 

8.  Square  8«" + 4y*.  Ans,  9a?*  +  24ic"y'  +  16y\ 

4.  Square  «" + y'.  Ans.  x*  +  2^^ + y*. 

5.  Square  8a' + 4a6*.  Anz.  9a*  +  24a*6'  +  16a«6*. 

6.  Square  ^+rfn\  -4n«.  Jc^+c'rfn'+cTn*. 

7.  Square  tf-^+ 5-".  .Aw.ar*  +  2a-'6-*+6-*. 

8.  Square  at -fU.  Asm.  ay+2at6t-V(« 
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9.  Square  2a-* +  3flr-i6-i.  Am.  1+-H.+  • 

10.  Square  3x-lyl  +  2xiirK  AnM.  -^  +  12+-. 

X  y} 

11.  Square ia'ftjr a 4-*a-i6-ajrt.      Am. — ^-H h  ^  .4.,. 

12.  Squ«o  ^+^'.  ^n,.  4a-J+5l^+i*.ir^. 


THEOREM    II. 

(110*)  TJu  square  of  the  differejice  of  two  quantitieM  is  eqvai  I 
the  square  of  the  flrat^  minus  twice  the  product  of  the  first  k$  li 
second^  plus  the  square  of  the  second. 

DEMONSTRATION, 

Let  a—h  represent  the  difference  of  two  qnantities. 
or  multiplying  it  by  itself  we  have  a*— 2a6  +  6*,  or  (a — 6)*=a*— Sii 

+  &'. 

PROBLEM. 

Square  5a*— 36*. 

80LUTI0K. 

By  the  theorem,  we  have  (5a»)«-2(5a")(36*)  +  (36*)\  which,  ate 
the  operations  indicated  are  performed,  becomes  25a'— S0a*ft*+9V. 

EXAMPLES. 

1.  Square  a?— -y.  Ana.  «*— 2ay+/. 

2,  Square  *x»— 2x2^.  Ans.  ix'— 2af*y«4.4«y. 
8t  Square  *w*—J?i*.                             -4w5.  *w*— |»»V  +  ^ii\ 

2.  A 

4.  Square  5ay3  — 6a'yi.  Ans,  2ba*y^—Q0a^y  +  36a^yt. 

5.  Square  a6-»-21a-«6«.  Ans.  J^-— +  111?!. 

tr       a  (g* 

6.  Square  2a*6'— 7a-"6-*.  Ana.  4aT-28a6  +  49a-«6-*. 

7.  Square  6aW—4aM.  Ans.  25a*6*-40a"^V  +  iea^»* 
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8.  Square  3flr"6-*— 4ar»6-^. 

Jns.  9a-*6-•-24a■^•i-^hl6flr•6-•. 

25a»     ^^      496' 


9.  Square  Bah'^-la^b^.  Ans.  -Tr~'?0  + 


o- 


10.  Square  3«"+»-4ar-'y--  Ans.  9a?'-^"-24ay4-^. 


i 


11.  Square  2ar-<"^>>y"^-6a:^V" 


-il+X 


4«M-»  25«**-* 


IS,  Square  J«     ^    y     »  — 4a5  y  *  . 

g"^^^        4  16y^' 

THEOREM    III. 

(Ill*)  The  product  of  the  sum  and  difference  of  ttoo  quantities 
U  equal  to  the  difference  of  their  equaree. 

DEMONSTRATION. 

Letti+&  and  a— 6  represent  respectiyelj  the  sum  and  difference  of 
two  quantities.  Multiplying  o+5  by  a— 6,  we  have  a'— 6*,  or 
{a-\-h){a-h)=a^-h\ 

PROBLEM. 

Find  the  product  of  2a'+36'  by  2a'— 86*. 

SOLUTION. 

By  the  theorem,  we  have  (2a')'— (36')',  which,  after  the  operatioDS 
indicated  are  performed,  becomes  4a>*— 96*. 

EXAMPLES. 

1.  Find  the  product  oim+n  and  m—n.  Am.  m^—n*. 

i.  Find  the  product  of  |a'  +  i^  and  ia'— J6.         Ans.  >*— ^6'. 

S.  Plnd  the  product  of':ra'6' +  6cdf  and  Wb^—^cd. 

Ans.  49a*6*— Sec'rf*. 

4.  Find  the  product  of  a** +  6"*  and  tf-*— 6r-».       Am.  -5 — ^. 
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t.  Find  the  product  of  Soft-*  +  Jrt"*&  and  8a»-»— |«r-*&. 

9a* 


AnM, 


6.  Find  the  product  ofmi-\-ni  and  mi'-nh  Jins,  m— a 

7.  Find  the  product  of  2ixi  +  3iyi  and  2fart— Siyi. 

Ans.  29— Sy. 

8.  find  the  product  of  3a'6'  +  2ai&f  and  8aV— 2aUi. 

9.  Find  the  product  of  |a»6-*  +  Ja""^'  and  }a»6-*— Jar-*6\ 

.        4a«       96« 

10>  Find  the  product  ofjr*4-y*  and*"— y*.  -4n».  «^— y»». 

11.  Find  the  product  of  2a"+* +3a"-*6  and  2o-H^— }a— *5. 


25 

■»— 3     3— ■»  3— <i»    ■»— 3  ■»— S     t-« 

12*  Rnd  the  product  of  fa  s  6  i    +|a  s  6  s    and  faT^^T 

THEOREM    IV. 
(11 2*)  I^  difference  of  two  quantities  is  divisible  by  the  differ 
ence  of  the  same  roots  of  the  quantities, 

DEMONSTRATION. 

m  I 

Let  X*  —y  •  be  a  general  expression  for  tlie  difference  of  two  quas- 

*  1       11  ^1 

tities,  and  (^'*)'— (y)'*  ^^  «"»— y-*  be  a  general  expreasion  for  tk 

difference  of  the  same  roots  of  the  two  quantities. 

*      i. .     .  .  .  "^       * 

We  are  to  prove  that  x»  — y  •  is  divisible  by  rm*— y«. 

Dividing  ar»  — yT  by  «'»— y«,  we  obtain  for  the 

Ist  remainder    «•    "iy«— y«, 

2d         "  ar»     m  y «  — yT, 

m       3*     3*  I 

3d         "  xn     r*y  n  — yT. 

•  • 

■I       im        H  f 

rth        "  «•     n>yr«~y«. 
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Smce,  f» —»,  and  '•--.,  this  remainder  =ar^    -yT— y7=afy*  — 

-t  L       L       L 

y».    Because  by  Prop.  8,  (102.)  a^=l,  we  have  a;*y.--y»=y- 

— y7=0. 

^        i.  .        .   .  .  !!!         * 

Hence,  xn  — y.  is  divisible  by  xm—y^^  because,  after  obtaining  r 
terms  in  the  quotient,  the  remainder  equals  zero.    The  form  of  the 

M     «•  a»     %m     I  III     3«>      t< 

quotient,  as  we  see  by  division,  is  «•   m+ar*     f-yw+ajn     ""y** 

• ar»T»y»     «  4"y*    "• 

*       J!. 

Hence, —^jjj j-=ar»i    f»4-^»     n»y«-f-ic«     "•y** x^y»     « 

rcni— y;; 

+arr»y.     «  4-y.    «     (A.) 

When  — =«,  and  -=tt,  and  r=f«,  we  have =-=a^* +af~"y + 

n       '         «     ^  '  x—y 

»—*y' «*y"-*+«y— •+y"-'.    (B.) 


PBOBLBM 

1.  Divide  or*— y*  by  «— y. 

80LUTI0K. 

Maldng,  in  formula  (B.),  n=6,  we  have  =^3=«*+«*y+«"jf*+ 

« — y 

«y'+y\ 

PBOBLBM 

2.  Divide  a*-6*  by  (a*)  *-  (&*) *,  or  a^^-^b^. 

SOLUTION. 

Ml  /  •» 

Making,  in  formula  (A.),  — =J,  -= J,  and  r=6,  we  get  — =tV 

w  8  tn 

i  a  *    J   *  Q  0 

and  — = A.   Also,  putting  a:=a  and  y=6,  we  have --—=:a*~»« 
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BXAMPLB8. 

!•  Divide  «■— o*  by  ar— a.  Ams»  «'+ax+^. 

2.  Divide  a»-6»  by  a-6.  Jtw.  a*+a*6+a»6"+a5»+r. 

3*  Divide  a*— 6*  by  a— 6. 

Am.  a»+a*6+aV+aW+a6*+i'. 
4*  Divide  a'— 6^  by  a— 6. 

5t  Divide  a*—b*  by  a— 6. 

6,  Divide  a:* —y' by  a:"— y*.  -4iw.  a:*+ay«+ar*y+yf 

7.  Dividea:*— y'by  a:*— y*. 

^iw.  ar«+a;*y*+ar*y»4-«'y*+yi 
8t  Divide  x* — y*  by  z^—y^. 

Ana.  a:  •  +  « '^y*  +  «*y *  +  ^^Jr  +  **y^ + y ^. 
9*  Divide  «•— y  by  ari— yi.  Am.  ail+ayl+xiyi+yl. 

10.  Divide  wi'—y""  by  wi**—y'. 

11,  Divide  a:'— y-*  by  ari—y-i. 

-4rw.  a:*+«^y  *+ar*y  «-f.y"^, 

12*  Divide  o  * --«^  by  a""— «". 

^rw.  a"+*+a"**a:^^+a'^^a:^y+a'^aJ**+«if. 

THEOREM    V. 

(11 3«)  7%«  difference  of  two  quantities  is  divisible  by  the  mm  of 
<A«  Mm«  roots  of  the  quantities,  when  the  index  of  the  root  ia  etfen. 

DEMONSTRATION. 

Let  ar*— yV  be  a  general  expression  for  the  difference  of  two  qiuui. 

tities,  and  x^n^7^\y,)~r\  or  a;"»+y«  be  a  general  expression  for  the 
sum  of  the  same  roots  of  the  two  quantities.    We  are  to  prove  thit 

«•— y*  is  divisible  by  xm-^y»^  when  r  is  an  even  number 
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Dividing  «•— y»  by  arm+yrt,  we  obtain  for  ihe 


1st  remainder    —xn  myT.—y 

«•  a**    i<         « 

2d  "  Xn  my  n  —yl 

m  3W      3t  I 

8d  **  — ««  my  n  — yT 

4th         **  a:»  riiy  rt  — y» 


rth  remaioder,       xn"  m  yn-^yl  when  r  is  an  even  number. 
This  remainder  =0  as  was  shown  in  the  Dem.  of  Theorem  ^tK 

^        —  .       .  .  .  !!.        i. 

Hence,  :r«— y«  is  divisible  bj  :rni+yr«,  when  r  is  an  even  number,  be- 
cause after  obtaining  r  terms  in  the  quotient,  the  remainder  equals 
zero. 

The  form  of  the  quotient^  as  we.  see  bj  division,  is,  xn   m^xn    m 

*  !?     3*     >^  ^      4»     3<  ••     *       ai  I • 

yn^Xn       rny  n  — Xn       fn  y  r*  '}'»,,»,,»  JCnty  0        n  — y*       n, 

m  I 

Hence,  when  r  is  an  even  number,  -^ — ^z=xn   m— ««    my"+ 

«s;+y^ 

—      3"*     >*            "      4«>      3<  3t    j[^      41  ft      <       3< 

jB»      Myr«— aj»      f«y«  + ajmy«""rt— ilJniyt     f» 

-f-avny*      w  — y*     r«.     (A.) 
When  — =ti ;  -=f« ;  and  r=tt,  r  being  an  even  number,  we  have 

^^^=^=a^*-ar-v+*^y'-a^y*+ -»*y^'+«y^ 

-3r-^  (B.) 

PROBLEM 

1.  Dividea*— 6*b7a+&. 

SOLUTIOy. 

Making,  in  formula  (6.),  u=6,  we  have 
a-f-o 
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PROBLEM 

2.  Divide  a»— 6»  byo*+i*. 


SOLUTION. 


Making,  in  formula  (A.),  -=5, -=5,  and  r=6,  we  get  — =- 

and  — =-. 
rif     6 

Also,  putting  x=a^  and  y=&,  wo  have 

EZ AMPLB8. 

1.  Divide  a*-6*  byo+6.  Am.  a'— a"6+a6*-6*. 

2.  Divide  a'— 6*  hj  a  +  b. 

S.  Divide  a—b  bj  ai+H.  ^n«.  ai—ai6i +aiU—&l. 

4.  Divide  a»-6»  by  a*  +  6*.  Jm.  a^-^ah*  -^a*b^^h^. 

5.  Divide  m*—n*  by  wi*4-»  .  -4»*.  *»  ♦—»!*»»♦ +m*'n"—ii*. 

6.  Divide  «*— y'  by  of+y*.  -4rw.  «■— «*y* +«y* — y  •. 

7.  Divide  «"— y*  by  a:^+y. 

8.  Divide  «'— y"  by  a:^+y^. 
Ans.  X  •  —  a?  * "y* + ar  •  y *^ — ar'y •  +  ar  •  y*  —x*y*  +  a: ■  y *  — y^. 

9.  Divide  x^—y^  by  ai^+y"^. 

Ans.  x^ —x^y^ +x'^f/* — yA, 

10.  IMvide  x-^—tr*  by  ar'+y*. 

11.  Divide  «*— y~*  by  a:+y"*.        Ans.  a?'— «*y'"'^+ary'*"* — y"^. 
11  Divide  x^—y"^  by  ar  TV_y-A^ 

Ans.  fl:*-x'y"^«+ajT^y"^-a;*y"^'^+a;T^y"**— y-H. 
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THEOlaEM    VI. 

(114.)  The  sum  of  tvto  quantities  is  divisible  hy  the  sum  of 
ike  same  odd  roots  of  the  quantities, 

DEM0N8TBATI0N. 

Let  x»  -\-y»  be  a  general  expression  for  the  sum  of  two  quantities, 

and  (^»)^+  \/»)'^^  orx^-^-y^  be  a  general  expression  for  the  som 
of  the  same  roots  of  the  two  quantities. 

We  are  to  prove  that  a:»4-y»  is  divisible  by  ar»»+y",whenrisan 
odd  number. 

—       L         —       L 

Dividing  «»  4-y*  by  a>»4-y",  we  obtain  for  the 

•— "  L       * 
Ist  remainder     — •«»    "•y^'+y". 

2d  "  Xn    "my  f  4-y.. 

m      aw      3<  I 

3d         "  — oflJ    r»yn  4-y«. 

4th       "  x»*     my  r»  4-y«. 


rth  remainder     — «  »    «  y  «  +y"  when  r  is  an  odd  number. 

This  remainder  is  obviously  equal  to  zero.    Hence,  «»+y7  is 

divisible  by  xm+yr»^  when  r  is  an  odd  number,  because  after  obtain- 
ing r  terms  in  the  quotient,  the  remainder  is  zero. 

The  form  of  the  quotient,  as  we  see  by  division,  is  x  •"«— a;  •"■  m  yi^ 

+  ar»       myf»-f- .....+«my«         r«  — rernyT       M   -f-y«'"r,. 

Hence,  when  r  is  an  odd  number  ^  ^=:j;i»    «— ««     my».+ 

«?S+y^ 

Xn       r%yn  — ^Xmy,        n  — Xr»y  •        rt^yt^r,,       (A.) 


971 


t  *^+t/* 


When  — =:u,  -=«,  and  r=tt,  r  beini?  an  odd  number, 

n  s  "  ^  X  +y 

a^*-a:^'y+«*-'y"-«*^y"  + +«"y«-'-«y-*+y->.   (B). 


PBOBLBM 

1.  Divide  a*+6»  by  a+6. 


V 
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SOLUTION. 

a* +6* 

Making,  in  fonnola  (B.),  «=5,  we  have r-=a* — a*t+^- 

a  -f-o 

oft* +  6*. 

PROBLEM 

2.  Divide  a«+6'by  o*+6i 

BOLUTIO V. 

Making,  in  formula  (A.),  — =8, -=r8,  and  r=8,  we  get-^^^ 

and  — =-. 
rs     3 

Also,  puting  x=:a^  and  ^=6,  we  have 

EXAMPLBS. 

1.  Divide  a*+b*  hj  a+b.  An9.  a*— aft+F. 

I.  Divide  a"+6"  by  a«  +  6\        ^n*.  a'-o'6«+a*6*— aW+y. 

3.  Divide  a'  +  6^  by  a+b. 

Ans.  a'— a*6+a*6*— o»6»+aV— a*»+y. 

4.  Divide  a + 6  by  a^  +  b^. 

Ans.  a^-ah^+ah^^aHi^A 

5.  Divide  o'  +  6*  by  a^  +  6*. 

^n*.  a'^'-a-VbUd^S^^ahV^+i^. 

6.  Divide  a'+ft*bya^  +  6. 

7.  Divide  a»  +  6*  by  a  +  6*.     Ans.  a*-a'6*+o'6*-a6V-^5¥. 

8.  Divide  a + i«  by  a^  +  6*. 

-4n*.  a^— a«6^  +  aM— o^a'+A 

9.  Divide  a^^+b-*  by  a-»  +  6-\ 
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m 


J    10.  Divide  J+b^hj  a^ +b^^. 

Am.  aTV-oA6A4.aA5A_afrftA+ftf 

11.  Divide  a*  +i"*  by  a^^-h"^. 

Am.  oA-aA^-A+aAft-A^aAj-ii+j-H. 


THEO  BEM    YII. 

(115*)  ThA  sum  of  the  squares  of  two  quantities^  plus   tvfu^ 
^  ike  product  of  the  quantities^  is  equal  to  the  square  of  the  sum  of  the 
quantities. 

DEMONSTBATION. 

Let  a  and  h  represent  anj  two  quantities,  then  a'+6'+2a6,  or  a' 
+2a5+6'  represents  the  sum  of  their  squares  plus  twice  their  pro* 
duct. 

We  are  to  prove  that  a*+6*+2a5,  or  a*+2a5+6*=(a+ft)'.  By 
J  Theorem  1,  we  have  (a+6)'=a'+2a6+6»;  .-.  a*+2ab+b\  or 
a*  +  6"  +  2a6=(a+6)*. 

PBOBLBM 

I       1.  Find  the  fiictors  of  «* + 4x+4. 

BOLITTIOK. 

If  Since  a^-{-4x+4j  or  «*+4  +  4«=«*  +  2*  +  2'2a5,  it  represents  the 
sum  of  the  squares  of  x  and  2,  plus  twice  their  product.  Hence,  by 
the  Theorem,  we  have  «"4-2'  +  2-2a:,  or  «"  +  4j?+4=(aJ+2)'=(«+2) 

i    {x+2). 


BXAMPLB8. 

1.  Rnd  the  &ctors  of  of' + y* + 2ajy. 

2.  Find  the  factors  of  a"  -f  2ay  +/* 

3.  Find  the  factors  of  :r'  +  10js+a5w 

4.  Rnd  the  factoTB  of  «^+ 24*^5 

5.  Find  the  factors  of  iii*4*l|4i^ 


Am.  (a;+y)(«+y). 
Am.  (<i+y)(a+y)i 

^Vf:r  +  12), 


(o  Find  the  £acto£aJE« 
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7t  Find  the  factors  of  4i;'  +  4x  +  l.  Ant.  (2«+1)(2jp+1). 

8.  Rndthefiu5tor8of  169jF*  +  26jr  +  l.    Ani.{\Zx-{-l)^l^x•{'\\ 

9t  Find  the  factors  of  25ar«  +  60j;-*yt  +  86y*. 

Ans.  (5ar'  +  6yi)(6ar-*+6yi). 

10.  Find  the  &ctors  of  x-\-a-\'2a\xk.       Ans.  (^+ai)(xi+ai). 

11.  Find  the  fectors  of  arl+ a'**  +  2ax. 

Aim.  («^+a*')(ap*+aj^ 

12.  Rnd  the  factors  of  Qrf  +  49a:^y"^  +  A2xy^. 

Ana.  (Sx^+TajV^Kaar^  +  ^ar^y-*). 


THEOREM     VIII. 

(116*)  The  sum  of  the  squares  of  two  quantities^  minus  tma\ 
the  product  of  the  quantities^  is  equal  to  the  square  of  the  differenct  (f 
the  quantities, 

DEMONSTRATION. 

Let  a  and  b  represent  any  two  quantities,  then  a* +  6* — 2ab,ot 
a*—2ah-\-b*  represents  the  sum  of  their  squares,  minus  twice  their 
product    We  are  to  prove  that  a'  +  6*— 2a5,  or  a'— 2a5+5*=(a— 1)*. 

ByTlieoremII.wehave  (a— 6)"=a»--2a5  +  6';  .-.  a«— 20^+**, 
oro*  +  6'-2a5=(a-6)\ 

PROBLEM. 

Find  the  factors  of  9x  +  4yi — 1 2xii/i. 

SOLUTION. 

Since  9x  +  4yi-12ariyi=(3a:i)«  +  (2yi)'-2-(3ari)(2yi),  it  npn. 
sents  the  sum  of  the  squares  of  two  quantities,  minus  twice  their  pnh 
duct.  Hence,  by  the  Tlieorem,  we  have  9x-\-4yi—12xiyi^  or  9*— 
12jr4yi+4yi=(3ari-2yi)'=(3ri-2yi)(3rf--2yi). 

EXAMPLES. 

1.  Find  the  factors  of  a;'— 2ay  4- y*.  Ans.  (a;— y)(« yV 

2.  Pind  the  factors  of  f»'— 4mn  +  4n'.     Ans.  (m— 2n)(»i— 2»). 

2x 
S.  Find  the  fectors  of  a;«+|— _  Ans.  («— i)(ar— ^), 
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4.  Find  the  foctore  of  a" — 2aW + a?'.     Jns.  (a^ — a:^)(a* — a;^). 

6.  Kndthefectoreofa*— 4aV  +  4y'.    -4n«.(a^--2y')(o*— 2y"). 

6.  Find  the  ftcton  of  9a;'  +  9y— ISar^i 

^7W.  (3a:*— 3yi)(3a;*— 3yi). 

7.  Find  the  fectora  of  ^x^^Sx^  +  i.    Ans.  (Jaj*-2)(fa:*-2), 

8.  Find  the  fectora  of  16rf— learijr^  +  ^y-*. 

Ana.  (4ari-.23r*)(^«*-23r')» 

9.  Find  the  factore  of  3ari+3y-4— earfjr*. 

Ans.  (3W-3ijri)  (3iarf-3isri). 

10.  Find  the  &ctora  of  a:""4-y'"— 2a;'"y. 

Ans.  (ar-y-)(ar~y-). 

11.  Rnd  the  factore  of  4«*-— 16a:^yT  +  16y. 

Ans.  (2«^-4y¥)(2«^-4yi), 

12.  Plnd  the  factore  of  «»y~7— 2+a5"^y7. 

«»  i  iii_      i  _m^        jr_  m_      t 

Ans.  {x»*y~  f^x  .i»yiT)(afa»y^i.  —x    a»ya«.) 

THEOBEM    IX. 

(117.)  The  difference  of  the  squares  of  two  quantities  is  equal  to 
the  product  of  the  sum  and  difference  of  the  quantities. 

DEMONSTRATION. 

Let  a  and  6  represent  anj  two  quantities,  then  a'— 6'  represents  the 
difference  of  their  squares. 

We  are  to  prove  that  a'— 6'=(a4- &)(«—&). 

By  Theorem  EL,  we  have  (a4-ft)(a— 6)=a'— 6*),  .•.  a*— 6"=s 
(a  +  6)(a-6). 

PROBLEM. 

Find  the  ffictora  of  a— 6.  • 

SOLUTION. 

Since  a—6=:(ai)'— (&i)',  it  represents  the  difference  of  the  squares 
of  the  quantities  ai  and  bi. 
Hence,  hj  the  Theorem,  we  have  a— 6=(ai+W)(ai— 6i), 
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EZAMPLB8. 

1.  Fiod  the  factors  of  x'—y\  Atu.  (dP+yXs-yl 

2.  Findthefacloreof**— y».  Jns.  (**+y*X**-lT' 
3t  Find  the  factors  of  a:*— y.  Ant.  («t+y^)(x}— yi^ 
4.  Find  the  factors  of  ir*— y'.  Am.  (ari^yf)(x}-y)) 
5t  Find  the  factors  of  ar'—y~*.  An».  I — | — \(jr-«— y-*V 

6.  Find  the  fiictors  of  9x*— 4y*.  Ans.  {Sx+2y*)  (3«-.2y]. 

7t  Find  the  fiictors  of  2rc— 2y. 

Ans.  [(2«)i+(2y)i](24»*-2jyl). 

8.  Rnd  the  flactors  of  3«*— 5y*. 

Ans.  (3V+6*yT^)(3*ar*— 5*yA). 

9,  Find  the  foctors  of  Ax^  -y"^ .    Ans.  (ix^  +  -jl  /2ar*  — ^\ 

10.  Find  the  fiictors  of  16ar«— 25y.      Ans.  (l+Sy*)  /I— syjj. 

11.  Find  the  factors  of  4ar— 9y— . 

Ans.  (2a:5  +  3y-5)  (2**— 8y"*). 

2»»  go      at 

12.  Find  the  factors  of  ^    •  — 4x  »  y    •  . 


or-     y«  ^  Vi.     v7  '. 


y«        «••      yT 
THEOREM    X. 

(118.)  The  expression  a:»— y-  =  va;«— y«/ v«"  '•-k-xn    >ity7+ 
m    a*  _2^  a*    <     3«        ■»    <    a<  «    •  \ 

ar»    my~7+ -|-ajr,y,    r«  +Xr>»y«    «  +y •   w^^  whicli, 

when  — ,  -,  and  r  respectively  equals  «,  becomes  a^"— y"=(«— y) 

fer-»+ar-'y+«-y+ +«'y^+a!y— +y^». 

DEMONSTRATION. 

The  truth  of  this  Theorem  depends  on  the  truth  of  Theorem  IV^  and 
the  fact  that  the  divisor  multiplied  bj  the  quotient  equala  ihi 
dividend. 
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PROBLEM 

1.  Fbd  the  fiicton  of  «*— y*. 

SOLUTION. 

Id  this  tf=5,  and  making  r=:6j  we  have,  by  the  Theorem,  «*— y* 

Oiher  fiictors  may  be  obtained  by  aiwigning  other  podtiye  integnd 
Talues  to  r. 

PBOBLXM 

2.  find  the  fSEU^ton  of  xl—yt. 

SOLUTION. 

In  this  example,  — =j^  and  -=o>  ^^  ^^  ^^  ^^  liberty  to  make 

fii      ^ 
r  any  positiye  integer.    Let  r  then  equal  5;  whence,  — =— ,  and 

— =Yr«     Hence,  by  the  Theorem,  we  have  «♦— y*=:  (a:^--y »*) 

(x^+ajAyA^ajTVyT^+ajAyf +yA).     Qt^er  fikstors  may  be  ob- 
tained by  assigning  different  podtive  integral  values  to  r. 

BXAMPLBS. 

1.  Knd  the  factors  of  a"— «•. 

Ans.  (a— aj)(a'+a«+«*),  or  (a*—**)  [J-\-x*). 

2t  Findthefectorsof  a'— a:'. 

Ans,  (a— «)(a+«),  or  (a»--«*}  (a* +  ««*+«* ^r+a:'/. 

8«  Find  the  fiEU^tors  <^  a*^ai^. 

Am.  (a-«)(a»+a*«+aV+aV+aa?*+«»), or (a"-x')(a'+«»). 

4t  Rnd  the  factors  of  a^—z\ 

Am.  (a— a:)(a'  +  a»4f+aV+aV+aV+ac»+«».) 

5t  Find  the  factors  of  o*— x*. 
.4jM.(a»-a:«)(a*+aV+«*),or  (a*-a:*)  (a*+a»«*+a*a^+a?*) 

6.  Rnd  the  foctors  of  a" -a:". 

JjM.    (a-a:)(a*+a*a?+aV  +  aV+aV+aV+aV+aV+ 
aa;'+«»). 


70  THEOREMS  AND  FACTOBXHO. 

7.  Find  the  factors  of  a*' -r". 

Ans.  {a'^x'){a*-\-a'x'-^a*x'  +  a'x*+jl'l  or  (a»— «»)(a»+iT. 

8c  f^nd  the  factors  of  m—n. 

Ans.  (mi— n4)(mf  +  »i4/ii  +  nf),  or  (mi — ni)(mi+«i). 

9i  Find  the  factors  of  x^—y\ 

Ans.  (a:«-y)(x*+a:V+J^y*+y"),  or  {a^—^)(^+j/), 

lOt  Find  the  factors  of  xr*—y3. 

^n*.(ir»-yi)(^'+ar«yi  +  ar»y»+y),or(r-*-yt)(L+yf| 

11,  Find  the&ctorsof«"--y". 

Ans.  {x^-y^)  {x^'^  +  x^y^+x^yi+y^l 

12.  Find  the  fiictors  of  x^—y*, 

^  yts'^  yrv    yfV     yA    yi' 

THEOBEM    XI.  I 

(1 19.)  The  expression  X'^—y»  =  \xrm-\-yn)  \x»^m — x»    "S^y-^ 

Xn        rn  y'n    — — X  "*  y  »         ••   4"*™y  »  "   ~~y*^~"/ 

when  r  is  an  even  number,  which,  when  — ,  -,  and  r  respectiTi^ 

n    s  *         • 

equals  u,  becomes  re"— y"=(j;+y)(a^*— ar^y+a:*^y*— - 

«'y^+:ry'^'-y-^ 

DEMONSTRATION. 

The  truth  of  this  Theorem  depends  on  the  truth  of  Heorem  V^ 
and  the  fact  that  the  divisor  multiplied  by  the  quotient  eqiulB  dN 
dividend. 

PROBLEM 

1.  Find  the  factors  of  a?'— y*. 

SOLUTION. 

In  this  example  ii=6,  and  making  r=r6,  we  have,  by  the  Theorai, 

«*-y*=  (-^ + y)('*-**y +^y*- A* + ary* -y*).  Making  r = 2,  we  haw 
^•-y*=(z-+y')(x--y'). 
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Other  &ctorB  may  be  obtained  by  assuming  r  equal  to  oth^  eveo 
^  nmnbers. 


PBOBLBM 


2.  Find  the  fiustors  of  «  ^  — y » . 

ir  SOLUTION. 

In  this  example,  — =-,  and  -=«,  and  we  are  at  liberty  to  make 
J    r    any  positiYe   even  number.       Let  r  then  equal  6  ;    whence, 
— =-,  and  — =-.    Henoe^by  the  Theorem,  we  have, 

^    «*--y^=(aj^^+y*)  (a;^-a;^y^+a?^y*-a?'^y^+«^y*-y*). 

Other  factors  may  be  obtained  by  assuming  r  to  be  equal  to  other 
.    even  numbers. 

r  BXAMPLBS. 

1.  Rnd  the  fectors  of  a*—b\ 

Am.  (a+6)(a»-o«6+a6«--6»),  or  (a*  +  6')(a*-6'),  <fec. 

1        2.  Fmd  the  &ctors  of  a—h. 

Am.  (ai+5i)(al-ai6i+aHi-H),<fec. 

3.  Fbd  the  &ctors  of  a'— 6'. 

Am.  (o  +  6)(a-6),  or  (a*  +  6*)  (a*-o*6^+a63-.o*6 

4.  Find  the  factors  of  a'— &'. 

Am.  (o*+6)(a^^-a*6+a5'-a*6'+a*6*-6»),Ao. 

5.  ilnd  the  &ctors  of  cr^—V. 

C  Fmd  the  fiwtore  of  «:-•— ft-". 

7.  Fmd  the  factors  of  a'— 6*. 

Am.  (a*  +  6«)  (a*— a*6«+a*6*-6*),  Ac 

8.  Fmd  the  fectors  of  16a*— 6*'. 

Am.  (2a'+6*)(8a*— 4a*6*  +  2a»6"-6»').Ac 
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».  Find  the  factors  of  a*"— «••. 

Ans.  (a-+a:"')(o»--a'-«**+<rt^— «*),fc 
10*  Find  the  factors  of  a'—b^. 

04  +64^  \a  4  —0164  +0469  — 6T7,  At 
11«  find  the  factors  of  ai—b-i. 


Ans, 


('*-mH4-^>^ 


_4*  4< 

12a  find  the  frctors  <^  a    »  — 6  • 


THEOBEK     XII. 

( 1 20.)    The    expression    «  •  +  y  •  =  Vxr« + y^)  \xm    ;; — x  .^ 

+  a;"«     myw— +«r»»y«    «— x-y.     *V^+y7"i). 

when  r  is  an  odd  numher,  and,  when  — ^  ~,  and   r    TespecM 

ft     #  ir^^    * 

equals  u,  it  becomes 

a;-+y-=(x+y)(x^»-x— y+x-y-af-*/  + ^^ 

-a:y"-'+y^*. 

DEMONSTRATION. 

The  truth  of  this  Theorem  depends  on  Theorem  VL,  and  the  M 
that  the  divisor  multiplied  by  the  quotient  equals  the  dividend. 

PROBLEM 

1.  Find  the  factors  of  o*  +  6*. 

SOLUTION. 

In  this  example  u=5,  and  making  r=5,  we  have  by  the  Tlieoraii 
a«+6»=(a4-6)(a*-a'6+a«6«-a5*  +  6*).     Making  r=:8,    ve   Im 

Other  factors  may  be  obtained  by  assuming  r  equal  to  o€her  odi 
numbers. 

PBOBLSM 

2.  Find  the  &ctors  of  xl+yl. 
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SOLUTION. 


In  this  example  — =-,  and  -=-,  and  we  are  at  liberty  to  make  r 

"  any  positive  odd  number.    Let  r  then  equal  6,  whence  — =^»  and 

t  _  2 
rs~~TE'    Hence,  by  the  Theorem,  we  have  «♦ +y'=  (a;^'^-f  y"^) 

Other  factors  may  be  obtained  by  assuming  r  to  be  equal  to  other 
positive  odd  numbers. 

EXAMPLES. 

1.  Findthe  fectorsof  a*-far*.         Am.  (a+a:)(a'— cw+a;'),  <fec 
2«  Find  the  fjEictors  of  a*+a;*. 

Ans.  (a*  +  x^) \a^' — (fix^ + a^x^  —  a* a;*  +  «  *") ,  <fec. 

3.  Find  the  factors  of  a'  +  h\ 

Ans.  [a^+hi)  (a'^^-^-ahi  +  b'^),  <fec. 

4.  find  the  &ctors  of  d'-\-x\ 

Ans.  (a* +«*)  (a  *  — a  *  x^-^-a^  x^—a^x  *  +«  *  ),  <fec. 
S»  Find  the  fectors  of  ar*+x^. 

Ans.   (l  +  -)(i-,--— +— ),  <kc. 
\a     x/\  a'     ax      xV 

6.  Find  the  fectors  of  a-*+a;". 

\a        /\  a*      a'      a       a         / 

32      1 

7.  Find  the  factors  of  -rr  H — -.. 

a*"      a: 

/2       1\/16       8         4  2  1\    ^ 

Ans,  (-^+-11-^ 5-4--rT rr  +  -rif  Aa 

\a      xf\ar      a*x     ax        arx        x^  r 

8.  Find  the  fectors  of  a^-\-x^. 

Ans.  (a^  4-  ar^^j  (a* — a^ar^  ^  +  x^^) ,  &c 

9.  Find  the  factors  of  a**+ar^-. 

^TW.  (a-+ar"')(A'"— a*'"ar'"  +  a'"*a;*''— aV+^'"),  <fec 

10*  Find  the  factors  of  d{»  -f  a;« . 

^n«.  \aa« -|-a;3»^  \a3»» — a  3<r3*  4-a:  3»/,  dec 
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11,  Find  the  factors  of  a' +x'"*. 

11,  Find  the  factors  of  a^'  +  S2:r-\ 

THEOBEM     XXII. 

(121.)  The  trinomial  ir'^+or+ft  =  (af +  c)  (a»+d),  ik 
c+rf=a  and  crf=6;  and  j"*+<Lr*— 6=(x*-f-c)(a:* — ^Q^whenc-i 
=a  and  ed=zb  ;  and  x**— ojc"— 6=(a:*4-c)(2^ — rf)  when  d-f=i 
and  cd=h ;  and  a:'"— aj:"  +  6=(a:*— «)(«"— /^  when  c+<f=fs: 
cd=h. 

DEMONSTRATION. 

By  multiplying   a^+c  by  a5*+rf,  we   have  «**+(c+d}^+* 
which  is  equal  to  x'^+aar^  +  fc,  when  c-rd^za  and  Of^=6. 
In  the  same  way  the  other  forms  may  be  proved  t^  b^  true. 

PROBLEM. 

Find  the  fiictora  of  «'— ar—SO. 

SOLUTION. 

In  this  example  ^=1.  Let  us  now  seek  two  factors  of  80,  ov 
plfu  and  the  other  minuSy  which  have  a  difference  of  1^  the  mimB 
fJBU^r  being  numerically  the  greater.  It  is  apparent  that  these  ftc^ 
are  —6  and  +5;  hence,  according  to  the  third  form,  we  law 
«■— «— 30=(a;  +  6)(a:— 6). 

EXAMPLES. 

1.  Find  the  factors  of  a;'-f  6a;+6.  Ans.  (x+2)(x+Z). 

i.  Find  the  factors  of  a^'-f  8a:  +  15.  Ans.  (a:+3)(«+6), 

8a  Find  the  factors  of  a:'+8a?+7.  Ans.  («+l)(ar+7). 

4.  Find  the  factors  of  a:"  +  4j:— 32.  Ans.  {x  +-  8)  (x^4\ 

5*  Find  the  factors  of  a:"— 9a: +20.  Ans.  (a:— 4)(:r— 6). 

6.  Find  the  factors  of  a:'— 5ar--66.  Ans.  («  +  6)(a?— n), 

7.  Findthefectorsof  «•— a;*— 6.  Ans.  (ar'  +  2)(«»— a). 
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S.  Find  the  factors  of  ar'+^+f.  Jns.  (a?+|)(«+i.) 

••  Fmd  the  factors  of  a^— aT— 72.  Ans.  (a^+8)(a5*— 9.) 

10.  Knd  the  factors  of  «•— Ja;— ^f .  ^«.  (a;  +  |)(a;— J^). 

11.  Find  the  factors  of  a:'  +  (a+6)a;+ai.  -4n*.  (x+a)(a:+6). 

r  r 

12a  Find  the  Actors  of  x7-\-3x'2T-\-2. 

Am.  (xi7  +  l)(arTr+2). 

PBOBLSK    A. 

( 1 22.)  To  resolve  a  monomial  into  factors. 

RU  LK. 

Assume  any  monomial  as  one  of  t?ie  factors^  and  divide  the  given 
WMnomial  hy  it  to  obtain  ike  other  factor, 

PROBLEM. 

Besolye  a'  into  two  factors. 

•  SOLUTION. 

Assume  that  a'  is  one  of  the  factors,  then  — j=a~*  is  the  other. 

SXAMPLBS. 

1«  Resolve  o*  into  factors.        Am.  a*'a*,  or  a'^a^'^  or  6*-=-,  <feo. 

0 

2«  Resolve  a""'6*  into  factors.  Am.  — r'a'6*,  Ac 

a* 

3«  Resolve  6a  into  factors.  Am.  da'2a*,  &o. 

4.  Resolve  96*  into  factors.  Am.  Sb^'Sb\  4c. 

5«  Resolve  12a5  into  factors.  Am.  Sax'4b3r\  iso. 

6*  Resolve  20a'ar-*  into  factors.  Am.  4aV'6a-^ar-*,  Ac 

7#  Resolve  (a  +  &)*  into  factors.  -4n*.  (a  +  6)  (a  -f  6)*,  4c 

8*  Resolve  (a  +  6 + c)*  into  factors. 

9«  Resolve  3ay  into  factors.  Am.  3a'y**-^,  fta 
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10*  Besolve  2lai  into  fiictors.  Jint.  d<r-=',  A& 

PROBLEM    B. 

(123*)  To  resolve  a  polynomial  into  &cton  one  of  whibh  dull 
be  a  monomial. 

RULE. 

Assume  any  monomial  as  one  of  the  factors  and  divide  tke  gkm 
polynomial  by  it  to  obtain  the  other  factor. 

PROBLEM 

1.  Resolve  a'+^  into  factors  one  of  which  shall  be  a  monomiiL 

SOLUTION. 

Assume  a  to  be  one  of  the  fectors,  then =a-\ is  the  oAa 

a  a 

PROBLEM 

2.  Find  the  fectors  of  Sar*  +  66a?*  +  9cx». 

SOLUTION. 

Assume  82^  to  be  one  of  the  factors,  then  (da:B'  +  6&B*+0cs*)-rS^ 
=a+26a;  +  3car'.    Hence,  3ar'+ 66a;* +9<»*=3a:'(a+ 26a: +  8«r*). 

Scholium. — In  order  to  obtain  the  simplest  fectors  of  a  poljnomiil, 
assume  as  one  of  the  fectors,  the  greatest  monomial  that  will  diride 
the  given  polynomial  and  give  a  quotient  containing  neither  a  ftw 
tion,  nor  a  negative  exponent. 

EXAMPLES. 

1.  Find  the  fectors  of  2a +  26.  Ana.  2(a+6). 

t»  Find  the  factors  of  aar+6a:4-ca?.  Ans.  (a  +  b+c)t. 

&•  Find  the  factors  of  6a;' +  12a:— 18.  Ans.  Q{ii^+2x—B). 

4«  Find  the  factors  of  xy+y.  Ans.  (x+l\y, 

5»  Find  the  factors  of  aca;+a6a;.  Ans.  (c+b\as, 

6*  Find  the  factors  of  3a;'y+3a^*.  Ans.  da;y(x+y). 

7,  Find  the  factors  of  5a'+10a'64-6a6\ 

Ans.  5a(a*  +  2€»5+W. 
8«  Find  the  factors  of  oaf*— 6a;-^'. 

Ans.  {aZ'-bx^)xr-\oT  {a-^bx}^. 
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I        9.  Find  the  factors  of  U3^y'-21xy.  Am.  7(2-3a;)a^y'. 

i 

10.  Find  the  fiwtore  of  51a;'— 17j?*+34«. 

Am.  l7(3a^--«  +  2)«. 

*       !!•  Find  the  factors  of  6a*'^'6'cM^-6a'*^6Vrf^\ 

^iw.  6(a-H6-V-(^*)a*-^6V. 

12.  Find  the  factors   of  2a'^6-^'c-4a'6'"-»c'rf  +  2a'+»6"c+6a'^* 

FBOBLBM 

(124.)  1.  Plndihefectorsof  2a'a?— 4aV  +  2aV. 

SOLUTION. 

By  problem  B,  we  have  2a'«— 4aV  +  2aV=2a'a:(a*— 2aV+aj'); 
but  by  Theorem  VIII.  (a'— 2aV+a;*)=(a»— «•)•;  and  by  Theorem 
X.,  a*— a:*=(a-a?)(a*+ar+a:*);  whence,  (a'-ar»)*=(a— x)»(a'+ 
ox+a;')'.  Therefore,  2a*«— 4aV  +  2aV:=:2a'a?(a-a;)'(a*+a«+a:*)' 
=2a»ar(a— «)(a-a;)(a»+(M;+a:*)(a*+(M;+ar»). 

PROBLEM 

2.  Write  the  product  of  a+y+«  by  a'-y-\'X. 

SOLUTION. 

Smce  a4-y+«=(a+«)+y,  and  a— y+a:=:(a+a:)— y,  we  have 
only  to  find,  considering  (a+a?)  as  a  single  quantity,  the  product  pf 
the  jnim  and  difference  of  two  quantities.  Then  by  Theorem  TIT.,  we 
have  {a-\-y-\'X){a---y-\-7^=i{a'\'xf'-%^. 

PROBLEM 

8.  Fmd  the  fiactors  of  [(a+ft)'— c*]'— (T. 

SOLUTION. 

Considering  what  is  within  the  brackets,  as  one  quantity,  the  given 
expression  represents  the  difference  of  two  quantities,  which  m^  be 
factored  by  Theorem  IX,  X.,  or  XL  Let  us  use  Theorem  IX., 
which  gives  [(a+5)'— c'+<fI[(a  +  6)'— c*— d].  Also,  by  the  same 
Theorem,  we  have  (a+6)'— c'=(a+6+c)(a+6— c)  ;  hence,  [(«+&)• 
-c7-(r=[(a+6+c)(a  +  6-c)+c(][(a+6+c)(a  +  6-c)-4 

MISOELLANEOUS     EXAMPLES. 

!•  Square  a+5+c.  Am.  (a+6)*  +  2(a+6)<j+c» 
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J.  Square  a +5-c-rf.    ^n*.  (a  +  6)'-2(a+6)(c+cl)  +  (c+iI)\ 
8.  Multiply  a +6+ c  by  6— a+c.  Ant.  (ft+c)'— ^. 

4.  Factor  (a+6)'-(c-cf)*. 

Ans.  (a  +  b-c+d)[(a-hby+{a+b){e--d)+{e^dy], 

6.  Factor  («+yy— r'. 

^«.  («+y+r')(x+y-r«)[(ar+y)'+r*j. 

7.  Factora*+(6+c)*. 

Ans.  {a-\-b+c)[a'-a*{b+c)  -f-a«(6+c)*-a(6+c)"  +  (6+c)*]. 

8.  Factor  ac+ad+bd  +  bc. 

Ans.  a{c+d)+b{c+d)={a+b)(e+d). 

9*  Factor  am +26x+2ad5+6fii.  Ans.  (a  +  5)(m+2i). 

10.  Factor  6a* +  10a'6  +  6a5\  .4iw.  5a(a  +  6)(a+6). 

11.  Factor  3j?*  +  6ay+3y\  -4iw.  3(arH-y)(a:+y). 

12.  Factor  a*--a5\  .4iw.  a{a-^b)(a^b). 

13.  Factor  «»—«*y—a5y«+y\  .4iw.  (aJ+y)(«— y)(ar— y). 

14.  Factor  a*— 2a*6+2a5«— 5'.  -4n*.  (a-6)(a*— a5+5\) 
U.  Factor  a*-ha*b*+b\  Ans.  (a'+a^+6*)(a*— a6+6«). 

16.  Factor  a*— 3a'ar  +  3ar*—a;*.  Ans.  (a— a?)(a— a:)(a— «). 

17.  Factor  7a:"— 12a?+5.  Ans.  (j?— l)(7ar— 5). 

18.  Factor  a:"— «•— 2a?.  ^rw.  ir(«+l)(«— 2). 

19.  Factor  2a;*  +  3a;" + a?.  ^iw.  ar(«+l)(2«  +  l). 

20.  Factor  a»— 6*— c*— 26c.  -47W.  (a+6+c)(a-^6— c). 

(125.)  USEFUL     rOBMULAS. 

1.  (a  +  6)»=a'  +  2a6  +  6*. 

2.  (a-6)'=a*-2a6+5*. 

3.  (a  +  6)(a-6)=a*-.6*. 

4.  (a*+a6+6*)(a-5)=a'-6'. 
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6.  (a«-a'5+a5'-6')(a  +  6)=a*-6*. 

7.  a'  +  2a6  +  5'=(a  +  6)(a  +  6). 

8.  a'-2a!;  +  6'=(a-6)(a-6). 

9.  a'-6«=(a  +  6)(a-6). 

•  10.  a»-6«=(a-6)(a'+a5  +  5'). 

11.  a*-6*=(a+6)(a*-a'6+a6»-6'). 

12.  a*-'h'={a'^b){a'+a'b  +  a*b*+a*b*+ab*+b*). 

13.  a*-6«=(a+5)(a»-a*6  +  a'!;«~a«6*+a6*-6»). 

14.  a'-6'=(a«-6')(a*+a'6'  +  6*). 

15.  a*-b'={a*-hb')(a*^b'). 

16.  a«~6'=(a  +  6)(a-6)(a«  +  aZ»  +  6')(a'-a6+6«). 

17.  a*+a'6»  +  6*=(a'+a5  +  6')(a«-a5  +  6'). 

18.  a»  +  6'=(a  +  6)(a»-a5  +  6«). 

19.  a*  +  a*6+a'6*+a'6«  +  a6*+6»=(a  +5)(a'+ai+6*)(a*-a6  +  6') 


CHAPTER  IV. 
6BEATEST  COMMOIT  DIVISOS. 

(1 26*)  A  multiple  of  a  quantity,  is  a  quantity  t^iat  coatains  it 
an  exact  number  of  times.    Thus,  6  is  a  multiple  of  2  and  8,  andii 
is  a  multiple  of  a  and  b. 

( 1 27  •)  A  measure  of  a  quantity,  is  a  quantity  that  is  contained  n 
it  nu  exact  number  of  times.    Thus,  2  and  8  are  measures  of  0,  aodd 

and  b  are  measures  of  ab, 

(128«)  A  common  measure  or  common  divisor  of  two  or  HUR 
quantities  is  one  tliat  is  exactly  contained  in  each  of  them. 

(129»)  Tlie  greatest  common  measure  or  greatest  comnum  ditiv 
of  two  or  more  quantities  is  the  greatest  quantity  that  is  exactly  oofr 
tained  in  each  of  them. 

THEOREM     I. 

(130«)  If  a  quantity  measures  another  quantity  it  will 
any  multiple  of  that  quantity, 

DEMONSTRATION. 

Let  a  be  a  quantity,  then  ta  is  a  multiple  of  a. 

Wo  are  to  prove  that  if  a  quantity  d  meabuies  a  it  will  tho 
measure  /a.  Let  r  be  the  number  of  times  d  is  contained  in  a; 
whence,  we  have,  a=rrf  and  ta=trd.  Js'ow  d  measures  trd  and  nudt^ 
therefore,  measure  to,  which  is  t^qual  to  trd, 

THEOREM     II . 

(13  1  •)  If  a  quantity  meamres  two  other  quantities,  it  wiil  aim 
measure  their  sum  and  their  difference, 

DEMONSTRATION. 
Let  Rd  and  rd  be  two  quantities  that  are  divisible  by  d. 
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We  are  to  prove  that  Bd-\-rd  and  JRd—rd  are  botli  divisible  by  d. 
Since  JRd+rd=d{E+r)  and  Rd—rd^d^R—r)^  we  see  that  d  is 
a  factor  in  both  these  expressions,  and  is,  therefore,  a  dinsor  of  both. 

PROBLEM. 

(132.)  To  find  the  greatest  common  divisor  of  two  or  more 
monomials. 

I  RULE. 

Resolve  the  monomials  into  their  factors^  and  the  product  of  the 
I  factors  common  to  fill  the  mxmomials  will  he  the  greatest  common 
I     divisor, 

PROBLEM. 

I         (133«)  Rnd  the  greatest  common  divisor  of  3a'6*rf*,  6ab'*d% 
and  12bd*. 

SOLUTION. 

Resolving  these  monomials  into  &ctors,  we  have 

3a'6«rf*=  a»W-3W», 

Qab^d'=z2abd  •  3 W, 

and    12W=        4  '  Sbd". 

From  which  it  is  seen  that  Sbd^  contains  all  the  common  factors, 

and  is,  therefore,  the  greatest  common  divisor. 

EXAMPLES. 

!•  Find  the  greatest  common  divisor  of  I2ab*c  and  2o6*c\ 

Ans,  Ve, 

i.  Find  the  greatest  common  divisor  of  3a*6V  and  6a*6*c'. 

Ans,  Sa*b*c\ 

3.  Find  the  greatest  common  divisor  of  Sa^b^  and  2abcd'^. 

Ans,   <M, 

4.  Find  the  greatest  common  divisor  of  49a'5*c*  and  63a*6V. 

Ans.    1a^b*e\ 

5.  Find  the  greatest  common  divisor  of  ai  and  ai, 

6*  Find  the  greatest  common  divisor  of  a-i  and  ai, 

7,  Find  the  greatest  common  divisor  of  a-i  and  a— J-. 

Remark. — The  lost  three  examples  are  left  unanswered  to  call  out  UiQS<(m^ 

6 
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PROBLEM. 
^  (134*)  To  find  the  greatest  common  divisor  of  two  poiynomiak 

RULE. 

1.  Find  tlie  greatest  monomial  factor  that  is  contained  in  bathpdf 
nomials,  and  reserve  it. 

2.  Jiejcct  the  remaining  monomial  factors  from  each  poiynomiaL 

3.  Arrange  the  terms  of  the  resulting  polynomials  according  toik 
powers  2f  ^^^  letter  in  bothy  and  consider  that  polynomial  cf  iMk 
ike  leading  letter  in  the  first  term  has  the  least  exponent  as  ike  ditisv^ 
and  the  other  polynomial  as  the  dividend. 

4.  Multiply  the  dividend  by  the  least  monomial  that  will  rendtr 
the  first  term  of  the  dividend  exactly  divisible  by  the  first  term  qfik 

divisor. 

5.  Divide  the  dividend  by  the  divisor ^  and  continue  the  diviskm 
until  the  highest  exponent  of  the  leading  letter  in  the  remainder  is  Im 
than  the  highest  exponent  of  the  leading  letter  in  the  dimsor,  \If  ik 
coefficient  of  the  first  term  in  any  remainder  is  not  divisible  by  the  a- 
efficic7it  of  the  first  term  in  the  divisor ,  to  avoid  frojctions  multiply  fk 
remai7ider  by  such  a  number  as  will  render  its  first  coefficient  exadii 
divisible  by  the  coefficient  of  the  first  term  of  the  divisor^ 

6.  Rijectfrom  the  remainder  its  greatest  monomial  factor ^  and  <Aai 
consider  the  result  a  new  divisor,  and  the  former  divisor  a  new  diti- 
dend,  proceed  as  before,  and  continue  the  process  until  the  remainder 
is  zero. 

7.  Multiply  the  last  diidsor  by  the  reserved  monomial^  and  the  pro- 
duct will  be  (he  greatest  common  divisor  of  the  given  polynomials, 

DEMONSTRATION. 

Let  A  and  B  represent  two  polynomials  of  which  we  seek  the  greateii 
common  divisor.  Let  C  and  D  represent  two  other  poljnomuli^ 
neither  of  which  can  bo  divided  by  a  monomial. 

Suppose  A=a^bC and  B=a\D  ;  a,  6,  and  c  being  monomials. 

1.  It  is  evident  that  tlie  greatest  monomial  factor  common  to  MC 
and  a^eD  is  a',  which  must  be  reserved,  because  it  evidently  is  a  fiustor 
of  the  greatest  conwnon  divisor  of  A  and  jB,  dr,  which  is  the 
pf  a*6C  and  aV2>. 
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2.  We  have  lefk  ahC  and  cD.  We  now  seek  the  greatest  common 
divisor  of  these  polynomials.  Since  a  is  not  a  factor  common  to  both 
these  polynomials,  it  can  not  be  a  factor  of  their  common  divisor,  and 
therefore  may  be  rejected.  For  the  same  reason  h  and  c  may  be  re- 
jected. Hence  the  greatest  common  divisor  oi  abC  and  cD  is  the 
Bame  as  the  greatest  common  divisor  of  C  and  D. 

3.  Suppose  that  the  terms  of  the  polynomials  C  and  D  are  arranged 
according  to  the  powers  of  the  same  letter  in  both,  and  that  the  ex- 
ponent of  the  leading  letter  in  the  first  term  of  C  is  less  than  the  ex- 
ix>nent  of  the  same  letter  in  the  first  term  of  2>.  Therefore,  consider 
(7  as  a  divisor  and  i>  as  a  dividend. 

4  Suppose  the  first  term  of  C  contains  the  monomial  3m  and  that 
the  first  term  of  D  does  not  Then,  in  order  that  the  first  term  of  the 
quotient  should  not  be  fractional,  the  polynomial  D  should  be  multi- 
plied by  3m.  The  greatest  common  divisor  of  C  and  D  is  the  same 
as  the  greatest  common  divisor  of  C  and  3mi),  since  the  introduced 
monomial  3m  can  form  no  part  of  the  greatest  common  divisor  of  C 
and  3mj9,  because  by  hypothesis  3m  can  not  be  a  factor  of  C. 

Operation.  6.  Divide  3m2>  by  C,  and  suppose  the  first  term 

C)SmD{q  of  the  quotient  to  be  q,  and  the  first  remainder 

qO  JS.    Again,  suppose  that  the  first  coeflScient  of 

-fi'  C  contains  the  factor  2,  and  that  the  first  co- 

^ eflScient  of  E  does  not.    Then  multiply  ^  by  2 

C)2E{q'  and  divide  the  result  2j^by  Cand  let  q'  repre- 

,  q'C  sent  the  first  term  of  the  quotient,  and  F  the 

^p)  F  remainder.    Also  suppose  that  the  exponent  of 

G)2nC{q'*  the  leading  letter  in  the  first  term  of  i^is  less 

q"G  than  the  exponent  of  the  same  letter  in  the  first 

0  term  of  O, 

6.  Suppose  that  the  greatest  monomial  factor  of  .Pis  ^p.  Beject 
tLis  fiactor,  or,  in  other  words,  divide  F  by  bp,  and  let  G  represent 
the  result,  which  consider  as  a  new  divisor  and  C  as  a  new  dividend. 
Suppose,  then,  the  first  term  of  G  contains  the  monomial  2n  and  the 
first  term  of  C  does  not  Then,  in  order  that  the  first  term  of  the 
quotient  should  not  be  fractional,  the  polynomial  C  should  be  multi- 
phed  by  2n, 

Let  q"  be  the  exact  quotient  of  2nC  by  G, 

7.  G  is  the  greatest  common  divisor  of  C  and  2>,  and  multiply] 
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it  by  the  reserved  moiiomial  a^  we  have  a^G  for  the  ^^roateat  cob- 

mon  divisor  of  A  and  B, 

We  prove  that  G  is  tlie  ^n-atest  common  divisor  of  C  and  B  % 
follows : — 

Let  G'  bo  the  greatest  common  divisor  of  C  and  JD,  We  haveii- 
ready  shown  that  the  greatest  common  divisor  of  C  and  9mD  is  ^ 
same  as  the  greatest  common  divisor  of  C  and  2>. 

Since  G'  is  a  measure  of  67  and  D,  it  must  (130)  be  a  mttssR 
oiqC  and  37/i2>,  and  it  must  also  ( 1 3 1 )  be  a  measure  of  ^  the  <fi^ 
ference  between  ^'Cnnd  ZmD, 

Since  G'  is  a  measure  of  C  and  E^  it  mtist  alao(130)  bet 
measure  of  7' C  and  2E,  and  it  must  also  (131)  be  a  measure  of/, 
the  difFerenco  between  ^X'and  2E, 

Because,  by  hypothesis,  C  and  D  contain  no  monomial  &ctois,  it 
follows  that  G\  their  greatest  common  divisor,  is  neither  a  monomiil 
nor  divisible  by  a  monomial. 

But  G'  measures  F^  and  consequently  must  measure  €r^  whidi  re- 
presents F  after  its  monomial  factors  are  rejected.  Hence,  the  grat- 
est  common  measure  of  C  and  D  can  not  be  greater  than  (?,  and 
therefore,  if  6^  is  a  common  measure  of  C  and  i>,  it  muat  be  the 
greatest. 

Since  G  measures  2n(7,  and  is  not  a  monomial,  it  must  also  met- 
sure  C,  and  consequently  must  measure  q'C, 

But  G  also  measures  F^  therefore  it  must  measure  2-fi^,  which  is  the 
sum  of  F  an<l  q'C,  Because,  G  measures  ^E^  and  is  not  a  monomiaL 
it  must  MJso  measure  E:  G  must  also  measure  qC^  and  therefore  mitft 
measure  3 7/i/>,  which  is  the  sum  of  E  and  qC.  Since  O  measiires 
dmZ>,  and  is  not  a  monomial,  it  must  also  measure  2>.  Hence,  0  is 
a  common  measure  of  C  and  i>,  and  nmst,  therefore,  as  shown  abore, 
be  the  greatest. 

Now  let  C-  QG  and  JJ=  Q'G,  and  wo  have 

A'=:a'hQG  and  B=ahQ'G ;  whence,  we  see  that  a^Q  must  be 
the  common  measure  of  ^1  and  B^  because  Q  and  Q'  may  be  rmcied, 
since  they  can  have  no  common  measure. 

Thercforo  the  truth  of  the  rule  is  e?>tablished. 

P  K  O  B  L  E  M  . 

(135.)  Find  the  greatest  common  divisor  of  the  polynomiak, 
Mh-^Qa^hy-^hif  ■\-2aby\A)  and  12a''6  +  36y»-15a6y  {B). 
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*  SOLUTION. 

1*  We  see  by  inspection  that  h  is  the  greatest  monomial  that  is 
common  to  both  polynomials,  which  reserve. 

It         2*  By  rejecting  the  monomial  2  from  (A),  and  3  from  (5),  we 
i    have  3a' — 3a'y —i/*+at/*  and  4a* + y* — Say. 

3*  Arranging  these  results  according  to  the  powers  of  the  letter  a, 
»     we  have  3a*— 3a*y+ay*— y*  and  4a*'-5ay-\-y\    Hence,  the  latter 
must  be  the  divisor. 

Operatian. 
3a*—  3a*y+     ay^—     y* 
4 


4a«-.6ay+y*)12a*— 12a*y+  4ay*—  4y»(3a 
12a*— 15aV+   3gy* 

3a*y+     af--  4y* 
4 


12a*y+   4ay»— 16y*(3y 
12a*y— 16ay*+   3y* 


19y*)19ay*-19y* 

a--y)4a*'-5ay +y*(4a— y 
4a*— 4ay 

—  dy+y" 

0 

4*  Since  the  first  term  of  the  divisor  is  not  contained  in>  the  divi- 
dend, we  multiply  the  dividend  by  4,  and  then  dividing,  we  have  for 
the  first  remainder  3a*y-f  ay*— 4y*,  which  must  be  multiplied  by  4  to 
avoid  a  fractional  result  in  the  quotient.  Continuing  the  dividon,  we 
have  for  the  next  remainder  19ay*— 19y*,  in  which  the  exponent  of 
the  leading  letter  a  is  less  than  the  exponent  of  the  same  letter  in  the 
first  term  of  the  divisor. 

5*  Rejecting  from  this  remainder  19y*,  the  greatest  monomial  con- 
tained in  it,  we  have  a—y,  which  constitutes  the  new  divisor,  which 
divided  into  4a*— 5ay4-y*,  leaves  zero  for  a  remainder. 

7.  Hence,  the  last  divisor  a—y  multiplied  by  the  reserved  mono- 
mial 6,  gives  b(a—y)  for  the  greatest  common  divisor  of  the  given 
polynomials  (A)  and  (B). 
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EXAMPLES. 

!•  Find  tbe  greatest  common  divisor  of  x*— a»*  +  21«*— 20*-f-4 
and  2x"— 12x'  +  2l2r--10.  Ans,  *— t 

2*  Knd  the  greatest  common  divisor  of  3a* — 2a — 1  and  W 
— 2a'— 3a4-l.  Ans.  a— 1. 

3*  Find  tlie  greatest  common  divisor  of  a*—b*  and  a*+2<rt 
+  2ab*-^b\  Jns.  a*  +  a6+6'. 

4.  Find  the  greatest  common  divisor  of  a*-\-a*b — ah* — 6*  nd 
a*+d'b*  +  b\  Am.  a»+a6+6'. 

S»  Find  the  greatest  common  divisor  of  a'— 2ffa;-f-«"  and  a'— «'i 
—ax^  +  x*.  Am.  a' — 2ax+^. 

6.  Find  the  greatest  common  divisor  of  ar*4-9«"  +  27jp — 98iDi 
x'  +  12j;— 28.  Ans.  a:— 2. 

7.  Find  the  greatest  common  measure  of  7a*— 23a5-h66*  and  5a' 
-18«*6  +  lla6'— 06*.  Ans.    a— 3&. 

8.  Find  the  greatest  common  divisor  of  6a*  +  15a*6— 4aV 
—  lOa'k*  and  9a*6—27a'6c—6a6c'  + 186c*.  Am.  Sa'— 20". 

9.  Find  the  greatest  common  divisor  of  30a*6*— 18aW — 27oT 
4-9a"6*  and27a*6*— 18a*6'— 9a*6*.  Am.  9aV(a— 1). 

10*  Find   the  greatest  common  divisor  of  (c— ef)a'4-(26c— 2M)a 
+  (6V-6*cO  «^d  (6c-6rf4-c*-«f)a  +  (6*rf  +  6c*-6*c-6crf). 

Ana.  e^d. 

PROBLEM. 

(13G.)  To  find  the  greatest  common  divisor  of  two  or  moR 
polynomials. 

RULE. 

Hesolve  all  the  polynomials  into  their  simplest  factors^  and  iakt 
the  product  of  those  tehich  are  common,  for  the  greatest  eommum 
divisor. 

DEMONSTRATION. 

The  trutli  of  this  rule  is  a  consequence  of  the  definition  of  tlia 
greatest  common  divisor. 

PROBLEM. 

(137.)  Find  the  greatest  common  divisor  of  ar*— 6a:  +  2CT:r— 2«i 
and  aj*  +  aa;*  +  6a;*— 2a*iC  +  6ax— 26a*. 
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SOLUTION. 


Arranging  x'—bx  +  2aar— 2a6,  we  have  x^  +  2ax—bx^2ab. 
*        Factoring,  we  obtain  (a?+2a)j?— 6(a:  +  2a)  =  (a?  +  2a)(a?— 6). 
-]i       Arranging,    a:*  +  a«'  +  6a;'— 2a'j?+  bax—2ba\    we    have    x*  +  cu^ 
■ti    — 2a''jr  +  6z'  +  6ajr— 26a'. 

j^       Since,  ax*=z2ax*—a3^ and  6(ur=26aar— 6(m?,  we  have  a;" +flw:*— 2a** 
g    +6x'H-6aa:— 26a"=«"  +  2aa;'--ar'--2a'i;  +  6a!*  +  26aa:--6aa:---26a'. 

Factoring,    we    obtain    (j? + 2a)  re* — aa:(a;  +  2a)  H-  6a:  (a; + 2a)  —  oft 
"     (af+2a)=(a?-f  2a)(a:*— aa:+6jp— a6). 
■        But,  a:*— aar  +  6a:— a6=(af— a)a;+6(a;— a)=(a?— a)(a;+6). 
f        Hence,  we  have  a?"+aar'4-6aj'— 2a'a?4-6aa:— 26a'=(a?  +  2a)(a?— a) 
r-     (x  +  b). 

We  also  have  a:*— 6a:  +  2ax—2ab=z{x + 2a)(a:— 6). 

Whence  we  see  that  a; + 2a  is  the  only  common  &ctor. 

EXAMPLES. 

1,  Find  the  greatest  common  divisor  of  x*—a\  x^—a^  and  as'^a*. 

Ans,  x—a, 

2«  Find  the  greatest  common  divisor  of  a*—a^,  a*—a*x—cLx'-\-x\ 
and  2a"6— 2a6a:".  Ans.  a*—x*. 

3.  Find  the  greatest  common  divisor  of  6a'  +  10a*64-6a"6*,  a'6-h 
2a'6*  +  2a6"  +  6*,  and  a»-6".  Ans,  a  +  b. 

4.  Find  the    greatest  common  divisor  of  x*-hax'—a*x—a*  and 
x^-^-d'x^-^a*,  Ans,  x^+ax+a*. 

5.  Find  the  greatest  common  divisor  of  a;*— 1,  x*+x*,  a;*— 1,  and 
a:*  +  2a:*  +  l.  Ans,  x^-\-l. 

6.  Find  the  greatest  common  divisor  of  x'—b^x  and  a:'  +  26a:+6\ 

Ans,  x  +  b, 

7.  Rnd  the  greatest  common  divisor  of  3a*— 3a*6  +  a6'— 6*  and 
4a''6-.6a6*  +  6".  Ans,  a— 6. 

8.  Find  the  greatest  common  divisor  of  a*— 5a64-46',  a*— a*6 
+  8a6*— 36*,  and  a*— 6*.  Ans,  a^b. 

9.  Find  the  greatest  common  divisor  of  12a;*— 24a;'y+12r*y*  and 
Sar'y*— 24a:*y*  +  24a'y*— 8y*.  Ans.  4(a?*— 22'y4-y'). 

10.  Find  the  grentest  common  divisor  of  2a:*  +  3aa:  +  a*,  2aa:*— a*j 
—a*,  and  6a:*  +  3aa:.  Ans.  2 


CHAPTER   V. 

LEAST  COMMON  MULTEPIiE. 

(138.)  The  LEAST  COMMON  MULTIPLE  of  two  or  moie  quantiDi 
is  tho  least  quantity  that  can  be  measured  by  all  of  them. 

PROBLEM. 

(139.)  To  find  the  least  common  multiple  of  two  or  bkh 

quantities. 

B  ULE. 

Resolve  the  given  quantities  into  their  simpleai  Jbetors,  andJSmiif 
€071  tinned prodfict  of  all  the  different  factors,  taking  eachfaetorh 
greatest  number  of  times  that  it  occurs  as  a  factor  in  any  of  thegim 
quantities,  and  the  result  will  be  the  least  common  mulHpie  9ougkL 

DEMONSTRATION. 

Tho  least  common  multiple  must  contain  as  many  fiMston  as  m 

contained  in  any  of  the  given  quantities. 

PROBLEM. 

(140.)  Find  the  least  common  multiple  of  a*^x\  a* — 2a«+^i 
and  a*— x*. 

SOLUTI ON. 

Factonno:  these  quantities,  we  have 
(a+r)((/— .r),  (a— a')(a— j*),  and  (a— a:)(a+ar)(a'+a?*). 

llencc,  tho  least  common  multiple  is  (a+ar)(a— fl:)(a — ')(a*+s^ 
=a* — tf.r '  —  a*x  +  x^. 

EXAMPLES. 

It  Find  the  least  common  multiple  of  2a^x  and  lOaV. 

An9.  lOo'c^. 
2t  Find  the  least  common  multiple  of  6aa;',  4a^b*x,  and  8a*6\^. 

Ans.  24aVc^. 
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8»  Find  the  least  common  multiple  of  ir*— y"  and  «*— y*. 

4«  Find  the  least  common  multiple  of  a'— 6'  and  a*-hb*. 

Am.  (a-6)(a«+6«), 

5,  Find  the  least  common  multiple  of  ic"— Say  +  V  and  it^-h1x—8. 

Am.  ar"— 67ic4-66. 

6»  Find  the  least  common  multiple  of  x* — ay'y— ary*  -i-y*^  T^^-^y + 
xi^—y*  and  «*— y*.  -4rw.  «*— ay*— «*y+y*. 

7.  Ilnd  the  least  common  multiple  of  (a+J)',  a^—b\  {a^b)\  and 

8»  Find  the  least  common  multiple  of  a +5,  o— 5,  a*+ab-{-b\  and 
a'— a6  +  6'.  ^ns.  a*—b\ 

9,  Find  the  least  common  multiple  of  a*+Sa^b  +  3ab*-hb\  a'  + 
2a6  +  6',  and  a'-5".  -47W.  a*  +  2a"5— 2a5*— ft*. 

10*  Find  the  least  common  multiple  of  a?*— 5ir'+9a*— 7a:H-2,  and 
^♦-.6a;'  +  8ic— 3.  -4n«,  «•— 2aJ*— 6«"  +  20a^— 19a;+6 


CHAPTER  VI. 
ALOEBBAIC  FBACTIOITS. 

(141.)  -Av  Aloebraio  Fkactiov  is  an  algebraic  ezpreanon  d»> 
noting  the  division  of  one  quantity  by  another,  and  is  written  in  tbe 
same  manner  as  a  common  fraction  in  arithmetic 

An  algebraic  fraction  may  also  be  considered  as  a  oertain  part  d 

unity. 

THEOREM    I. 

r 

(142.)  The  value  of  a  fraction  is  not  changed  when  both  i 
its  terms  are  multiplied  by  the  same  quantity. 

DEMONSTRATION. 
Let  -n-  represent  any  algebraic  fraction. 

We  are  to  prove  that  -^= — ^. 

By  (lOl),  we  have  ^=  — ^ — =_^=_  becauae  m*=L 

THEOREM    II. 

(143.)  The  value  of  a  fraction  is  not  changed  when  both  of  ill 
terms  are  divided  by  the  same  quantity. 

DEMONSTRATION. 
Let  -^  represent  any  algebraic  fraction. 

We  are  to  prove  that  -h-=-?> • 

Since,  ^-v-m=— and  ^-hm=— ,  we  have,  by  (lOl)  ^L-^sa 
mr^m^A    m^A    A       ^  „  ^ 

—B-=-B-=-B--      Q£-I>. 
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PROBLEM. 
(144.)  To  reduce  a  fraction  to  its  lowest  terms. 

RULE. 

Resolve  loth  terms  into  their  simplest  factors,  and  cancel  those  that 
are  common. 

Or,  divide  both  terms  by  their  greatest  common  divisor. 

DEMONSTRATION. 
The  accuracy  of  this  rule  depends  upon  (143). 

PBOBLEM. 

(1 45.)  Reduce  -r = = r  to  its  lowest  terms. 

80LUTI0K. 

Factoring,  we  have 

a;*-|-<Mf'— a"«— a*  ~  a;*— a*+a«'— a'a? 

(a:*+a*+(M?)(a?'-|-q'— 03?)       _  (a?* +«'  -f  qj?)(g* +a'-«r) 
(a;«  H-a')(j:'-a») +aar(««-a')  ""  (ar» +a«+aj)(x«-a*) 

Canceling  the  common  flEu^tor,  there  results  ' 
«•  H- a* — oar  _  a:* — oa; -r  a' 
ar«-a'     ""     ix^-^a^        ' 

EXAMPLES. 


C 


a*hc 

!•  Reduce  — -rr.  to  its  lowest  terms.  Ans,  — r. 

2.  Reduce -.  to  its  lowest  terms.  Ans, . 

ax-\-x^  .  a-^x 

8.  Reduce V-s ^  to  its  lowest  terms.      Ans,  — -. 

Ixy  X 

4.  Reduce    ,  .  ,,  to  its  lowest  terms.  Ans,  -^ ,  .  „. 

a'+6"  a'— a5+6" 

x*—a*  x^-^-c^ 

B.  Reduce  -g — =-7-  to  its  lowest  terma.  Ans.  — r— . 
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2x' 16.r 6  2 

6«  Reduce  —5 — — to  its  lowest  terms.  Aml  ■> 

.                     a* — 2ax+x^  1 

7»  Reduce  -T = Z-—J  to  its  lowest  teniiB.        At^, , 

6*  Reduce    ,  .  ^  .  .  ,,  to  its  lowest  terms.  Ans.  — ^-. 

9»  Reduce  --7 — — rr — --jTr-  to  its  lowest  tenns. 


^nt. 


2a-^3a6-5**' 


10.  Reduce r — ..,  .  .. to  its  lowest  tenna. 

a*4-a6*+6* 


^  a— 6 


a- +06+4^ 


11.  Reduce  -= — \ =— — r  to  its  lowest  terms.      Am,  ^      ■. 

^^2x — 3  jt— 1 

12*  Reduce  -= — to  its  lowest  terms.  Amm,  w 

ar4-6a?+6  x+2 

IS.  Reduce  ^^"^yt"^  to  its  lowest  terms.  Ant.    ^1^. 

ar— ar— 2*  x-J 

11.  Reduce  -?— rr — -z, — rrj  ^  ^^  lowest  terms. 
a/+26x+2ax+6^ 

Id.  Reduce  ,__,^^  ,__   . to  ibB  lowest  tennau 

JrU.  «±*+* 
a — 6— « 

I6i  Reduce  r — rr — -^ i —  to  Its  lowest  terms. 

a'— 6*4- 26c— r 


^n«. 


0  +  6— « 


17    Rcduco    (^  +  ^)(^  +  ^+g)(«  +  ^--g)         toitfllowoat  ii»w»^ 
17.  Keduce  2a«6«  +  2aV  +  26V -a* -6* -c*^  '^  ^"^^^  *®™* 


-  04-6 


(c+a-d)(6-a+e) 


I. 
i 
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18.  Reduce    ,  .  ;.  .   /    ..    to  its  lowest  terms.        Ant. . 

x^  +  {b+c)x  +  bc  x+e 

2:r'+«* — Sx-j-5 

19.  Reduce  tt-^ — tt: — —z —  to  its  lowest  terms. 

.       2ir"  +  3«— 6 

AfU.  —r — , 

7«— 6 

FBOBLEM. 

(1 46.)  To  reduce  a  fraction  to  an  entire  or  mixed  quantity. 

BULE. 

Divide  the  numerator  by  the  denominator,  and  when  there  is  a  re- 
mainder place  it  over  the  denominator  for  the  fractional  part,  and 
connect  it  vnth  the  entire  part  of  the  quotient  by  the  sign  of  addition, 
or  charge  aU  the  signs  of  the  numerator  of  t?ie  fractional  part,  and 
connect  it  with  the  entire  part  of  the  quotient  by  the  sign  of  sub- 
traction. 

DEMONSTBATION. 

The  accuracy  of  this  rule  is  an  obvious  consequence  of  the  accuracy 
of  the  process  of  division. 

PROBLEM. 

(1 47 .)  Reduce  ^^""^t!^""^""^^^  to  »  niixed  quantity. 

SOLUTION.^ 

Dividing  the  numerator  by  «'— 1,  we  get  y'  and  the  fractional 

P^     ^-1     " ?=i -(-izi)(i-n)-^Tl*  ^^ 

V— 1 
connected  with  y'  by  the  sign  of  addition  gives    y^-\-- ,  and 

X  -f-  1 

with  the  sign  of  subtraction  gives  y* ,  or  y*— r — ~. 

BZAMPLEB. 

!•  Reduce — ^ — to  a  mixed  quantity.  Ans,  a+j-. 

2»  Reduce to  a  mixed  quantity.  Ans.  a-\ — . 
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S«  Reduce to  a  mixed  quantity.     AnM.  5a + 1  +— . 

4ta-\-2ax4-b  .     ,  .  ^  * 

4»  Reduce to  a  mixed  quautity.      Ana.  4+2je+-'* 

a  i 

x*y — xy — x+1  .     ,  .  1 

St  Reduce  —^ to  a  mixed  quantity,         An$,  x — . 

^y— y  I 

6«  Reduce to  a  mixed  quantity.        Jns,  1  — a '-, 

1+a  ^         •'  l+« 

7.  Reduce  — - —  to  a  mixed  quantity.      Am.  3j;  + 1  +  -^. 
6  5 

8*  Reduce to  a  mixed  quantity. 

An$*  3x k 

5x 

9.  Reduce to  a  mixed  quantity. 

h 
Am,  aSe — 2H — ^ 

10«  Reduce to  an  entire  quantity.  Ana,  5(^+2y+y^ 

X — y 

PBOBLEK. 

(148.)  To  reduce  a  mixed  quantity  to  a  fractional  form, 

RULE. 

Multiphj  the  entire  part  by  the  denominator  of  the  fraeHonal  v^ 
and  add  the  numerator  to  the  product  tchen  the  sign  of  thejraeti(m^ 
plus,  and  subtract  it  from  it  when  the  sign  of  the  fraction  is  mtJtiu; 
this  result  placed  over  the  denominator  will  give  the  required  finm, 

DEMONSTRATION. 

This  rule  indicates  a  process  which  is  just  the  reverse  of  tliatii 
the  last  rule,  and  must,  therefore,  be  accurate,  because  the  problem  fc 
be  solved  is  just  the  reverse, 

PROBLEM. 

(149.)  Reduce  2a to  a  fractional  fonn. 
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SOLUTION. 

Multiplying  2a  by  e  gives  2ae,  and  from  this  must  be  subtracted 
Bx^b,  because  the  sign  of  the  fraction  is  minus,  whence  we  have 

^ -= for  the  required  fonn. 

c  c 

Scholium. — ^It  should  be  remembered  that  the  d:r  in  this  example 
iBpltiSf  and  that  the  mintu  sign  before  the  fraction  belongs  to  the 
whole  fraction,  or  what  is  the  same  thing,  belongs  to  the  whole 
numerator  as  indicated  in  the  solution  by  the  parenthesis. 

XXAMPLXB. 

o« ^  2a' 

1.  Reduce  1  +-5 — i  to  a  fractional  form.  Ana.  -= — =. 

jp*  x(x + y) 

2.  Reduce  xA —  to  a  fractional  form.  Ana.  -^ — ^. 

y  y 

3»  Reduce  4a: —  to  a  fractional  fonn.         Am.  -i— - — -, 

3  3 

4»  Reduce  3«— 9 — —  to  a  fractional  form.      Am. 


x+Z  x+Z 

6.  Reduce  1+ — -r- to  a  fractional  form. 

(6+c+fl)(5+c-a) 
^'-  263  • 

6.  Reduce  1— ^ ,""/.  to  a  fractional  fomL  Am.     ,  .  .>  ■ 

a*  +  6'  a'  +  " 

7.  Reduce  1 ^r- —  to  a  fractional  form. 

26c 

a"+«*  2a:* 

8.  Reduce  a—x tp  a  fractional  form.        Am. * 

a-\-x  a-\'X 


(«-*)• 


p« 


9«  Reduce  2a— «+^ to  a  fractional  form.  Am,  — ^ 

X  X 

a? 

10-  Reduce  a'— aaf+«" to  a  fractional  form. 

a+a? 

Am.  -- — . 
a-V« 
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FBOBLEM. 

(150*)  To  reduce  firactions  to  equiTalent  fractions  hATUigi 
common  denomimitor. 

BULE 

1.  Multiply  both  terms  ofeach/raction  by  the  product  of  aU  tir* 
nominators  excq>t  its  own. 

BULB 

2.  Find  a  common  multiple  {generally  the  least)  of  all  the  demmk 
ators,  and  divide  it  by  each  denominator,  and  then  multiply  ki 
terms  of  each  fraction  by  these  results  respectively, 

DEMONSTBATION. 

The  accuracy  of  these  rules  depends  upon  the  fiiot  that  the  value  if 
a  fraction  is  not  changed  when  both  of  its  terms  are  multiplied  by  tk 
same  quantity. 

PBOBLEM. 

(151.)  Reduce- ,   — ;%,  and j  to  equivalent  fractioi 

having  a  common  denominator. 

SOLUTION 

Applying  Rule  1,  wo  have 
(l+^)(l-a^)(l-x')  (l+a;')(l-x)(l-a^)  ..^(l+«')(l-»)fl-«1 
/I  _^\/i  _*«\/^i  —^^Vi^  _*»\/^i  ^^\(^  _*«v""^/i_*«\/'i TaT; — j? 


(1  -x)(l  -*')(!  -X')'  (1  -*')(!  -x)(l  -«•)'  "-(1 -«•)(!  _,)(i_/,- 

Applying  Rule  2,  using  the  least  common  multiple  of  the  denoa- 

inatore,  which  is,  (1  +«)(!-*•),  or  (1  +*)(1-«)(1  +«+af»),  ^re  hw, 

(l-:r)(l +*)(!+*+«•)'   (1-*')(1 +»+«')'  *'"'   (1 -«•)(! +,)*" 
by    putting    the    denominators    in    the    same    form,    we   obtai 

(l+iKl-a")    '     (l+*)(l-x')     ''"**(! +«)(!-«»)• 

EZAHPLKB. 

!•  Reduce  ^  and  ^  to  equivalent  fractions  having  a  oonmiOA  ^ 
nominator.  Ans.  ^  nsoA  ^ 
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X  y 

2*  Reduce and  — ^ —  to  a  common  denominator. 

«+y         x—y 

a;"— y'  a;"— y' 

3*  Reduce r, r,  and  -; — rs  to  a  common  denominator. 

a+o  a— 0         ar—lr 

4t  Reduce ,  — -— ,  and  —  to  a  common  denominator. 

a+aJ      3  2a? 

18a;'       2a'af— 2a;*  Sa  +  3x 

6aar  +  6a:''  6ca;  +  6x"  6aa;+6«'  * 

-    _    ,        a  2c'        ,        Sa—x^  ,  .     ^ 

9»  Reduce  -=■,  -j-,  and  x-] to  a  common  denommator. 

o    a  X 

.       adx  2bc*x  3abd 

X  a?"!"  1  X     1 

6t  Reduce  -,  — ;— ,  and to  a  common  denominator. 

3      4  iH-a; 

4a:"+4a?    8a;*  +  6jr+3        ,  12;aj— 12 

Ans,  , ,  and . 

12j:+12'     12ar  +  12    '  12a;  +  12 

7»  Reduce and  — r-r-  to  a  common  denominator. 

X  Sab 

6abx  +  0ab       ,  5a:'-|-2a; 

^^*  — TTi a°<i  —^-1 — • 

Saoa;  Saox 

8«  Reduce  -r r, — ,  and to  a  common  denominator. 

a—x'  4a— 4ar  a-\-x 

4a        Sab-^-Sbx  20a.r— 20a:' 

^^'-  4arZ4?'  4^^rr4-^'  ^^  -4a'-4:.^  * 

9»  Reduce  --,  a ,  and  7  H —  to  a  common  denominator. 

by  3x  2 

6ar*    SOoay— 10jr*y-f  50y       ,  60aa-y--15a!y 

^n«.  — - — , — ■ ,  and 

SOxy  SOxy  SOry 

^_    _    _  1  1  -     5y 

lO*  Reduce  -^ — =,  -, — -,,  and  -  -r—    ;  to  a  common  denon 

a'  +  2aa:+aJ   a'— a;"        a*— a:* 


a"  +  cwr'— a'a?— a:'  a^+aa^+a^'x  +  x* 

7 
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PBOBLEM. 

(1 52*)  To  reduce  an  entire  quantity  to  a  fractional  fonn  hv 
a  given  denominator. 

BULE. 

Multiply  the  entire  quantity  by  the  given  denominator^  aniflm 
over  the  denominator, 

FROBLBM. 

(153»)  Reduce  1  +^  to  a  fraction  with  l—x  for  its  denomint 

SOLUTION. 

Multiplying  1  +^  by  1— ar,  and  placing  the  product  oyer  1— j^ 

1— a:* 
have for  the  required  form. 

KZAMPLE8. 

1»  Reduce  2  to  a  fraction,  having  4  for  its  denominator. 

Jm.1. 
lo  Reduce  a  to  a  fraction,  having  b  for  its  denominator. 

S«  Reduce  2xy^  to  a  fraction,  having  a^  for  its  daiominator. 

Ans   ^ 

4«  Reduce  a'+a6  -f  6'  to  a  fraction,  having  a— 6  for  its  denonmiat 

Ans.  -., 

a— » 

5»  Reduce  a*+aV+a;*  to  a  fraction,  having  c^—a^  for  its  de 
minator.  Ans,  — — ^ 

6«  Reduce  a+&+c  to  a  fraction,  having  a-j-b—e  for  its  denomn 

tor.  An,.  (i+Slz^ 

a  +  b'^g 

PBOBLEH. 

(154»)  To  convert  a  fraction  into  an  equivalent  one  hafiii| 
given  denominator. 


AimmOK  OF  TRAOnOSB.  W 

BULB. 

Divide  the  given  derwmincUar  by  the  denominator  of  the  Jraetion^ 
and  multiply  both  terms  of  the  fraction  by  the  quotient, 

PROBLXM. 

(155.)  Convert  j-  into  a  fraction,  haying  ab  for  its  denoxninatOET. 

SOLITTION. 

Dividing  ab  by  b,  and  multipljing  both  terms  of  -=■  by  the  quotient  a, 
gives  — r-  for  the  required  form. 

EXAMPLES. 

!•  Convert  |  into  a  fraction,  having  6  for  its  denominator. 

Ans.  |. 

2»  Convert  {  into  a  fraction,  having  32  for  its  denominator. 

St  Convert into  a  fraction,  having  «'— y*  for  its  denominator. 

«  — y' 
4*  Convert  -^ z — rr  into  a  fraction  having  a*+b*  for  its  denom- 

mator.  Ans.  ^ — ^. 

a'  +  " 

&  Convert  -j ,  ,  .    .  into  a  fraction  havinir  a'— a?'  for  its  de- 

a^-^-a^a^-^-a^  ^ 

nonunator.  -^tm.  -r — -;, 

^  .»  ♦  ti  » 


ADDITION   OF    FRACTIONS. 

PROBLEM. 
(156.)  To  find  the  sum  of  two  or  more  algebraic  fractions. 

B  U  L£. 

Beduce  the  fractions  to  a  common  denominator ^  and  add  togetktr 
the  numerators^  and  write  the  sum  over  the  common  denominator. 


490C*iiO 
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PKOBLSM. 


(167.)  Add  -^,  y,  and  -  together. 

SOLUTIOK. 

PerformiDg  the  opcrationA  indicated  by  the  mle^  ire  haift 
80*      2a    b_  105a'     28a6      106' _  105a' 4-28tt6  +  10y 
■26""^T     7~"706   ^lob"^  706  ~  706 

EXAHPLX8. 

t     Ajj«   2a        ,56  ^      ^,  .        20a'+l* 

>•  ^^^  6'  36'  ^^^  4^  '^^^''"-  ^^-   — 12ir- 

nnd tiMrethin*.  ^ai«.    — i I — !. 


I.  Add J-  and  — -r-  together.  .«.•.      -      „ 

3.  Add  |r  and  -j  together.  .^iw.  — -^. 

0  a  M 

4.  Add  — --  and  — -  together.  jbu.  -r-7 

5.  Add  -,  -,  and  j  together.  ,4iit.  «+-. 

^     .  ,,  .  2«        ,         83?  ^        .  -  22i 

6.  Add  4o,  5a+-T->  and  a — --  together.  Ans.  10a . 

5  V  45 

7.  Add  3cH — , ,  and  together. 

5    a— X  a       ° 

-4n*.  3C+2+- ■         ^    , 

a;— 2  2j;— 3  . 

8.  Add  1x-\'——  and  dx —  together. 

Ans.  16x+ifLzl?f±i, 
15x 

A     4  11  ot-^-x       .      a — X  .  ^  4ai 

9.  Add and together.  Ans»  ^ 

a—x  a+x      "  ?—? 

2x  5x  17* 

10.  Add  5x — —  and  — — 4x  together.  Ans.  «+!--, 

7  0  01 

11  •  Add and  -^ —  together.  -4fM.  2^ fl . 

a— fl?  a  a  *-Mi 
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11  2 

12t  Add and together.  Ans.  - — -,. 

l-^x  1—0?     °  1— ar 

IS.  Add  ^—^,  and  ^^^  togethjer.  ^jw.     ^^_J. 

,  |4.  Add  together  y,  — ,  — ,  and  -.    Ans. — . 

•l5.Add-^,-^,and^-togeiter.    A^.  ?^+^-^+y 

If.  Add  together  - — 5 and  ~ — - — =^. 

^  ^  .3my*— a;  {Bmy^—xy 

'  «ir     Ajj  *      *!.      2a?    7a?  2a?  +  l  .       .    ,1  ,  49a? 

;  17.  Add  together  -—,  — ,  and  — --^.  Ans.  2a?+-+-— -, 

1.8.  Add  tpgether  ^,  ^,  apd  -^. 

(a+6)*    • 

19.  Add  together  7 — — rj,    .    .    w r-r,  and ; — . 

^     '^       ^  (a— 2a?)"'    (a+a?)(a— ga?)'  a+« 

2(10«-lla?)a? 

(a+x)(a-2a:)«* 

90.  Add  together  j^^-^,  ^^^3^,  g^^^,  and  -j^jq:^. 

.       l+a?+a?' 
^^^'  1 rrz*^ 


SUBTRACTION   OF   FRACTIONS. 
PBOBLEM. 
(158«)  To  find  the  dijSference  of  two  algebraSc  fractions, 

BULE. 

Reduce  the  fractions  to  a  common  denominator^  and  subtract  the 
numerator  of  the  fraction  to  he  subtracted  from  the  numerator  of  th$ 
other  fraction^  and  place  the  result  over  ^  eommon  denominator. 
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PBOBLBM. 


(159*)  Subtnust from  -— — • 


BOLU710H. 
Perfonmng  ibfi  operation  indicated  in  the  nde,  wa  hmn 

BXAMPLX8. 

I*  from  -=-  subtract  ^ 


6          <r  ""~-  nsT" 

2.  Prom  =-  subtract  —7-1-.  .^iit.  -=— » 

a— 6                 a  +  6  a*— r 

8,  From z  subtract 


4»  From  subtract •  Ans,  -^ — » 

a— «                a+x  a*^r 

5«  From  3a:+-r  subtract  x .  Ans.  2j:H . 

be  be 

6«  From  6a? H —  subtract  4x .     Ant.  x-i *~   ■, 

8                                     6  15 

7.  From     .    .    > +a  subtract  -7 r.  ^n#.  a ^ — -. 

a(a-{-x)                      aifl—x)  a*— j^ 

c    T?         o        v*      ,3a  +  12a?  8jr— 3a 

8.  From  Sx  subtract .  Ans.  , 

6  5 

9.  From  2x+^  subtnict  3z-l^±^.  Ans.  }^''+^\ 

10.  From  a;r  +  ?^  subtract  rt-5^.  ^n*.  0^^??^=??. 

8                             21  168 

11.  From  -rr-  subtract  -^  .ijit.  #+fi 


MUI/nPLIGATIOK  OF  FBAOTIOKS.  108 

l  +  2y  6v — 1 

12*  From  9y  subtract  — --^.  Ans.  8yH — ~ — . 

o  o 

mm.    ^            ar         ,           ic-fS  .  9 

I3*  From subtract .  Ans. 


x—S  X   '  '  «*— Sor' 

11  26 

|4«  From r-  subtract r.  Ant,  ^i i- 

a  +  6  a—b  5'— a* 

15*  From^H subtract -+-. 

b      n  q    y 

anqy+mhqy—pbny—xhnq 
jAns,  ,  • 

bTiqy 

16.  From  — - — | — - —  subtract  -^^.  An8  0. 

ab         be  ac 

xA-v  X        af*  —  3^v 

17.  From  — ^  subtract  ——-  +  -i =i.  Am.  1. 

y  a?+y     «^y— y* 

18.  From  |^^+^  subtract  ^.  ^,«.  -^. 

3(1 -y)     l-y  8(1 -y)  1-y 

19.  From subtract  -7 -r  +^,.  .  ^..  -4iw.  4 — ;  • 

«— 1  2(a?4-l)     2(«'+l)  «*— 1 

20.  From  i+^+^zi  subtract  i  +  ;     ^ 


«••  aj»^aj*  +  l   ^         «^(aj»  +  l)«' 


^«. 


J?'+a?+l 

^(^+ir 


^   H    »  >l  » 


MULTIPLICATION    OF   FRACTIONS. 

PROBLEM. 
(160«)  To  find  the  product  of  two  or  more  algebraic  fractions. 

B  U  LE. 

Multiply  the  numerators  together  for  a  new  numerator^  and  the  A* 
nominators  together  for  a  new  denominator. 


IM  MULTIPLICATION  OF  FRACTIONB. 

DEMONSTRATION. 

A  C 

Let  -5-  and  -=r  represent  any  two  fractions. 

,      A       C      AC 
We  are  here  to  prove  that  -^  ^JT^^fTn' 

Since  ■jr^=AB-^  and  — =  CD~\  -jt^jt  must  equal  AB"*  x  CI^. 

But  by  Prop.  5  in  Muhiplication,  we  have  AB~^  x  CD^^=A1^ 

'aB'^CD"^ 
CD~^=: which,  frwd  from  negative  exponents  by  I^ 

(101),  is  ■^.    Q.KD. 

PROBLEM. 

(161.)  Find  the  proiiuct  of  Ji^^  and  f  +  ^^+^^ 

SOLUTION. 

To  save  labor,  let  us  resolve  the  terms  in  both  of  the  fractioitt  lA 
their  simplest  factors,  and  proceed  as  directed  by  the  rule,  meidf  ii 
dicating  the  multiplication,  and  then  canceling  the  fiictors  d;  +  l,  x4-l 
and  a; +  4,  common  to  both  terms,  we  have 

(x^-l){x  +  2)(x+l)(x-\-4)^x-h2 
(:r+l)(i:+l)(x  +  3)(a:  +  4)     a:+3' 

EX  AMP  LES. 

2X       J  3x'  .        tf 

Am,  —. 
5s 

«    T^.    1    1  1  /.2j:   Sab         _  5ac 

2$  rind  the  product  of — , ,  and  —7-.  Ans.  15aft 

^  a      c  2b 


1,  Find  the  product  of—-  and  -— 
^  5  2a 


2x  ^x^            a  .  8a«* 

3*  Find  the  product  of — ,  — -,  aifd .  Ans, 


3'    7  '         a  +  x  '  21(a4-«) 

!•  Find  the  product  of  3x.  -- — ,  and =.  Ans,  ---i- J, 

^  '    2a  '         ai-b  2a(a+6) 

JiT  h 

5«  Find  the  product  of  2a+  —  and  3a . 

^  a  ax 


Ans,  6a'+36a:— ^ 5 


2&     V 

X 
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A    T^*    1  .1^  ■»     .    -a'— «'    a^—h*       ,  ax 

6fl  Find  the  product  of r-, ^,  and  a-\ . 

a-\-o    ax-\-x  a — x 

Ans.  ^>=5). 

X 

.^    TV  J  .,.         J    X    i.«'+6"      ,a— 6                     .        a'  +  ft* 
7.  Find  the  product  of  -= — rr  and r.  -Atw.  ; rr-.. 

8«  Find  the  product  of  — r — and j . 

'^  or—^x  x*—bx 

a:"— llar  +  28 

Ana,  r : 

aj' 

9fl  Find  the  product  of  — - —  and .  Ans.  -^—- — '— , 

'^  da  a—x  3a 

X  X  1 2a  "4~  x\x 

10*  Find  the  product  of  a  +  - and  a-—-  Arts,  a^—- — 7-—-. 

00  15 

11*  Find  the  product  of —  and  — Ana.  4a?+-. 

OX^~'  AU  ^X  A 

«•    TV  J  .1  J    .    -2a— 2a?      _     3aa?  .       2a; 

12fl  Find  the  product  of  — --= —  and —.  Ana.  —7. 

^  Bab  6a— 6a;  66 


■4 


.a' 


x"  a*-h^       ,       a 


- 18«  Find  the  product  of r-, ,  and -=-. 

a+6     a  +  x  cue — or 

An,.  ^-^:±. 

X 

a* — X*    (i-{-y  a — y 

"l4#  Find  the  product  of  -= =,  —, — ^,  and -.       Ana.  a+x. 

'^  ar—y"  a^i-x*         a—x 

Id*  Find  the  product  of  aH and  x .        Ana.  -^ — j. 

'^  a—x  a+x  ar—ar 

IS.  Find  the  product  of  -^-  and  -^^.  Ana.  ^^^^y 

-nr    w  J  xi.         J    X    r^«     13c       Qk      .  -      ,3a 

17«  Find  the  product  of  -r ^ — ~r—  +  7a  and  — > 

•  0       2a      56^  6a 

.       Ba^     B9(ic      ISah      21a 

W""l05^"256S^'^"r' 

«o    i»:  J  ^i.         J     X    i?  «'      a6        6"       ,  3a'     2a6      P 
i8«  Find  the  product  ot --j—- h-^  a°d  -r—z — H — i- 

^  ar     2xy      y'  x*      bxy     y' 

8a*     19a'6     21aV      M>'     ^ 
.  a;*      10a;V'^~5?7"""l0xf/»"^^* 
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19«  Find  the  product  of        ""  ,/  — —  and    .  __  v« 

Ans.  2(a+i^)+}. 
20.  Find  the  product  of  -^-^  and  ^Qa' +  80a6 -h  806'" 

.iin*.  -r. 

a+26 


DIVISION    OF    FRACTIONS. 

PROBLEM. 
(162*)  To  divide  one  fraction  by  another. 

RULE. 
Invert  the  terms  of  the  divisor,  and  proceed  as  in  Multiplieation, 

DEMONSTRATION. 

A  C 

Let  -^  and  -=r  represent  any  two  fractions. 

^         ^  .ACADAD 

Wo  are  to  prove  that  ^-^^=j^  x  -^=-;g^. 

A  C  A      C 

Since  -^-=-4^*  and  jr=CD-'\  5-^^  must  equal  -^J?-*-;- 

Ci>~*,  or  ,  which,  freed  from  negative  exponents,   is  * 

Q.  E.  D. 

PROBLEM. 

(163.)  Divide  4^t  l>y  ~^- 

SOLnTION. 

By  the  rule,  we  have 

Sx'       X'\-a_2a^(x-\-a)^         2a^{x+a)       .  _         2* 
Ji,*+x*       X    '~'a-(a*+a;')""ar(a+«)(a"— ac+a?")'~o'— o^+a** 


^,  6*'+««*+ 


EXAMPLES. 

1. 

Divide 

2*-26^y 

x  +  h 
bx+a 

If 

Divide 

«,     2ar 

2(*»~6») 
-4n».  If 
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^    -^.    ,    3a?*— 3a;  .       «* 
8*  Divide  — - —  by  — . 

4.  Divide  — - —  by 


Ans, 


8(^-1) 


S$  Divide    _         by  — 


5x 
a—x 


a-\-x     ^  a*  +  2aa;-|-«'' 


6.  Divide?+^byJ+f. 

7«  Divide r-  by 

x—h    ''  bx-\-a 

2cur+aj*         x 

8fl  Divide  -^ r-  by 

c* — a?'     -^  c— a: 

9.  Divide  -—=-+ — -  by =- -r. 

a  +  6      a— 6     ''  a—b      a+6 

10.  Divide   ,    ^,    ...  by 


^n«.  2ar.       *^ 
^iw.  a*  +  2a'a?+2aa;'+aj'. 

{ehi-Mbd- 
5x^-\-6ax+a* 


Ans, 


Ans. 


2a+x 

^YW.    1. 


a:"-26a;4-6' 


a?-6- 


5' 
-4iw,  a:H — . 

X 


lli  Divide — ; —  byaH . 

12«  Divide       .  ,    by 


Ans. 


a+6 


a  +  6 


.       3 
Ans.  -. 


13.  Divide  12  by  i^±^-a. 

•^       a: 

ii    TV  -^    a*-2aV+a:*        a*-a;« 

14,  Divide  —  ,    .      , —  by  -j- 


-4iw.  — 


12a? 


a*-\-ax-^x^' 


a^X'\-ax* 


a^+7^ 


Ans. 


15.  Divide  H-J--i  by  1-J-i. 

««    TV.  .-I         2<iaj— 1  ,      x—a 
lo*  Divide  a-\ ^ —  by 


ax 
Ans.  n. 


aa?4-l 


^^  a»(to4:2a:')4-a(a?+5)-l 
h{X'-a) 


«»    TN.  .1    a+a?    a— a?  .     a+a?     a-^x 

17.  Divide  —1-+——  by  --^ — . 

a— «    a+a?        a— a:    a+a; 


^fW. 


a»+a?» 


-6* 


a«+a5+ft' 


18.  Divide    ,    »  i^  .  ai  ^7  T 

a'— 2ao  +  6*    "^        a— 6 


2aa; 
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19.  Divide -^  +  -^-^—^,-+- g aV   by    ^+^ 

o  o 


MISCELLANEOUS    PROPOSITIONS. 

PUOPOSITION 

(164.)  1.  If  the  same  quantity  be  added  to  both  terms  cf  i 
fraction  the  resulting  fraction  will  be  greater  or  lees  tlum  the  sira 
fraction,  according  as  the  numerator  of  the  ^ven  fraction  is  lea  a 

greater  than  the  denominator. 

DEMONSTRATION 
To  bo  supplied  by  the  studenU 

PROPOSITION 

(165»)  2.  If  the  same  quantity  be  subtracted  from  both  toimiif 
a  fraction,  the  resulting  traction  will  be  less  or  greater  than  the  ffim 
fraction,  according  as  the  numerator  of  the  ^ven  fiuotion  is  Im  or 

greater  than  the  denominator. 

DEMONSTRATION 
To  be  supplied  by  the  student 

PROPOSITION 

(166«)  S,  If  two  fractions  added  together  equal  uni^,  their  0 

ferencc  is  equal  to  the  difference  of  their  squares. 

DEitONSTRATION 
To  be  supplied  by  the  student. 

PROPOSITION 

(167*)  4.  The  sum  or  difference  of  two  quantities  diyided  tv 
their  product,  is  equal  to  the  sum  or  difference  of  their  reciproosfa. 

DEMONSTRATION 
To  be  supplied  by  the  student 
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i  PROPOSITION 

3c        (168«)  5.  If  the  difference  of  two  quantities  is  equal  to-,  their 

T  ^.  . 

sum  multiplied  by  x  equals  the  difference  of  their  squares  multiplied 

DEMONSTEATION 
Ij        To  be  supplied  by  the  student. 

PROPOSITION 
■        (169«)  6.  Zero  divided  by  a  finite  quantity  equals  sena 
^  DEMONSTRATION. 


Let  b  represent  any  finite  quantity. 
We  are  to  prove  that  r=0. 

It  is  evident  that  the  value  of  the  expression  -  will  become  less  by 

diminishing  a  when  h  remains  constant.  Therefore,  when  a  is  as- 
sumed to  be  less  than  any  assignable  quantity,  the  yalue  of  the  ex- 

pression  j-  must  also  be  less  than  any  assignable  quantity,  or  in  other 
words,  when  a=0,  we  have  r=0«     Q^KD, 

0 

PROPOSITION 
(170*)  7.  A  finite  quantity  divided  by  zero  equals  infinity. 

DEMONSTRATION. 
Let  a  represent  any  finite  quantity. 

We  are  to  prove  that  ^=oo  • 

It  is  evidejit  that  the  value  of  the  expression  -  will  become  greater 

by  diminishing  ft,  when  a  remains  constant  Therefore,  when  h  is 
assumed  to  be  less  than  any  assignable  quantity,  the  value  of  the  ex- 
pression -  must  be  greater  than  any  assignable  quantity,  or  in  other 

words,  when  6=0,  we  have  -^  oo.     Q.  JK  D. 
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PBOPOSITIOK 

(171*)  8.  Zero  divided  by  zero,  considered  without 
the  expression  from  whicli  it  is  derived,  may  reprewnt  aojTi 
whatever. 

DEMONSTBATION. 

Since,  a  x  0=0,  bjmaking  the  hist  zero  the  dividend,  and  the  ot 
the  divisor,  we  have 

0 

Since  a  may  be  of  any  value  whatever,  the  trudi  of  the  propoati 

is  established. 


^«»» ». » 


VAl^ISHING    FRACTIONS. 

(172»)  A  vanishing  fraction  is  one  which  beoomes  equal  to 
^hen  certain  suppositions  are  made. 

PROBLEM. 
(173«)  To  find  the  value  of  a  vanishing  fraction. 

SOLUTION. 

Let =-  be  a  fraction  whose  value  is  sought  when  it  beooD 

equal  to  -.    By  (112),  we  have 


If  now  we  make  y=ar,  we  have 


x—x 


=«—»+«*-* +a;*-* +ar-»+«^*+«-'". 


Since  th^re  must  be  m  terms  in  the  quotient,  each  of  whioh  eqni 
sr^\  the  whole  quotient  must  be  fiMf*~*.    Hence,  we  have 

^—=--=znuf^\  when  y=x, 

x—y      0  , 

In  this  example  it  may  be  seen  that  we  first  obtained  an  ezpreoi 

for  the  value  of  the  given  fraction,  before  makiDg  the 
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which  reduced  it  to  a    vanishiDg  fraction,  and  it  was  this  process 

'  that  enabled  us  to  find  the  value  of  the  given  fraction  when  it  be- 

5'  0 

came  -. 

Hence,  to  find  the  value  of  a  vanishing  fraction  the  following 

i 

RULE. 

Find  an  expression  for  the  value  of  the  given  fractUm^  wikd  then 

make  the  supposition  necessary  to  reduce  the  given  fraction  to  -. 

EXAMPLB8. 

!•  Find  the  value  of t  when  6=a.  Ans.  2a. 

a— 6 

:r*— a* 

2*  Find  the  value  of when  fl:=a.  Ans,  3a'. 

«— a 

a?*— a* 

8«  Find  the  value  of when  x=za.  Ans,  4a\ 

x—a 

«*— a* 

4*  Rnd  the  value  of  -^ r  when  x=a.  Ans,  2a' 

(T'-a^ 

5«  Find  the  value  of  -= =  when  x^a.  Ans,  — . 

x^^a^  2 

X — a'^it*  1 

6*  Find  the  value  of when  x^za.  Ans.  -. 

x—a  2 

ic'— a' 

7.  Find  the  value  of , rj  when  x=za.  Ans.  oo  . 

{x—a) 

8.  I^lnd  the  value  of  \jt_^  \  when  x=za.  Ans,  0. 

(a;«__a')l 

9fl  Find  the  value  of  -^ ^  when  xzi^a.  Ans,  (2a)  f, 

(x-a)i 

a?— a?» 

10*  Find  the  value  of  , when  af=l.  Ans,  4.  • 

1— -a? 

ic*— a* 

11  •  Find  the  value  of when  a?=a.  Ans,  ma'^\ 

x—a 

12fl  Find  the  value  of when  a;=l.  Ans,  n. 

1— a? 
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*•    T-   :.  .t        ,        ^a:*+cur*-9aV+lla*J5— 4a*      ^ 

IS*  Find  the  Taluo  of  —. ; — —-5^ — --= ^   .     when  «=a. 

af* — or' — 3a  V  +  6a"x— 2a* 

3a*  •— 1  Oa'jr + 4ax' +  8«* 

14*  FiDd  the  value  of ; — —= when  «=4«. 

a'— 4jr  ■ 

Jim.  0. 

3a'— 4aT— .4«* 
15.  Find  the  value  of  ^,, 0^3^,4^. ^g^  when  x=ia. 

Ant.  00. 

16«  Find  the  value  of 5—3—  when  ar=o.  Aru.  3«. 

a— atxi 

17.  Find  the  value  of — -^_-^ when  x=  1.       Am.  0 

18.  Find  the  value  of  -—.— — \\—  when  «=o. 

(^  — o  Jt 

19.  Find  the  value  of  ■^""!^tj^^!f  "'^^^  ^1^^^  *=1- 

8* 

JO.  Rnd  the  value  of  1^,,,./^ ^^t-.g^^i^t  ^^^"^  '=^ 

AnM.  -r. 

2* 

21.  Find  Uie  value  of  ^^,,2^^^,  when  x=e.  Am.  y 

aj* — dx^ — a*x-\-a*     , 

22.  Find  the  value  of ; 5 when  a?=a.  Ans.  Ql 

23.  Find  the  value  of  — — ~,    .  ^    , j  when  af=o.    ^lu;  00 . 

a.  —  2a*x  +  2aar — z*  • 

24.  Find  the  value  of —z '—  when  a?=0.  ^n#.  — ^ 

^  8s 
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CHAPTER  VII. 

INVOLUTION. 

(1 74»)  Infolution  is  raising  a  ^ren  quantity  to  a  given  power. 

FBOBLEH. 
(175*)  To  raise  a  monomial  to  the  nth  power^ 

BULE. 

MiUtiply  all  the  exponents  contained  in  the  monomial  by  the  index 
of  the  power,  and  prefix  -^r  to  the  result,  except  when  the  monomial  i^ 
negative  and  the  index  of  the  potoer  is  odd,  in  whiph  ease  prefix  — . 

DEMONSTBATION. 

Let  ^ah*(f  be  a  given  monomial  whose  nth  power  is  sought.  We 
know  by  the  definition  of  a  power  that  the  nth  power  of  8a6'c*  equals 
8a6*c'  token  n  times  as  a  £suitor,  or,  in  other  words,  equals  the  product 
of  3*,  a*,  6',  and  c*,  each  taken  n  times  as  a  factor.     Therefore, 

Since  6*  taken  n  times  as  a  factor  is  the  same  as  h  taken  2n  times 
as  a  factor,  we  have  (6')*=6*".  lu  the  same  way  we  get  (c')''=c"", 
whence  (3a6V)'=3"a''6^  "c'",  which  result  agrees  with  the  rule.  When 
a  positive  monomial  is  raised  to  any  power,  it  is  evident  that  the  result 
must  be  positive,  since,  any  number  of  positive  Actors  multiplied  to- 
gether will  produce  a  positive  product ;  also,  when  a  negative  mono- 
mial is  raised  to  an  even  power  the  result  must  be  positive,  since,  an 
even  number  of  negative  factors  multiplied  together  will  produce  a 
positive  product.  But,  when  a  negative  monomial  is  raised  to  an  odd 
power,  the  result  must  be  negative,  since,  an  odd  number  of  negative 
factors  multiplied  together  will  produce  a  negative  product. 

PBOBLXM 

(176.)  1.  Involve  2aiHc"  to  the  4th  power. 

8 
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SOLUTION. 

B7  the  rule,  we  have  2*aJ/4c*"=10a'te^'",  Whenever  one  of  tk 
£ictors  of  the  monomial  is  numerical,  its  power  may  be  found  aa^ 
metically.    Thus,  2*  =  1 C. 

PROBLEM 

2.  Raise  Va"  to  tlie  pth  power. 

SOLUTION. 

Put  Va"=-Randa-=^1.  Since,  by  (22)  and  (24),  we  have  V^ 
(a")",  we  may  write  i?=(vl)"  or  B=A',  By  applying  the  nL 
we  obtain  H^  for  the  ji^th  power  of  Ji\  and  ^4»  for  the  j^tb  pomra 
A^;  therefore,  i2''=^!^',  or  iZ^rr  (-/!'')•  •=V-4^  Since  jR=V^= 
VT,  we  have  E^=(V'AY  ;  but  Ji^=V'A^,  therefore,  (v3)'=Vi'. 
which  expression,  because  Ama"  and  A'^^rc^,  becomes  (V?)'- 

Hcneey  to  raise  a  radical  to  any  potoer^  we  have  only  to  raim  lir 
quantity  under  the  radical  to  that  power. 

Tliis  principle  gives  (Vay=^V^,  (Vdy-V^,  (Va)*=V«?7  (♦«/ 
=V~a,  (m)»=iX  (♦^iJ)'=^/^&c 

Since  v/-1=-4*,  we  have  (n/^1)''=-4».  If,  now,  we  8appo8ep=% 
we  obtain  {yAy=A'^=A^=A,  which  exprewon,  because  -4=< 
becomes  (v/a'")"=a'". 

Hence^  to  raise  a  radical  to  a  power  equal  to  the  index  €f  the  fB0^ 
we  have  only  to  remove  the  radical, 

Tliis  principle  gives  (f'a)'=a,  (4V)"=a',  (i^^)"=— c^  (y~Vf 
=  -1,  {Vay=a\  (y/Z^y=-^^^  *«• 

PROBLEM 

8.  Raise  V— a  to  the  third  power. 

SOLUTION. 

According  to  the  first  principle  ^ven  in  the  last  solution,  we  bm 
(y^IIayz=y~a* ;  but  the  cube  of  any  quantity  is  the  piodnot  ob- 
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tained  by  taking  the  quantity  three  times  as  a  &ctor;  therefore, 
(1^— a)*=V— a.i^— a.i^— a.  Since,  according  to  the  second  prin- 
ciple, V—a  .  V—a^  or  (l/--a)*=— a,  we  have  V—a .  V—a .  V'-<i= 
•--aV—a;  whence,  we  get  ($/— a)*=— aV'— a.  We  have  now  ob- 
tained two  expressions  for  the  cube  of  i^— a;  one  being  V—a*,  and 
the  other  —aV—a;  hence,  in  this  particular  case,  t^— a*=— -at^^^. 
We  say  in  this  particular  case,  because  i^— a*=+ai^— a,  when  —a' 
has  been  obtained  by  multiplying  —a  by  a*=+a.  +a;  for,  when 
V^*=zVa .  a  .  '-'a=Va\  Va  .  V—a,  we  have  y^*=af'^,  smoe, 
according  to  the  second  principle,  Va  .Va=ia. 

Let  us  suppose  that  a=l  in  this  problem,  or  that  we  seek  the  cube 
of  f'— 1.  According  to  the  first  principle  we  have  (V^^Y^V—l^  but 
according  to  the  second,  we  get  (i^— 1)*=— If'— 1  =  — i^— 1.  But 
how  can  i^— 1  =  — i^— 1?  From  the  nature  of  the  problem,  we 
know  the  V—X  which  we  have  put  equal  to  (V— l)*is  equal  to 
4^^"=^— 1.-1.-1  =  V^.V^.f^  which  equals— If'^,  or 
—  i^— 1,  because,  by  the  second  principlef'— l.i^— 1,  or  (|/— i)'^  is 
equal  to  —1. 

The  result  V—\  is  not  a  convenient  form  for  the  cube  of  V'— 1, 
since,  the  composition  of  the  —1  is  not  apparent,  because  it  may  be 
the  product  of  —1,  +1,  and  +1,  as  well  as  —1,  —1,  and  —1. 

Hence,  we  have  f'— 1=  -|-i^— 1  or  —  i^— 1,  according  as  the  —1 
is  considered  as  being  composed  of  the  factors  —1,  +1,  and  4-1,  or 
of  the  factors  —1,  —1,  and  —1. 

By  using  the  second  principle,  we  shall  always  arrive  at  results 
which  are  not  ambiguous.  We  may,  however,  arrive  at  equally  defi- 
nite results  by  the  first  principle  whenever  the  quantity  under  the 
radical  is  positive,  but  the  results  will  not  always  be  of  the  simplest 
form. 

BXAMPLB8. 

!•  Square  Za*h,  Ana,  9a*b^. 

2*  Square  lax.  Ans.  49aV. 

8.  Cube  2a*be\  Ans.  8a'6V. 

4»  Cube  --aH^c.  Ans.  --a^bc*. 
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S»  Raise  a?*y~*  to  the  4tli  power.                                 ,/bu,  «y^. 
••  Raise  — ar"jr"*  to  the  7th  power.  Am. — 


7.  Raise  3aV  to  the  nth  power.  Ans.  S"to"V". 

8«  Raise  —a*  to  the  nth  power,  n  heing  even,  Aru,  o". 

9«  Raise  — a"  to  the  nth  power,  n  being  odd.  An8»  — ^, 

10.  Raise  Va-ftfc*  to  tlie  0th  power.  Ant.  L    1 
!!•  Raise  1/a  +  6  to  the  2nd  power.  Ans.  o+i 
12,  Raise  VaTb  to  the  Srd  power.                    ^m.  (a  +  6) Va+L 
13«  Rai^  i^a—a:  to  the  4th  power.  Aju,  (a— «)*. 

11.  Raise  aVa+x  to  the  3rd  power.  Ana.  a!^-^a*i, 
15*  Raise  aV^a  to  the  5th  power.  Ana.  a'Vi- 

16.  Raise  —aV—a  to  the  6th  power.  Am,   — a'f^^ 

17.  Raise  V—l  to  the  6th  power.  Ana,  —1. 

18.  Raise  —V—l  to  the  3rd  power.  Ana.  V^, 

19.  Raise  —  Va  to  the  3rd  power.  Ana.  aVa, 

20*  Raise  y^.V—l  to  the  3rd  power.  Ana.  — af^a. 


-^♦«  ♦  •>  »i 


BINOMIAL   THEOREM. 

(177.)  The  nth  power  of  a  binomial  is  represented  bj  the  UBsxa- 

ing  formula:   (a?+y)"=  a:-  +  n2r-V  +  n.^^a--y+n.!^ril.!iZ? 

^  2  8 

«*-'//•+ +n.---a;V-«  +  ay-*+y*. 

DEMONSTRATION. 

A  fiill  demonstration  of  this  celebrated  Theorem  will  be  given  m 
the  chapter  on  Series, 

An  inspection  of  the  above  formula  shows  that  the  exponents  of  > 
commence  with  the  index  of  the  power,  and  decrease  hy  nnifj;  ail 
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Ihat  the  exponents  of  y  commencing  in  the  second  term  increase  by 
unity.    Thus,  for  the  literal  part  of  the  5th  power  of  :E+y^  we  have 

Let  us  now  observe  the  law  of  the  coeflScients  in  the  above  formula. 
'        We  see  that  the  coefficient  of  the  first  term  is  unity,  and  the  co- 
^    efficient  of  the  second  term  is  equal  to  the  index  of  the  power,  and 
I     the  coefficient  of  the  third  term  is  equal  to  the  product  of  the  coeffi- 
dent  of  the  second  term  by  the  quotient  obtained  by  dividing  the 
exponent  of  :r  in  the  second  term  by  one  more  than  the  exponent  of 
y  in  the  second  term,  and  in  general,  any  coefficient  is  equal  to  the 
product  of  the  coefficient  of  the  preceding  term  by  the  quotient  ob- 
tained by  dividing  the  exponent  of  x  in  this  preceding  term  by  one 
more  than  the  exponent  of  y  in  the  same  term. 

Thus,  we  have  (a;+y)*=a;*-;f-6ar*y+10ir'y'  +  10a:*y*4-5a?y*+y*. 
Here  the  coefficient  of  the  third  term  is  obtained  from  hx^y  by 

dividing  the  exponent  of  a?,  which  is  4,  by  one  more  than  the  expo- 

4 
nent  of  y,  and  multiplying  the  quotient  by  6,  thus  6  .  -=10.  For 

the  coefficient  of  the  fourth  term,  we  have  10 .  -=10.;  for  that  of  the 

3 

2  1 

fifth,  10 .  -=6 ;  and  for  that  of  the  sixth,  6 .  -=1. 
4  5 

It  may  be  observed  that  after  the  middle  term  the  coefficients 

recur  in  reverse  order;  and  also,  that  when  the  second  term  of  the 

binomial  is  negative,  the  terms  of  any  power  of  it  will  be  alternately 

positive,  and  negative,  or  what  is  the  same,  those  terms  of  the  power 

which  contain  an  odd  power  of  y  will  be  negative. 

PROBLEM. 
(17  8*)  To  raise  a  binomial  to  a  given  power, 

RULE. 

Perform  the  multiplication  indicated^  or  proceed  according  to  the 
principles  of  the  binomial  theorem, 

PROBLEM 

(1790  1.  Raise  (2a +  36)  to  the  6**  power. 

SOLUTION. 

By  the  Binomial  Theorem,  we  have  (2a+36)*=(2a)*4-6(2a)*(36) 
+15(2ay(8ft)'+20(2a)«(8ft)*+15(2a)*(86)*  +  e(2a)(86y  +  (36)'. 
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After  performing  the  operations  indicated,  we  obtain  (2a +39)^ 
64a»  +  5iea*h + 2 160a*6* + 4320a*6*  +  48e0o»6*  +  29 1 6a6'  +  IZW. 

PROBLEM 

2.  Cube  1^2 +1^3. 

SOLUTION. 

By  the  Binomial  Theorem,  we  have  (V24V5y=(V2)'+8(fif 
(V3)  +  3(f^2)(l^3)«  +  (l^3)\ 

After  performing  the  operations  indicated,  we  obtain  (♦^2+1^8)*= 
2f^2+6f'3  +  9f^2  +  31/3. 

But  2f^2+9f^2=llf2  and  61^3+ 3^^3=9 1^3;  therefore,  (♦^2+^3/ 
=  111^2 +9  VS. 

EXAMPLES. 

1.  Raise  a+b  to  the  8th  power. 

Aru.  a'  +  8o'6+28a»6'+66a*6'  +  70a*6*+66o'6»+28aV+  Sol'r 

b\ 

2.  Raise  a—b  to  the  9th  power. 

Ans.  a*  -  da^b  +  36a'6'  —  84a'6"  +  126a*6*  —  126a*b*  +  84aV- 
SQa'b'  +  9ah*-b\ 

3.  Raise  5— 4:r  to  the  4th  power. 

Ans.  625— 2000ar4- 2400a:'— 1280a?"  +  268/. 

4.  Raise  3— 2x'  to  the  6th  power. 

Ans.  729-2916a:*  +  4860a:*-4320iF'  +  2160«'— 676«"+e4«". 

5.  Raise  ^x-\-2y  to  the  Yth  power. 

Ans.  -i-^ya;'  +  AA  +  V^y' + Y^V  +  *^^^y*  +  168«*5f»  +  22^ 
+  128/. 

6i  Cube  ir — .  Ans.  «': 1— Slar — J. 

7,  Cube«-— y*.  Ans.  re*"*— 8«^*  +  3j?~y— f*- 

8.  Cube  ia-|6.  Ans.  K-/r*'— i^'^+H^. 
ft    ^  ,      a-&  .         a'-3a'64-8a6«— y 
»•  ^"^  ^1726 •                                ^^-  a>-6a'6+12ayll8»' 

10*  Cuberr'+y'.  .^tw.  a;*  +  3xy+8«*y*+/. 

11*  Raise  «*+a'  to  the  4th  power. 

Ans.  «'+4«*a"+6«V+4jr»««+d». 
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*    11.  Cube  2a— 36.  ^w.  8a'— 86a*6  +  64aft'--276». 

**    ISt  Raise  ax—by  to  the  6th  power. 

Ans.  aV— 6a*&c*y  +  10a'6Vy«— 10a«6V/+5aZ»*«y*— 6y. 

]4t  Cube  2r—6m.  Ans.  8r*— 72mr*  +  216i»V— 216m*. 

15.  Cube  1^2 +1^5.  Aru.  l'Jf^2  + 111^5. 

j    16.  Cube  V^ 44^^.  Ans.  -YV^-SV^. 

17.  Raise  a|^a—M^6  to  the  4th  power. 
i^  Ans.  a'''-'4ayaWb+Qa*b*''4ayib*Vb+h\ 

18*  Raise  ar-i— y"'  to  the  4th  power. 

Ans.  -J r-+-r r-^""*- 

^     xiy     :rV^V       ^ 

19.  Raise  —2»^^- 31^6  to  the  4th  power. 

Ans.  iea^—9eaV--'aVb'-2ieab+2l6V^^^b  +  Slb\ 

20.  Cube  (-l)i-(_i)i.  Ans.  2f3T-.2. 

PROBLEM. 
(180.)  To  square  a  poljnomial. 

RULE. 

Square  each  term,  and  annex  twice  its  product  itito  each  of  thefoU 
loufing  terms. 

PROBLEM. 

(181.)  Square  2a*-86+ 4c— 6(f. 

flOLUTIOir. 

Squariog  2a*,  we  have  4a^,  and  annexing  twice  the  product  of  2a* 
into  each  rfthe  following  terms  —86,  +4c,  and  —  6(f,  we  obtain  4a* 
—  12a*6  +  16a*c— 20a*(f.  Also  squaring  —86,  we  have  96*,  and  an- 
nexing twice  the  product  of  —86  into  each  of  the  following  terms, 
+4c  and  —  5(f,  we  obtain  96*— 246c +30 W.  Also  squaring  4-4c, 
we  have  16c*,  and  annexing  twice  the  product  of  +  4c  into  the  follow- 
ing term,  —  5(f,  we  obt^n  16c*— 40c(/.  Also  squaring  —5c?,  we  have 
26cf',  and  as  there  are  no  terms  following  —6c?,  we  have  nothing  to 
annex.  Collecting  all  these  results,  we  have  (2a*— 86+ 4c— 5c?)* = 
4a*— 12a*6+16a*c— 20a*i+96*-246c+80W+16c*-40crf  +  25rf*. 
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XZAMPLE8. 

I.  Square  «+y+z.  Am.  «'+2jy+2M+y*  +  2yi+^. 

2«  Square  a—h—c+d, 

Ans.  a'— 2a6— 2ac  +  2arf+6»4-26c— 2M+c»— .2crf+/. 

S«  Square  2a~  ^ — SaH^  tf-  ah"  ^. 

a 

.    _           26"*     36*    c~* 
4.  Square --_+—-. 

8a-*    2*     «r* 

,       4a*      „     4o'rf^  ,  86*       86*rf*     / 


96 


3i'c*  "^  *«*      «v»  ""^ 


PROBLEM. 
(182*)  To  cube  a  polynomial. 

BULB. 

Cube  each  term,  and  annex  to  it  three  times  the  proetuei  ef^ 
square  into  each  of  the  other  terms,  and  also  six  times  all  the  f^ 
ducts  that  can  he  formed  hy  multiplying  three  different  terme  iog^- 

PBOBLBM. 

(183.)  Cubea+6  +  f  +  rf. 

SOLUTION. 

Cubing  a  aud  multiplying  tbree  times  its  square  into  the  otbff 
terms,  gives  a*  +  3a'6  +  SaV  4-  3o'rf. 

Cubing  h  and  multiplying  three  times  its  square  into  the  otbtf 
terms,  gives  6'  +  Wa  +  Zh*c  -f  36V. 

Cubing  c  and  multiplying  tbree  times  its  square  into  the  otlMr 
terms,  gives  c*+3c'a4-3c'6  +  3c'rf. 

Cubing  d  and  multiplying  three  times  its  square  into  the  otber 
terms,  give.«t  d^  -f  3rf'a  -f  ^drh  +  3flf c. 

Multiplying  by  6  all  the  products  that  can  be  formed  of  the 
a,  +&,  +c,  and  +(f,  taking  three  at  a  time,  gives 
Qahc-\'Qahd-\'^acd+Qhed. 
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Writing  all  these  results  in  order,  we  have  {a-\-b  +  c  +  d)*=za*  + 
8a'6  +  3aV  +  Sa^d  +  6* + 36'a  +  36'c  4-  36»(f  +  c* + 3c'a  +  3c'6  +  Sc^d  + 
rf*  +  3flf  a  +  3(^6  +  ScPc  +  6a5c + 6aW + 6acrf  +  eicrf. 

Remark. — ^To  find  the  number  of  products  that  can  be  formed  of 
any  number  of  terms  taken  three  at  a  time,  add  the  numbers  of  the 
following  series  to  as  many  terms,  less  2,^  as  there  are  given  terms : 
1+3 +  6  4-10  + 16 +  21 +28  +  36 +<fec. 

If  we  have  seven  terms,  the  number  of  products  there  can  be  formed, 
taking  three  at  a  time,  =1+3  +  6  +  10  +  15=36. 

This  may  be  illustrated  as  follows :  Supposing  the  seven  terms  are 
a,  b,  c,  d,  e,/  and  ^,  and  we  have 

abc 

abd  ade 

abe  y5  ^  yi  adf 

adg. 


acd 
ace 
aef 
acg 


bde-] 
hdf  U 
bdg) 


cef 
ceg 


abf 
ahg 

bed 
bee 
bcf 
beg 

cde  J 
erf/ [3 
edg  ) 

deg  ) 

From  these  re8ult8,  we  have 

6+   4+3+2+1^ 
4+  3+2+1 
3+   2  +  1 
2+   1 
1 


•J3  ^\ 


afg\\ 


beg  ) 


2 


hfg}l 


cf9\l 


15  +  10  +  6  +  3  +  lJ 


or 


fl+2  +  3+  4+  6 

+  1+2+  3+  4 

1+   2+   3 

1+   2 

1 

Ll+3  +  6  +  10  +  16 


Whence  the  law  of  the  series  becomes  apparent 
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XXAMFLEB. 

1.  Cube  a-\-b+c 

2t  Cube  a  +  6— c— (f. 

Ans.  a*  +  3a'6— 8a'c— 3a»rf+6»4-86'a— 86V— 36*d  —  c*  +SA 
3c'6— 3cV— rf*  +  8(ra  + arf**— 8rf'c— 6a6c— eaM4. 6aerf+6ta 

S.  Cube  a4-26— c 

-4n*.  a*  +  6a'6— 3a»c + 86'  + 1 26'o— 1 26V— c*  +  Bc'a  +  6c*6- 18^ 

4.  Cube  2ar*+4ac— 3a'. 

^iM.  8x*  +  48ax*+60aV— SOaV— 90oV  +  108a*«-27f*. 

5.  Cube  l+«+a;*+ir". 

-4wt.  l  +  3a:  +  6x'  +  10x'+12x*  +  12a?»+10*^  +  6«'  +  3x*+f'. 

PROBLEM. 
(184.)  To  raise  a  polTiioznial  to  any  power. 

RULE. 

Change  the  polynomial  to  a  binomial^  and  then  proceed  aeeordaif 
the  principles  of  the  binomial  theorem. 

PBOBLSM. 

(185.)  Rnd  the  6th  power  of  a-\-b+c+d'he. 

SOLUTION. 

Changing  a  +  6+c+cf+e  to  a  binomial,  we  have  (a+6+e) 
(d+e)  ;  whence,  wo  have  [(a  +  6+c)4-(fl?+tf)]*=  (a+i+e)* 
6(a  +  6  +  c)»(cf+«)  +  15(a4-6+c)*(c?+c)'  +  20(o+6  +  c)«(rf+i)« 
l5{a-{-b-\-cy{d+ey  +  6{a  +  b  +  c){d+eY-k-{d+ey. 

In  the  same  way,  we  find 

(a+6+c)*=:(a  +  6)*  +  6(o  +  6)V  +  15(a  +  6)V'+20(a+6)V  + 

1 5(a  +  bye*  +  6(a + by + c\ 
(a-f-6-f-c)*=(a+6y+5(a  +  6)V  +  10(a  +  6)V  +  10(a  +  6)V  + 

(a  +  6+c)'=(o+6)'  +  4(a+6)V  +  6(a+6)V*+4(a+6)c»-f.c\ 
(a  +  6  +  r)»=(a+6)'  +  3(a  +  6)V  +  3(a  +  6)c'+c\ 
(a  +  6  +  r)'-(-  +  ft)»  +  2(a  +  6)c4-c'. 
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InaertiDg  these  valaes  in  the  above  expression,  we  obtain 
(a+6+c+rf+eV=(a+&)*+6(a+6yc+16(a+ft)V+20(a+6)V  + 
|15(a+6)V+  6(o+6)c»  +  c*+6[(a  +  6)»+  6(a+6y(J  +  10(a+6)V  + 
10(a4-6)V  +  5{a  +  by  +  c»](rf+e)  +  15  [(a  +  6)*  +  4(a+6)»c  + 
e(a+6)V  +  4(a  +  6)c"+c*]  {d+ey  +  20  [(a+ft)'  +  8(a  +  ft)V  + 
S{a  -f-  6)«c  +  c*]  (rf  +  <)•  +  16[(a4-6)'  +  2(a+6)c  +  c*]  (cf +«)*  + 
6(a+6+c)(rf+ey+(<i+e)*. 

SXAMFLS8. 

]•  Find  the  4th  power  of  a-\-b'\-e, 
Jns.  a*  +  Wb  +  4a*e + 6a*6*  +  12a'6c  ^h  eaV+4a&'  +  I2ab*e + 12a5c' 

+  4ac'  +  ft*  +  46V + 66'c'  +  4bc* + c\ 

2fl  Find  the  6th  power  of  a+ft+c 

Ans.  a»  +6a*6  +6a*c  +10oV  +20a'6c+10aV+10a'6"  +  80a«6»c 

+  80a*6c'+10aV+6a5*+  20a6'c  +  80a6V  +  20a6c"  +  5ac*  +6» 

+  66*c  +  106V  +  106V  +  5bc*+c\ 

Sfl  Find  the  6th  power  of  a4-6+c. 

Jns.  a»  +  6a»6  +6aV  +16a*6*  +30o*6c  +1 6a V+20o'6"+e0a*6V 
+  60a'6c'  +  20aV  +  16a'6*  +  60a'6'c  +  90o'6V  +  60a*6c'  +  16aV 
+  6a6*  +30a6*c+60a6V  +60a6V  +30a6c*  +eac*  +6*  +66V 
+  166V  +  206V  +  166V  +  66c* +c*. 

^^  Find  the  7  th  power  of  a4-6+c. 

Ans.  a'  +  Wb+la'e  +21a*6*  +  42a*6c  +  2^aV+86a*6'  +  105a*6V 
+  106a*6c*  +36aV  4-86a'6*  +140a*6'(j  +210a'6V  +140a*6c* 
+  36aV  +21a*6»  +106a'6V  +210o*6V  +210a«6V  +105a«6c* 
+21aV  +  7a6*+42a6»c+  106a6V  +  140a6V  +  106a6V + 42a6c* 
+  7ac'+6'+76*c+2l6V4-866V  +  866V+2l6V+76c*+c\ 

it  Find  the  4th  power  <^  a+b+e+d. 

6*  Find  the  6ih  power  of  a  +  6+c+rf. 

Bexark. — ^The  answer  to  the  6th  example  contains  thirty-fire  terms  and  to 
tiie  6th  fifty-six  terms. 


CHAPTER  VIII. 

EVOLUTION. 

(186*)  Evolution  is  the  reverse  of  Involution,  or  is  jBndn^i 
quantity  which  taken  a  certain  number  of  times  as  a  fiKStoriri&p 
duce  a  given  quantity. 

PBOBLEM. 
(1 87«)  To  extract  a  given  root  of  a  given  monomiaL 

RULE. 

Divide  the  exponents  of  the  factors  of  which  the  monomial  it  a» 
posed  by  the  index  of  the  root,  and  prefix  the  sign  of  the  mm 
when  the  index  of  the  root  is  odd  ;  and  when  the  monomial  iepoti^ 
and  the  index  of  the  root  is  ewn,  prefix  +  or  —  written  ±. 

DEMONSTRATION. 

Let  27a5V  be  a  monomial  whose  cube  root  is  aouglit.  If  wi^ 
solve  27a&V  into  three  equal  factors,  one  of  these  facton  will  be* 
cube  TooU 

Sinco  27=3-3-3,  and  a'=za^'a^'a^^\  and  6'=6-6-6,  aad  e*=cVt. 

we  have  27a6*c*=3-3-3-a^-a3-a^-6-6-5-c»-cV=3a*&c*-8a*&^^ik^ 

whence,  WG  see  that  Sa^bc*  is  the  cube  root  of  Z7a6V. 

Proceeding  according  to  the  rule,  we  shall  arrive  at  the  flan 
suit,  for  since  27a6V=3'a*iV,  if  we  divide  each  of  the  ezpomntoH 

3,  we  liave  3'aHv'=:3a^6c\ 

If  the    monomial    had   been    —  27a6V,  we    would    Iiave  U 

—  27aiV=:— 3a3^V— 3a^6cV— 3a^6c*;   whence  we   see  that  til 

cubo  root  of  —2lah*c*  is  —Sa^bc*,  or  that  an  odd  root  has  theagi 
of  tlie  monomial. 
Also,  let  a'  be  a  monomial  whose  square  root  is  sought.    Sset 
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tt*=4-a.+«,  we  see  that  the  square  root  of  a*  is  +a.  Bat,  since 
a*=— o.— a,  we  see  that  the  square  root  of  a'  may  also  be  —a. 
Whence  we  derive  the  fact,  that  the  square  root  of  a  positive  quantity 
may  be  either  pltis  or  minus,  which  fact  is  represented  by  the  expres- 
sion Va*  =  ±a. 

The  double  sign  d=  should  be  placed  before  the  square  root  of  a 
quantity  only  when  we  are  doubtful  in  reference  to  the  sign  it  should 
have.  For  if  we  should  be  required  to  square  +a,  and  then  extract 
the  square  root,  we  know  that  the  only  proper  result  would  be  +a, 
.  or  the  quantity  with  which  we  started ;.  also,  if  we  were  required  to 
square  —a  and  then  extract  the  square  root,  we  are  equally  certain 
the  only  proper  result  would  be  —a. 

If  then,  we  have  a*,  and  wish  to  extract  its  square  root,  to  give 
a  rigid  result,  we  must  know  whether  this  a*  was  obtained  by  multi- 
plying +  a  by  +a,  or  —a  by  —a ;  if  the  former,  we  know  that  the 
aquare  root  of  this  a'  must  be  +a,  and  can  not  be  —a ;  but  if  the 
latter,  we  know  that  the  square  root  of  this  a*  must  be  —a,  and  can 
not  be  +a.  We  see  then  that  it  is  only  proper  to  prefix  the  double 
gign  :i=,  when  we  are  ignorant  of  the  signs  of  the  &ctorg  which  pro- 
duced the  quantity  under  consideration. 

PROBLEM 

(188.)  1.  Extract  the  square  root  of  —a*. 

SOLUTION. 

If  we  can  resolve  —a'  into  two  equal  feotors,  both  of  which  a:^ 
+,  or  both  of  which  are  — ,  tlien  one  of  these  equal  fectors  must  b-» 
the  square  root  of  —a*. 

But  since  neither  the  product  of  4-  by  +,  nor  —  by  —  will  gir« 
— ,  we  are  certain  that  —a'  cannot  be  resolved  into  two  equal  posi 
tive  factors,  or  into  two  equal  negative  fectors.  Hence,  we  can  not 
obtain  the  square  root  of  —a*.  Tlie  same  kind  of  reasoning  will 
show  that  we  can  not  obtain  the  even  root  of  any  negative  quantity. 

The  square  root  of  —a'  is  represented  by  V—a*,  which  expression 
may  be  simplified,  since  — a'=a'.  — 1.  We  can  take  the  square  root 
of   a',  but  not  of  —  1 ;    whence,   we  see  that  1^— a'=Va'.  — 1=^ 

PROBLEM 

2.  Extract  the  square  root  of  a. 
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BOLUTIOV. 

Following  the  role,  we  have  dbai  for  the  aqomiB  root  of  a,  tkti 
Va=dzai.  But  we  have  gained  nothing,  since  dboi-  is  merelj* 
other  mode  of  representing  that  the  square  root  of  a  is  to  be  extadtL 
Therefore,  the  formula  l^a=dbai  tells  us  nothing  more  than  that  dr 
square  root  of  his  equal  to  the  square  root  o/sl. 

If  we  were  to  assign  to  a  some  positive  numerical  value,  its  ¥f». 
root  might  be  obtained  either  exactly  or  approziinately.  The  cat ' 
would,  however,  be  different  if  we  sought  the  square  root  of  —a,  vL 
should  assign  to  a  some  numerical  value,  because,  we  can  never  extwt 
the  square  root  of  —1,  for  V—a  is  equal  to  Va  V — 1,  the  value  i 
which  could  be  obtained  cither  exactly  or  approximately  proridic 
the  value  of  V— 1  could  be  ascertained.  But  we  have  aeen  that  tk 
square  root  of  a  negative  quantity  can  not  be  obtained  either 
or  approximately. 

PROBLEM 

3.  Extract  the  math  root  of  a. 

BOLUTIOK. 

To  find  the  mnth  root  of  a\  we  must  divide  the  exponent  of  a  If 
mn^  which  gives  a^^  that  is  "V« =«■»'. 

Let  us  now  take  the  nth  root  of  a*,  which  is  aT,  and  take  the  ii& 
root  of  this  result    To  do  this,  we  must  divide  the  exponent  -  by  «) 


which  gives  a^  for  the  wth  root  of  aV.    Hence,  we  see  that  w 

at  the  same  result  by  extracting  the  nth  root  of  a  quantity  and  thei 

extracting  the  mth  root  of  this  nUi  root,  as  we  do  by  extracting  dw 

fnnth  root  of  the  quantity,  that  is,  "Va=\/  V«. 
The  TTith  root  of  d*  may  also  be  represented  by  yi^)  » ;  therefon^ 

have  '"Va= V^  Va=a**  =  (a  v  S  or  Kfl^  '^. 


we 


PROBLEM 

4.  Extract  the  square  root  of  32. 

BOLUTIOK. 

This  can  be  approximately  done  by  the  arithmetical  role.     Baft  ft 
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tt  Bometimes  advisable  to  make  the  Bqoare  root  of  a  surd  depend  on 

^  fome  smaller  surd. 

Since  32=16  *  2,  we  can  easily  get  the  approximate  square  root  of 
82  if  we  already  know  the  approximate  square  root  of  2,  by  multiply* 
ing  the  approximate  square  root  of  2  by  db4,  the  square  root  of  16 ; 

*  because  I^32=f^l6  •  2=VTeV2=:±:4V2. 

PROBLEM 

/       5.  £h[tract  the  square  root  of  (a?*  +  2«'y+ay*), 
r 

SOLUTION. 

By  factoring,  we  get  («•  +  2s^y + xy*) = («* + 2xy + y')a?.  We  know 
by  TTieorem  1.  (109),  that  (a?"+2iry +y*)=(«+y)* ;  hence,  we  have 
(«*  +  2a?*y~iry')=(a:+y)'ir.    Extracting  the  square  root  of  (jr+y)V, 

we  get  do(x-\-t/)Vx. 

EXAMPLSB. 


L  Extract  the  square  root  of  4a*b\ 

Am.  d=2a5. 

2.  Extract  the  square  root  of  —26. 

Ant.  ±5V— 1. 

3t  Extract  the  square  root  of  (a+6)*. 

Ans.  d=(a  +  6). 

4t  Extract  the  cube  root  of  64a*6\   ' 

Ans.  4a»V^^ 

5,  Extract  the  square  root  of  8. 

Ans.  ±:2V2. 

6.  Extract  the  square  root  of  24. 

Ans.  ±2V6. 

7 9  Extract  the  square  root  of  68. 

Ans.  ±2m. 

8*  Extract  the  square  root  of  150. 

Ans.  ±5Ve. 

9.  Extract  the  fifth  root  of  -32aVy". 

Ans.  —2ax*y*. 

lOt  Extract  the  cube  root  of  —40. 

Ans.  -2V5. 

11.  Extract  the  square  root  of  —  16a'6*c'. 

Ans.do4ab^cV  —  c. 

QOO 

12.  Extract  the  square  root  of  ^rrz' 

Ans.  ±1. 

IS.  Extract  the  square  root  of  4a\a'  +  2a6  +  6'). 

Ans.  ±i2a*{a-hb). 

14.  Extract  the  cube  root  of  —To^. 

Ans.  —J. 
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15.  Extract  the  cube  root  of  (x'H-y'  +  3j^y+3;ry*). 

Ans.  (x+y). 

16.  Extract  the  mih  root  of  a-ft-z-c— »rf-^.  Ans.  — 

17.  Extract  the  fifth  root  of  —1.  Ans,  -1. 
I8i  Extract  the  fourth  root  of  — «*.                         Ans,  ±ot^^ 


19t  Find  the  value  of  W4-tf'6'.  Ans,  aVl+6'. 

20.  Find  the  value  of  3VTo8.  Ans.  9Vi 

PROBLEM. 

(189i)  To  extract  the  »th  root  of  a  given  quantity  to  witha  i 
^ven  fraction. 

RULE. 

R( present  the  given  quantity  in  the  form  of  a  tshoie  number,  ni 
the  given  fraction  with  one  for  its  numerator,  and  then  fnultiplytU 
given  quantity  by  the  nth  power  of  the  denominator^  and  extract  ik 
nth  root  of  the  product  to  the  nearest  unit,  and  divide  the  resuii  by  At 
denominator  if  the  fraction, 

DEMONSTRATION, 

I/?t  .  be  a  quantity  whose  72th  root  is  sought  to  within  ^     BfflR- 

senting  .  in  the  fomi  of  a  whole  number,  wo  have  a5~*  which  w 

shall  put  equal  to  Q,  and  i-epresenting  -  in  the  form  of   a   fractiov 

with    1    for  its  numerator,    we    have  ^  which  becomes  —  by  wrt* 

c 

i\u<r  m  for    . 

c 

We  have  then  the  quantity  Q  whoso  nth  root  is  sought  to  within 

1  Oni^ 

— .    Q=~  -— .    Let  r  be  the  root  of  the  greatest  nth  power  contained 

in  Qwi" ;  then  the  value  — —  is  creater  than   the  value  of  —  and 
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j€88  than  the  value  of  ^^ — -^ ;  therefore,  the  nth  root  of  — —  or  of  Q 
m*  !»• 

r                            r"                          r  +  1 
kB  irreater  than  — ,  the  wth  root  of — ,  and  leas  than  ,  the  «th  root 

of  ^^ —.  or  in  other  words,  the  difference  between  the  nth  root  of 

Q  and  —  is  less  than  the  difference  between  —  and ;  but  the 

m  mm 

r         r-fl  .1  .        r 

.difference  between  —  and is  — :  hence,  by  taking  —  for  the  nth 

'  m  mm  ^    ''  ^  m 

root  of  Q,  we  have  a  result  which  differs  from  the  true  result  by  less 

than—.     Q.E.D. 
m 

PROBLEM. 

2 

(190.)  Extract  the  square  root  of  9  to  within  -. 

BOLUTION. 

2      1 
Since  -  =^77,  we  must  square  1^  and  multiply  9  by  the  result ; 

whence,  wo  get  9-2J=20J.  We  take  either  4  or  6  for  the  square 
root  of  20 J  to  within  a  unit.  If  we  take  4  and  divide  it  by  1^,  wo 
have  2 1  for  the  square  root  of  0  to  within  | ;  but  if  we  take  5  and 
divide  it  by  1^,  we  have  also  3 J  for  the  square  root  of  9  to  within  J. 
In  these  two  results,  we  observe  that  the  first  is  just  \  less  than  the 
true  root,  and  the  second  |  greater. 

Note. — In  the  following  examples  we  shall  sometimes  give  both 
results,  placing  the  most  accurate  first. 

EXAMPLES. 

!•  Extract  the  square  root  of  5  to  within  \.  Ans.  2 -J-  or  2. 

2i  Extract  the  square  root  of  8  to  within  \,  Arts,  2J^  or  2|. 

it  Extract  the  square  root  of  7  to  within  \.  Ana.  24  or  24. 

4*  Extract  the  square  root  of  }  to  within  \.  Ans.  \. 

5*  Extract  the  square  root  of  4  to  within  1^.  Ans,  4. 

6t  Extract  the  square  root  of  ^  to  within  {.  Ans,  j. 

7*  Extract  tlie  square  root  of  j-^  to  within  -f^.  Ans,  ||. 

9 
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8fl  Extract  the  square  root  of  |  to  within  |.  Am.  L 

9fl  Extract  the  cube  root  of  5  to  within  |.  Akl  If 

lOf  Extract  the  cube  root  of  10  to  within  \.  Amm.  if 

11.  Extract  the  fourth  root  of  7  to  within  \.  Amil  1}. 

12.  Extract  the  square  root  of  \  to  within  \,  Am.  \ 

PROBLEH. 
(191.)  To  extract  the  square  root  of  a  polynomiaL 

RULE. 

1.  Arrange  the  given  polynomial  according  to  the  powerM  ^f  cr 
tain  letter. 

2.  Extract  the  square  root  of  the  first  term  of  the  poiynomial^mi 
place  the  result  as  the  first  term  of  the  required  root, 

3.  Subtract  the  square  of  the  first  term  of  the  root  from  the^ 
polynomial. 

4.  Divide  the  first  term  of  ilie  remainder  by  twice  the  first  ttmt 
the  root,  and  place  the  quotient  cu  the  second  term  of  the  rooU 

5.  Annex  the  second  term  of  the  root  to  twice  the  firet  term  tf  ir 
root,  and  multiply  the  sum  by  the  second  term  of  the  root^  emd  e^ 
tract  the  product  from  the  first  remainder. 

6.  Divide  the  first  term  of  the  second  remainder  by  twice  tktjai 
term  of  the  root,  and  place  the  quotient  as  the  third  term  ofikt  root 

V.  Annex  the  third  term  of  the  root  to  twice  the  ewn  t^  Uutm 
preceding  terms,  and  multiply  the  trinomial  thus  formed  by  the  tU 
term  of  the  root,  and  subtract  the  product  from  the  second  remakdir* 
Then  proceed  in  the  same  manner  to  find  the  other  terms  of  the  teet 

DEMONSTRATION. 
The  accuracy  of  this  rule  depends  upon  the  following  prindplei. 

PRINCIPLE 

1.  WTien  a  polynomial  and  its  square  are  arranged  according  A>  tk 
powers  of  a  certain  letter,  the  first  term  of  the  square  is  the  eauan  ^ 
the  first  term  of  the  polynomial. 

Tliis  priuciple  is  only  a  particular  case  of  that  upon  which  Um 
division  of  polynomials  is  based. 
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PRINCIPLE 

2.  IVhen  a  polynomial  and  its  sqtiare  are  arranged  according  to  the 
powers  of  a  certain  letter,  and  the  square  of  the  sum  of  n  terms  of  the 
polynomial  is  subtracted  from  its^  complete  square,  the  first  term  of  the 
remainder  is  twice  the  product  of  the  first  term  of  the  polynomial  by 
its  (n  +  l)6t  term* 

Let  A  represent  the  first  n  terms  of  a  polynomial  and  B  the  re- 
maining terms.  Then  the  whole  polynomial  may  be  represented  by 
A-hB,  which,  we  will  suppose,  is  arranged  according  to  the  decreas- 
ing power  of  a  certain  letter.  If  we  subtract  from  the  square  of 
A+B,  which  is  A*'^2AB+B',  the  square  of  the  first  n  terms  of 
A  +  B,  which  is  A\  there  remains  2AB-hB^> 

It  is  evident  that  in  the  remainder  2AB  -f  -5',  the  first  term  of  2AB 
contains  a  higher  power  of  the  leading  letter  than  any  of  the  other 
terms,  and  is,  therefore,  the  first  term  of  the  remainder.  But  the  first 
tei-m  of  2AB  is  twice  the  product  of  the  first  term  of  A,  which  is  the 
first  term  of  the  proposed  polynomial  by  the  first  term  of  B,  which  is 
the  (n  + 1)*^  of  the  same  polynomial.  Hence,  the  principle  is  estab- 
lished. 

Let  us  now  proceed  to  the  extraction  of  the  square  root  of  a  poly- 
nomial, which,  as  well  as  its  root,  we  shall  conceive  to  be  arranged 
according  to  the  powers  of  a  certain  letter.  By  the  first  Principle, 
we  know  that  the  first  term  of  the  polynomial  is  the  square  of  the  first 
term  of  the  root ;  hence,  we  shall  obtain  the  first  term  of  the  root  by 
extracting  the  square  root  of  the  first  term  of  the  polynomial.  By 
the  second  Principle,  if  we  subtract  from  the  polynomial  the  square  of 
the  first  term  of  the  root,  the  first  term  of  the  remainder  will  be  twice 
the  product  of  the  first  term  of  the  root  by  the  second  term  of  the 
root ;  hence,  we  shall  obtain  the  second  term  of  the  root  by  dividing 
the  first  term  of  the  remainder  by  twice  the  first  term  of  the  root. 
Also,  by  the  same  Principle,  if  we  subtract  from  the  proposed  poly- 
nomial the  square  of  the  sum  of  the  first  two  terms  of  the  root,  the 
first  term  of  the  remainder  will  be  twice  the  product  of  tlie  first  term 
of  the  root  by  the  third  term  of  the  root ;  hence,  we  shall  obtain  the 
third  term  of  the  root  by  dividing  the  first  term  of  this  remainder  by 
twice  the  first  term  of  the  root 

We  may  observe  that,  instead  of  subtracting  from  the  given  poly- 
nomial  the  square  of  the  sum  of  the  first  two  terms  of  the  root,  it  will 
produce  the  same  result  to  subtract  from  the  first  remainder  twice  the 
product  of  the  first  term  of  the  root  by  the  second  term  of  the  root, 
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plas  the  square  of  Ukj  socon.l  Umih  of  the  root,  since,  we  have  abnyj 
subtracted  the  square  of  tlie -first  term  of  the  root.  Thetefora,  if  v 
write  the  S(.u!oiul  term  o(  tlic  root  aAer  twice  the  first  term  of  tk 
root,  and  multiply  the  biuomial  thus  formed  by  the  second  tenna 
the  root,  and  suhtrai*t  tlie  pro<hiot  from  the  first  remainder,  and  divide 
the  first  tcnn  of  this  new  remainder  by  twice  the  first  term  of  tkf 
root,  we  sliall  obtain  the  thini  term  of  the  root.  Continuing  thna^ir 
shall  obtain  successively  all  the  terms  of  which  the  root  is  compORd 
and  this  process  is  exactly  that  given  in  the  rale ;  hence,  the  accansj 
of  the  rule  is  rigidly  established. 

PROBLEM. 

(192.)  Extract  the  square  root  of  a*H-x*  +  6aV— 4a*«— 4«rt 
Operation, 

a'  " 


2a'— 2aj:  )— 4o'jr-f-0aV— 4a«'4-«* 

•  _4(7V  +  4aV 

2a*— 4aj-  +  a:«)2rtV''  -  4aj" + «* 
2qV-4gj;*  +  a?* 

SOLUTION. 

1.  We  arranged  the  given  j^olynomial  according  to  the 
powers  of  a, 

2.  Wo  extracted  the  square  of  a\  and  placed  the  result  a'  as  tk 
first  term  of  the  root. 

3.  Wti  subtracted  tlie  sijuare  of  a^,  which  is  a\  from  the  giTWi 
polynomial,  and  obtained  the  remainder,  — 4a'j:  +  CaV — 4aa:*4-±'. 

4.  Wo  divi<led  —4n*x  by  2a',  and  placed  the  result,  — 2ax,  as  tbe 
second  ti-rm  of  the  root. 

5.  Wo  annexed  —2aj'  to  2a'',  thus  making  2a"— 2cMr,  and  mahi- 
pliod  tliis  binomial  by  —2ax,  and  subtracted  the  product,  — 4o'«+ 
4aV,  from  —  4a'.r  +  (W/ V — 4aj?'  +  a;*,  and  thus  obtained  the  remainder, 
2aV  — 4a.rN-^\ 

C.  Wo  divided  2aV  by  2a',  and  placed  the  result «"  as  the  thiid 
term  of  tin?  root. 

V.  Wo  annexed  a*'  to  twice  a'— 2aar,  thus  making  2a* — 4az+«', 
and  multiplied  this  trinomial  by  x%  and  subtracted  the  product^  2M 
— 4ax'-^a^  from  2aV— 4aj:'+a:*,  and  obtained  no  remainder. 
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Scholium. — If  we  had  ammgod  the  given  polynomial  according  to 
the  decreasing  powers  of  ar,  we  should  have  obtained  for  the  root 
a^—2ax-\-a*,  which  is  the  same  as  a'— 2a^+i»',  differently  arranged. 
If  we  had  taken,  in  the  above  process,  —a'  as  the  root  of  a\  the  com- 
plete  result  would  have  been  — a'4-2aaj— a^,  or  %ax^{a*+x^). 
The  two  roots  of  the  polynomial  are  given  by  the  axpressioQ 
zk{a'*—2ax-^x'), 

EZAVPLE8. 

I «  Extract  the  square  root  of  a* + 2ah + b\  Ans,  d:  (a + 6), 

n 

2«  Extract  the  square  root  of  a«"*— 2a*ft^  -f  &•, 

n  n 

Ans,  a/^^b^  or  ft''— a*. 

89  Extract  the  square  root  of  25a:— 70art+49xi. 

Ans.  bxi^lxi  or  *lxi^5xi, 

M    ^        .1.                     .    i.  4fl'     12atf   .  0c* 
4«  Extract  the  square  Foot  of  -r^ -Tj — h-^. 

.       2a    3c         3c     2a 
An,.  ^--  or  -5.-^. 

5«  Extract  the  square  root  of  r^— i^^+^a?^ 


Ans.  \x^^\x*  or  \x^^\^. 


6*  Extract  the  square  root  of  9a"j;a —42a  v  a;  4   +4t^a'^X2. 

n    m  m     n  mn  nni 

Ans.  BaJx^^laJxlL  or  laJx'i—Salx^. 

7.  Extract  the  square  root  of  10a;*— 10a;'— 12«*  +  9aJ*— 2a:  + 1  +6a;'. 

Ans.  ±(3a:"-2a:''  +  a;-l). 

.2a6V  +  5V+aV 


8«  Extract  the  square  root  of 


2a*a;" +«*"'+ a?'" 

,  aa?  +  5V 


a-^  +  a:" 

9.  Extract  the  square  root  of  43:"— 20a:*'a^  +  25aj*a'+24a;^y^6i 
— 60a;^y^aM4-366yf  Ans.  =k(2a;*-6a;*a3 +6yV). 

10*  Extract  the  square  root  of  a*— 2a'+|a'—^+iV- 

An$.  d:(a«-a  +  i). 
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PROBLEM. 
(193«)  To  extract  the  cube  root  of  a  polynomuL 

RULE. 

1.  Arrange  the  given  polynomial  according  to  ike  powers  ef^m- 
tain  letter. 

2.  Extract  Vie  cube  root  of  the  first  term  of  the  poiymomialf  oc 
place  the  result  as  the  first  term  of  the  required  rooL  ^ 

3.  Subtract  the  cube  of  the  first  term  of  the  root  from  ike  given  p^y 
nomial. 

4.  Divide  the  first  term  of  the  remainder  by  three  Hmee  the 
of  the  first  term  of  the  rooty  and  place  the  quotient  eu  the  second  In 
of  the  root. 

5.  Cube  the  sum  of  the  first  two  terms  oftheroot^  and  eyJbtredh 
result  from  the  given  polynomial. 

6.  Divide  the  first  term  of  the  second  remainder  &y  three  tmn  ik 
square  of  the  first  term  of  the  rootj  and  place  the  reeuite  a*  CJU  dtri 
term  of  the  root. 

V.  Cube  the  sum  of  the  first  three  terms  of  the  root,  and  m&M 
the  result  from  the  given  polynomial.  Then  proceed  in  the  eaame  mm' 
ner  to  find  the  other  terms  of  the  root. 

DEMONSTRATION. 
The  accuracy  of  this  rule  depends  on  the  following^  prinoibleL 

PRINCIPLE 

1.  When  a  polynomial  and  its  cube  are  arranged  eicemling  lo  A 
powers  of  a  certain  letter,  the  first  term  of  the  cube  is  the  cube  ^  A 
first  term  of  the  polynomial. 

This  principle  is  only  a  particular  case  of  that  apon  whiA  tti 
division  of  polynomials  is  based. 

PRINCIPLE 

2.  When  a  polynomial  and  its  cube  are  arranged  aeeording  to  dr 
powers  of  a  certain  letter,  and  the  cube  of  the  sum  ofn  terma  rf  fk 
polynomial  is  subtracted  from  its  complete  cube,  the  first  term  ^dc 
remainder  is  three  times  the  product  of  the  square  of  the  first  termd 
the  polynomial  by  its  (n  +  l)8t  term. 
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Let  A  represent  the  first  n  termB  of  a  polTnomial,  and  B  the  re- 
maining terms.  Then  the  whole  polynomial  noay  be  represented  by 
A  +  B,  which  we  will  suppose  is  arranged  according  to  thedecreasmg 
powers  of  a  certain  letter.  If  we  subtract  from  the  cube  of  ^+^9 
which  is  -4'4-3w4'-5+3w4^  +  ^,  the  cube  of  the  first  n  terms  of 
A^B,  which  is  w4*,  there  remains  8-4*-B4- 3-4-8"+^.  It  is  evident 
that  in  the  remainder  8-4'-B+3-4^+^  the  first  term  of  ZA^B  con- 
tains a  higher  power  of  the  leading  letter  than  any  of  the  other  terms, 
and  is  therefore  the  first  term  of  the  remainder.  But  the  first  term 
of  ZA^B  is  three  times  the  product  of  the  square  of  the  first  term  of 
A^  which  is  the  first  term  of  the  proposed  polynomial,  by  the  first  term 
of  B^  which  is  the  (n  +  !)«<  term  of  the  same  polynomial  Hence  the 
principle  is  established. 

Let  us  proceed  now  to  the  extraction  of  the  cube  root  of  a  poly- 
nomial which,  as  well  as  its  root,  we  shall  conceiye  to  be  arranged 
according  to  the  powers  of  a  certain  letter.  By  the  first  Principle, 
we  know  that  the  first  term  of  the  polynomial  is  the  cube  of  the  first 
term  of  the  root ;  hence,  we  shall  obtain  the  first  term  of  the  root  by 
extracting  the  cube  root  of  the  first  term  of  the  polynomial.  By  the 
second  Principle,  if  we  subtract  from  the  polynomial  the  cube  of  the 
first  term  of  the  root,  the  first  term  of  the  remainder  will  be  three 
times  the  product  of  the  square  of  the  first  term  of  the  root  by  the 
second  term  of  the  root ;  hence,  we  shall  obtain  the  second  term  of 
the  root  by  dividing  the  first  term  of  the  remainder  by  three  tipies 
the  square  of  the  first  term  of  the  root.  Also,  by  the  same  principle, 
if  we  subtract  from  the  proposed  polynomial  the  cube  of  the  sum  of 
the  first  two  terms  of  the  root,  the  first  term  of  the  remainder  will  be 
three  times  the  product  of  the  square  of  the  first  term  of  the  root  by 
the  third  term  of  the  root ;  hence,  we  shall  obtain  the  third  term  of 
the  root  by  dividing  the  first  term  of  this  remainder  by  three  times 
the  square  of  the  first  term  of  the  root  Continuing  thus,  we  shall 
obtain  all  the  terms  of  the  root.  This  process  is  exactly  that  given  in 
the  rule ;  hence,  the  accuracy  of  the  rule  is  rigidly  established. 

PROBLEM. 

(1940  Extract  the  cube  root  of  «•— 6«»+21a;*--44a;'  +  63ar" 
—640:4-27. 
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Operation, 


Qx*)  —  Ojt* 


x*—iir*  +  V2x*—  Sx* 


3j-*)0x* 


«•— 02;"  + 214:*— 44^' +  C3^»— 54*4-27- 


REMABK.^Tbo  Student  should  obsenro  that  it  ia  not  neoeutaiy  to  bring  don 
AD7  terms  of  the  remainder  except  the  first,  as  was  done  in  tbe  above  ope» 

tiOD. 

SOLUTION. 

1.  Wo  arranged  tlio  given  polynomial  according  to  t&e  decieaus 

powers  of  x. 

2.  We  extracted  the  cube  root  of  x*  and  plaoed  the  result,  ^jU 
the  first  term  of  tlie  root, 

3.  Wo  subtracted  the  cube  of  x*  whicli  is  **  from  the  fiiFen  polr- 

noinial. 

4.  Wedinded  —  6**,  the  lirst  term  of  the  remainder,  hySx\v 
tlireo  time  tlie  square  of  x*,  and  placed  the  result,  —20?,  as  the  mood 
ten  II  of  the  root, 

5.  Wo  cubed  x^—2x,  which  is  tlie  sum  of  the  first  two  terms  of  Ai 
root,  and  subtracted  the  result,  a;"— 6j:*  +  12a;*— 8j:*,  from  the  ffm 

pohnoinial. 

6.  Wo  dividetl  9j:*,  the  first  term  of  the  second  remainder,  by  tt*, 
or  tliroo  times  Uie  square  of  j:',  and  plac^  the  result,  3,  as  the  thiid 

term  of  tlh*  root. 

T.  Wo  cubed  a?'— 2j?4- 3  wliich  is  the  sum  of  the  first  three  tons 
of  the  root  and  subtracted  the  result,  a;*— 6j:*  +  21«* — 44^4.6tf 
— 54jr  +  27,  from  the  given  polynomial,  which  left  no  remainder. 

EXAMPLES. 

1.  Extract  the  cube  root  of  a' +  3a'6  +  3ai»' +  6'.         -4n«.  a+t 

2.  Extract  the  cube  root  of  8aV— 84a*6x*  +  294a6V — S4BbV. 

Alls.  2flw— ir&x*. 

3.  Extract    the   cube    root    of    Sx*  —SQax*  +  102a*x*  l7leV 

+  204aV-144a*i:+64a\  Ans.  2x^^Bax^la\ 

4.  Extract  the  cube  root  of  a;*— Oz^  +  SOx*— 99i:'4-166«*— I44f 
+  64.  Ana.  «•— 84r+4. 
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5«  Extract  the  cube  root  of  a;*  +  6ar*— 40a?'  +  96a?— 64. 
4  Aiu,  rc*+2aj— 4, 

6.  Extract  the  cube  root  of  x^—f^x^i-lSx^^iOx^+lBx^—Qx  +  l. 

Afu.  «'—2«  +  l. 

7*  Extract  the  cube  root  of  a*+8a'6  +8a"c+8a6'  +  3ac'  +  6a6c 
+6'  +  36'c  +  36c'-|-c\  ulrw.  a+b+c. 

8#  Extract  the  cube  root  of  27«'--J54a;»+6Sa;*— 44a^+21«'— 6ar 
*][  4-1.  Ans.  3ar'^2ar+l. 

9.  Extraot  the  cube  root  of  (a+6)*  +  3(a4-6)'c+3(a+5)c'+c'. 

Ans.  a-i-b+e, 
k    10^  Extract  the  cube  root  of  1— 6a;  +  12a:'— 8«'.       Ans.  1— 2a?. 

,  PBOBLJJM. 

(195*)  To  find  the  971th  root  of  a  polTuomial. 

■  EULE. 

1.  Arrange  the  polynomial  according  to  the  powers  of  a  certain 
'  ktter. 

2.  JSxtract  the  mth  root  of  the  first  term  of  the  polynomial^  and 
jUace  the  result  as  ihe  first  term  of  the  root, 

3.  JRaise  the  first  term  of  the  root  to  the  mth  power,  and  subtract  the 
result  from  the  given  polynomial. 

4.  Divide  the  first  term  of  the  remainder  bym  times  the  (m—l)st 
•  potoer  of  the  first  term  of  the  root,  and  place  the  quotient  as  the 
'    second  term  of  ihe  root, 

5.  Raise  the  sum  of  the  first  two  terms  of  the  root  to  the  mth  power, 
^   and  subtract  the  result  from  the  given  polynomial, 

6.  Divide  the  first  term  of  the  second  remainder  by  m  times  the 
(m  —  iyt  power  of  the  first  term  of  the  root,  and  place  the  quotient 
as  the  third  term  of  the  root.  Continue  thus  until  all  ihe  terms  of 
the  root  are  obtained. 

DEMONSTRATION 
To  be  supplied  by  the  student 

PBOBLBM. 

(196.)  Extract  the  41ih  root  of  a*-.4a*a;+«*  +  6aV— 4aa;\ 
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Operatum. 

o*— 4a'x+6oV-4a*»+«*(a— » 
a* 


4a')  -4a*x 

BOLUTIO V. 

1.  We  ammged  the  polynomial  aocording  to  the  decreMiii| 
of  a. 

2.  We  extracted  the  4th  root  of  a*  and  placed  the  roaiilt^  i 
first  term  of  the  root. 

8.  We  raised  a—x  to  the  4th  power,  and  obtained  i 
+6aV— 4ax'+2\  which,  subtracted  from  the  £^ven  polynoi 
DO  remainder. 

EXAMPLES. 

!•  Fmd  the  second  root  of  «'  +  2ary+y*+6» -f-ey»  + to*. 

i  J.  Find  the  third  root  of  a*— 0a'x+12ttr'— 8x". 

I  .^-.j  Ans.  a 

-..|  8«  Find  the  fourth  root  of  16a*~06a'x+216aV— 216ftr 

:^  Ana.  db(2a- 

4.  Find  the  sixth  root  of  a;'— 6x'  +  15«*— 20x*  +  15*»— 8x 

An9.  ±{x 

5.  Find  the  eighth  root  of  ar'  +  8x' +28jr*  +  6ex»  +  'rOa 
4-28j:'  +  ar  +  l.  Ana.  db(« 


CHAPTER  II. 

RADICALS. 

m 

(197«)  A  radical  expression  is  one  which  containB  one  or  more 

0  xsdical  signs,  or  fractional  exponents ;  as,  Va,  ai,  Va',  isc 

'  (198«)  A  rational  quantity  is  one  which  may  be  represented 
ii^thout  the  aid  of  a  radical  expression.  Thus,  ya\  8*,  and  V81  are 
If  rational  quantities,  because  they  may  be  represented  d:a,  2,  and  =i:d. 

(199.)  An  irrational  or  surd  quantity  is  one  which  can  not  be 
lepresented  without  the  aid  of  a  radical  expression ;  as,  i^o,  f^5, 2^,  &c, 

L^i     (200.)  An  imaginary  quantity  is  one  which  is  represented  by  a 
^radical  expression  denoting  the  even  root  of  a  negatire  quantity ;  as, 

V^,  V^,  (-4)i,  ifec 
■i      (20 1.)  A  quadratic  surd  is  one  in  which  the  root  indicated  is 
b  ihe  square  root;  as,  V'o,  Vb,  1^2,  &c. 
^       (202*)  A  cubic  surd  is  one  in  which  the  root  indicated  is  the 

1  cube  root ;  as,  l/a,  bi,  V2,  &c. 
f 

THEOREM. 

(203«)  77ie  square  root  of  a  rational  quantity  can  Tiot  be  partly 
rational  and  partly  a  quadratic  surd. 

DEMONSTRATION. 
If  possible,  let  the  square  root  of  a  be  b+Vc,  It  follows  then  that 
a  must  be  equal  to  the  square  of  b+Vc,  or  ft'  +  SftVc  +  r,  that  is,  a 
rational  quantity  is  equal  to  the  sum  of  two  rational  quantities  and  an 
irrational  one,  which  is  manifestly  impossible,  therefore,  ya=b+ye 
represents  an  impossibility. 

THEOREM. 
(204.)  In  any  equation  insisting  of  rational  quantities  and 
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quadratic  surds,  the  sum  of  the  rational  quantitieM  on  each  side  cf  (k 
^yn  of  equality  is  equal,  and  also,  tlie  sum  of  ike  quadratic  surds. 

DEMONSTRATION. 

If  a+i+4'c+Vrf+f'c=»i+»+/>+fr+f>,  then  a  +  6=m+Ji+f 
and  f'rfl^J-f |/c=lV+V>.  Let  A=a+b  and  VW^Ve+Vd-^'t: 
also,  C=m-hn+p  and  V7>"=/r+Kp,  then  A-\-V'B'=C+VJ5'. 

If  A  does  not  equal  (7,  let  it  equal  C7db<,  then  C±zt-\-V £1=0^^1 
or  ±:i+VB=VD9  which  shows  that  the  square  root  of  2>  is  equl^ 
a  quantity  partly  rational  and  partly  a  quadratic  sard,  which  bjtiv 
last  Theorem  is  impossible,  unless  =hl  is  equal  to  nothing;  whcoa 
irB=y^ and  A=za     Q.  K  D. 

THEOREM. 
(205*)  If  the  square  root  of  a -\-Vb  equals  x+y,  then  ike  sqm 
root  of  a—Vh  equals  x^y;  x  and  y  being  supposed  to  be  one  or  M 
quadratic  surds. 

DEMONSTRATION. 

By  hypothesis  a+Vb=zx''h2xy+y*=:2^+jf-{'2xy.  It  is  eridoi 
that  x*'\-y*  must  he  rational,  since  both  x^  and  y*  are  ntiod, 
whetlicr  x  ot  y  are  supposed  to  be  rational  or  quadratic  nA 
Hence,  by  the  last  Theorem,  we  must  have  o=a:*4-y»  and  VS=Sj9; 
whence  a— V'ft=a:'+y'— 2ary=j:'— 2xy+y',  or  |/a— f^6  =«— y. 


REDUCTION    OF    SURDS. 


PROBLEM. 

(20G.)  To  reduce  a  rational  quantity  to  the  form  of  a  picpoael 
fiurd. 

RULE. 

Involve  the  given  rational  quantity  to  a  power  denoted  6y  ike  isdtt 
of  the  proposed  surd,  and  then  represent  the  corresponding  rool  ^  di 
result  by  means  of  a  radical  sign  or  fractional  exponent. 


BSDUCnON  OF  SUBD&  IttL 

PROBLEM. 

(207  •)  Reduce  a  to  the  form  of  a  cubic  surd. 

SOLUTION. 

The  cube  root  of  a*  or  Va*==(a*)*  is  evidently  the  required  form* 

EZAMPLBS. 

1«  Reduce  3  to  the  form  of  a  quadratic  surd«       Ana.  Vd  or  0^. 

2*  Reduce  8^  to  the  form  of  a  cubic  surd.  Atu.  \/27^« 

cUkc 

8*  Reduce r- —  to  the  form  of  a  cubic  surd. 

a-i-b+x  

^  (a-^b+xf 
4«  Reduce  a+x  to  the  form  of  a  quadratic  surd. 

Ans.  Va*-^2ax-\'X'. 

5«  Reduce  —  to  the  form  of  a  quadratic  surd.  Ans.  y-z-» 

5  ^  s  /T25 

6«  Reduce  -t=  to  the  form  of  a  cubic  surd.  Ans.  4/ — , 

7*  Reduce  aJh^  to  the  form  of  the  fifth  root,  Ans.  (ah^y. 

8«  Reduce  Va  to  the  form  of  a  quadratic  surd.       Ans.  i/Va' 
9«  Reduce  ~a  to  the  form  of  a  quadratic  surd. 


Ans.  Va*=::V{-a)\ 
I0«  Reduce  —a  to  the  fonn  of  the  fourth  root       Ans.  V(— a)*. 

PROBLEM. 

(208«)  Reduce  of^  to  the  form  of  a  quadratic  surd. 

SOLUTION. 

Since  a=Va\  we  have  (^b=Vayb=Vc?b. 

EXAMPLES. 

1«  Reduce  2f^3  to  the  fonn  of  a  quadratic  surd.  Ans.  Vl2. 

2«  Reduce  3\/2  to  the  form  of  a  cubic  surd.  Ans.  v/54. 

t.  Reduce  aVb  to  the  form  of  the  mth  root  Ans.  Va*^* 
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4,  Beduoe  (a~6)Va'+6'  +  2a6  to  the  ksnn  of  m  qiiadrmtie  mri 

Ans.  Va^— aaV+i-. 

PBOBLEH. 

(209*)  To  reduce  two  or  more  radicals  Imving^  diflbrrat  in&i 
to  equivalent  ones  having  the  same  index. 

RULE. 

Bfpresent  th$  given  radicals  by  the  aid  offiraeiUmai  exponefUa,  mi 
reduce  these  fractional  exponents  to  equivalent  ones  haoing  a  eowMi 
denominator ;  then  raise  each  quantity  respectively  to  the  poteen  i^ 
noted  by  the  numerators  of  these  fractions^  and  the  eontnum  demm» 
tor  will  be  the  index  of  the  root  of  each. 

PBOBLBM. 

(2 10.)  To  reduce  2V3  and  W2  to  surds  ezpx^aung  tbe  Hi 

root 

SOLUTION. 

We  have  2V3=V24=(24)^  and  3V2=m=(18)*.  But  }=f 
andi=^;  whence,  (24)*=(24)*=(24»)*'=:576*=V57e,aiid(18)* 
=(18)*=(18*)*=(5832)*=:V6832.  Therefore,  2l/3=V576  i^ 
3i^2=V5832. 

EXAMPLES. 

I.  Reduce  V2^and  V4  to  surds  expressing  the  same  root. 

Ans.  VS  and  1/16. 

2«  Reduce  fV  and  Vy  to  surds  expressing  the  same  root 

Ans.  'VV*  and  *VV* 
3f  Reduce  Vox  and  Vbsi^  to  surds  having  a  common  index. 

Ans.  VaV  and  l/5V. 
4«  Reduce  VS  and  V2  to  surds  having  a  common  index. 

Ans.  V27  and  VL 
5*  Reduce  6'  and  5^  to  surds  having  a  common  index. 

Ans.  'V^and  VK 


BSDUcnoN'or  subds.  4)^^ 

6*  Reduce  2^,  8  %  and  ^6  to  sards  haying  a  common  index. 

Am.  *V6T2,  V6561,  and  V15025. 


7«  Reduce  a^a^x  and  hX/a^-^a^  to  surds  having  a  conmion  index. 

-4jw.  Va*-8a*«4-3aV--aV  and  Va*6*— 2a»6V+6V. 

6 

8.  Reduce  aVx-^y  and  .  — —  to  surds  having  a  oonunon  index. 

Ana.  VaV-2a*«y+ay  and  V6*(«+y)"*- 


!■        9«  Reduce  fa'— «•  and  Va*+«*  to  the  form  of  the  eighth  root 
f  ^iM.  V(a*-«*)*  and  Va«+2aV+«*. 

I       10«  Reduce  (a+d;)i  and  (a— «)t  to  surds  having  a  common  index. 
Am.  (a*+3a««+8aa:»+«')*  and  (a*-4a»a;+'6aV-4a«»+«*)^. 

PBOBLBM. 

(21 1«)  To  reduce  surds  to  their  simplest  fonn. 

BULS. 

Separate  the  quantity  under  the  radical  into  two  factors,  one  of 
which  must  be  the  greatest  perfect  power  corresponding  to  the  root 
indicated  that  is  contained  in  the  given  quantity.  Extract  the  root  of 
this  factor^  and  piace  the  product  of  it  by  the  coefficient  of  the  radical 
part,  as  the  coefficient  of  the  other  factor  affected  by  the  given  radical 
sign. 

PBOBLBM 


(2 1 2.)   1.  Reduce  4V5(a* +a'6)  to  it  simplest  fonn. 

BOLUTZOB. 


Since,  V6(a«+a*5)= V5(l  +a6)a*= Va*  1/5(1  +aA)=aV5(l  •\-ab\ 
we  have,  4 V6(a' + a*&) =4c^5(l  +  ab). 

PBOBLBM 

2.  Reduce  ^f  to  its  simplest  fonn. 

SOLUTIOB. 


Since,  V»=Vif=ViV-l«=ViV  Vl5=iVl5,  we  have  iV»= 
iVl5. 
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EXAMPLES. 


1«  Bedijoe  Vl6a'x  to  its  simplest  form.  Ans.  ^a)/z. 


2*  Reduce  \/ah*x  to  its  simplest  form.  Am.  hXjox, 

8*  Reduce  V/81  to  its  simplest  form.  Ans.  Z\j\ 

4«  Reduce  1^288  to  its  simplest  form.  Ans.  12f  2. 

£•  Reduce  i^|  to  its  simplest  form.  Am,  \vh. 


6«  Reduce  V2*la*x^  to  its  simplest  form.  Ans,  Zaa^VZax, 


7«  Reduce  \/bax*—Wx*  to  its  simplest  form« 


Am.  z\/6ax—3b\ 


8«  Reduce  Va""**^  to  its  simplest  form.  Am.  ajyoTb. 


9.  Reduce  V{a-\-bxYxy  to  its  simplest  form.    Ans.  {a'\-hxyVxy. 


10*  Reduce  \/(a+2;)'6*  to  its  simplest  form.  Am.  {a-\-x)hh 


11.  Reduce  j/i ^^—^ to  its  simplest  form. 

12.  Reduce  VI 35  to  its  simplest  fonxL  Am.  3V5< 
13*  Reduce  54^54  to  its  simplest  foniL  Am.  15V6« 
14.  Reduce  3\/108  to  its  simplest  form.  Am.  9W« 
15f  Reduce  \/ax*  +  hx*  to  its  simplest  form.  Am.  s\/a-\-hx*4 

16.  Reduce  ^V^f  to  its  simplest  form.  Am.  T^i^2l« 

17.  Reduce  5V|  to  its  simplest  form.  Am.  f Vl8« 

18*  Reduce  ^y-r  to  its  simplest  form.  Am.  -j^d. 


19.  Reduce  y  ^i \  ^  ^**  simplest  form. 

.  h        

20*  Reduce  y  —^  to  its  sfanplest  fomL      Am.  — ^|/a(«— af)< 
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ADDITION    OF    RADICALS. 

PROBLSM. 
(213.)  To  add  radicals. 

RULE. 

Beduee  the  radicals  to  their  simplest  form,  and  proceed  as  in 
addiiUm. 

•  PROBLEM 

(214.)  1.  Add  together  V600  and  Vi08. 

SOLUTION. 


V500=V125  .  4=V126V4=6V4 
and  V108=V27    .  4=V27  V4=8l/4 

Therefore,      V600+V108=5V4  +  3V4=8l/4. 

PROBLEM 

2.  Find  the  sum  of  ZV\  and  2V^. 

SOLUTION. 


and  2t^^=2y;vv=24^;^7nb=2V^;|7VT0=2  .  TVf^io=jt^lO 


Therefore,  3V|  +  24^tV=}*^10+J4^10=JV'10. 

EXAMPLES. 

I«  Find  the  sum  of  4/18  and  4/8I  ^rw.  51^2. 

2«  Find  the  sum  of  -^75  and  4/48.  ^n5.  9V3. 

(•  Find  the  sum  of  4/a'ar  and  4/c^  ^iw.  (a  +  c)Vz. 

4e  Find  the  sum  of  4/150  and— y'S?.  ^n*.  2V6. 

4*  Find  the  sura  of  Va"6  and  V^aj'".  ^«*.  (a  +  a:')V^. 

••  Find  the  sum  of  4/4a«»  and  ZxV^ia.  Ans.  llaj|/a. 

10 
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7.  Ilnd  the  sum  of  3a;V2a V,  8aV2a'a;*  and  2cufi/2a*:i^.    


8.  Find  the  soni  of  |/^,  y  TX*  ^^^  V'i^' 

.       (a^      ax  ^  ac\   fx 

».  Rndtheeomof  i/^^^  and  ^/^l^g. 


A«.  2i'2;±^fi 


(^ 


10.  Find  the  sum  of  V32  and  2V40.  Ans.  2V2  +  4V5- 

11.  Find  the  sum  of  4/24,  |/54,  and  -^6.  ^iw.  AV^. 

12.  Find  the  sum  of  2VS,  —  7fl8,  64^72,  and  -1^60.    Ans.  8f  2. 

13.  Find  the  sum  of  31/32  and  2V54.  Ans.  6(V4  + V2). 

14.  Find  the  sum  of  ^^24,  2f'72,  and  aVO?. 

Ana.  2{VQ-heV2)+axVe. 

15.  Find  the  sum  of  8V(,  V^,  — yf  15"and  f f.       Ans.  4^3. 

16.  Find  the  sum  of  VsT,  — 2V24,  ^^28  and  21^63; 

Ans.  Sf'?— Vi. 


17.  Rnd  the  sum  of  |/^^  «^  "VS"' 


2b  f  2b  _ 


Ans.  (3a-l)  y?'* 


18.  Find  the  sum  of  36»fVc,  +-  foV  and-<?*j/^. 

19.  Find  the  sum  ofV64a"^ft»,  -l/16a"^'6*,  V2a^*+*,  and  V2cV. 

-4n«.  (3a'6-  — +a'^+cW2a^. 


20.   Find    the    sum    of   V2"\i'^^6"^*,    V3-a''— ^•6»+*,    and 


SUBTRAOnON  OF  BADIOALS.  1^ 

PBOBLSM. 

(216.)  Find  the  sum  of  V'S  and  1^32. 

SOLUTION. 

If  we  square  V^  + 1^32  and  then  take  the  square  root,  we  would 
have  a  quantity  equal  to  the  sum  of  V8  and  ^"32.  The  square  of  V^ 
+  f^32  is  8  +  2.t^8.V'32+32,  or  40 +  2.4^8^ or  40  +  21^266,  or 
40+2 .  16,  or  40+82=72.  The  square  root  of  72,  or  f'72=61^2, 
which  is  the  sum  of  V8  and  1^32. 

Hie  application  of  this  mode  gives  exercise  in  the  involution  of 
radicals. 

BZAMPLSB. 

1.  Rnd  the  sum  of  V\2  and  f^27.  Ans.  6t^3. 

t.  Find  the  sum  of  Vl6  and  1/54.  Ans.  6V2. 


SUBTRACTION   OF   RADICALS. 

PBOBLEM. 
(21 6.)  To  subtract  radicals. 

BU  L  E. 
Change  the  sign  of  the  radical  to  be  subtracted  a:nd  proceed  as  in 
addition  of  radicals. 

PROBLEM. 

(217.)  From f^^  subtract  f^;. 

SOLUTION. 

and     n=i^=»^A>g=i^=fV^ 

EXAMPLES. 


!•  Vma  f  108a^  subtract  ^^480^  Ans.  2xV3a. 
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2.  From  daVbJ^  take  5xVoFb.  Aru.  laxVh. 

8.  From  Vo"*  take  V^?".  Jns.  {a—s^  Vb. 


4.  Subtract  aVbc*  from  Vl6a*6V.  Ans.  acVb. 

5.  Subtract  3 1/45  from  5  f  20.  Aiu.  V5. 

6.  From  Vi92  subtract  1/24.  Jns.  2V3. 

7.  From  SVf  subtract  2V^.  Am.  f  VlO. 

8.  From  i  V\  subtract  f  V^.  Jim,  fjf^e. 

9.  From    !/^  subtract  V|J.  Jn,.  (3«-|) '/g. 


»^      a"— 2aft  +  6"  '^     a*+2a5+V 

II,  Prom  V66  subtract  —1/189.  Jiw.  5  V^. 


12,  From  ZVa^h  subtract  — 3f^l6a*6.  Jn».  (12a*+8a)f*. 


^   H    »   »t  ^ 


MULTIPLICATION   OF   RADICALS. 

PROBLEM. 
(218.)  To  multiply  by  radicals. 

RULE. 

Reduce  the  radicals  to  equivalent  ones  expresHng  the  game  rooi^  emd 
multiply  the  coefficients  together  for  the  coefficient  of  theprodaety  and 
the  parts  under  the  radicals  for  the  radical  peart. 

PROBLEM. 

(219.)  Multiply  Va  by  Vh. 

SOLUTION. 

Varrz^Vo^and  V6="V^,  whence  Va^V6=*V«i?*-'Vft^="V5*r 
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EZAMPLB8. 

1.  Multiply  f^2  by  |/5.  -4w.  |/To. 

2.  Multiply  |/2  by  1/2.    '  *      Am.  V32. 
8.  Multiply  |/2by  V4.  -4iw.  21/2. 

4.  Multiply  6  |/6  by  2  |/3.  -4iw.    SO  |/2.     : 

5.  Multiply  4/8  by  VI6.  Ant.  4V82. 

6.  Multiply  2V|  by  SVf.  -4im.  2V16. 
1.  Multiply  4  4/8  by  3V4.  -4iw.  121/432. 

8.  Multiply  2  4/27  by  4/8.  -4nf.  18. 

9.  Multiply  5a^  by  8a*.  -4nf.  ISVoT 
10*  Multiply  together  Vo,  V2^  and  Vc.  -^iw.  Vo^. 
!!•  Multiply  together  Vi,  IV^  and  ^VS.  .4fw.}l/120,  or  Yl/Ts. 
1  J.  Multiply  togeflier  4,  2V8  ^^  V72.  Ans.  8  ^C. 
18*  Multiply  4/a^c  by  4/aaf(a"— «•).                 ^iw.  a*«  ^a^—x'. 

14.  Multiply  together  ^  ^^^  ^  V^  and  —  VcT. 

15»  Multiply  a6+c  4/iry  by  a—  4/2:. 

Ans,  a^b-hac  j^xy—ab  j^z—c  j^xj/z. 

16.  Multiply  «—  4/^+y  by  4/2?+  4/y.  -4im.  a:  4/0;+^  4/y. 

17.  Multiply  4/a^+a"  V6+  4/a^V^+a*+  ^a  Vb*+  Vb'  by   4/a 

18.  Multiply  4/24-  i/3by  2  4/2-  4/8.  ^n*.  1+  4/6. 

19.  Multiply  2  4/6-8  4/5  by  4  4/8-  4/IO.  ^  _ 

^7W.  89  4/2— 16  4/1 6. 

29.  Multiply  6+ V4+2V6  by  4^  4^5. _       

Ans.  6  4/6  +  6  4/6+2V:i26+2Vl80+  2V644  v/2000. 
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DIVISION   OF   RADICALS, 

PBOBLEM. 
(220,)  To  divide  one  radical  by  anoihen 

BULE. 

Beduce  the  radicals  to  equivalent  ones  expressing  the  same  rooty  and 
divide  the  coefficient  of  the  dividend  by  the  coefficient  of  the  divisor  for 
the  coefficient  of  the  quotient,  and  the  radical  part  of  the  dividend  hf 
the  radical  part  of  the  divisor  for  the  radical  part  of  the  quoOent, 

PROBLEM. 

(221.)  Divide  ^  |/5  by  |V2. 

SOLUTION. 

J  |/5=iVi25,  and  |V2"=|V4.    Dividing  i  by  |,  to  obtain  |,  and 
V125   by  V4,  we   get  V^^.     Therefore,  iV6-^|V2=}V^ 


=jV-L%^=fV2000. 

SXAMPLBS. 

I.  Divide  iV5  by  iV2. 

Ans.  ivTo. 

2,  Divide  4V32  by  1/16. 

Am.  AVi,  or  2V2. 

3.  Divide  61^12  by  V24. 

Ans.  6V3. 

4.  Divide  4Va^by  Wxy. 

Ans.  ^J^VaV/. 

5.  Divide  j^ax*  by  j^bx. 

Ans.'^VlS. 

6*  Divide  >/ap— «"  by  Va"— «*. 

.       VxVa'-M 
Ans. —. 

Va+x) 

7.  Divide  o/^-^  by  5/^-^. 

^/^- 

8.  Divide  (rt^»-fte+aKy-1%  by  fi-fH 

Vy.           Jm.  a-^ 
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9.  Divide  a  +  b-c  +  2Va6  by  Va  +V6-Vc.     Ans.  |/a  +Vl  +Vc. 

10.  Divide  8f  15-^20  H-vTo- 7  by  SV'S. 

Ana.  1^3-^1+ iV2-^^245. 

11.  Divide  ^8+ Vl2  +  V2  by  2f^2.  Am.  1 4-^Vl8 +iV8. 

12.  Divide  /^a^—x*  by  a— ar.  ^iw.  i/?5Zl?. 

18.  Divide  j^ab^~-b*e  by  j^a^c.  Ans.  6. 

14.  Divide  if][  by  ^2  4-8f^f  -^n*.  ^j^. 

15.  Divide  4/72+V32— 4  by  4/8.  ^t«*.  6-V2. 

16.  Divide  4^12  by  21^3.  Jns.  2VY- 

17.  Divide  y^  by  4/j.  ^Itw.  |/^. 

18.  Divide  V64  by  2.  Ans.  \/2. 
19*  Divide  a  by  4/0.  ^nf.  |/a. 


29.  Divide  Voi^V  by  |/^.  ^«*.  |/^— V^ 


a' 


INVOLUTION    OF    RADICALS. 

PROBLEM. 
(222»)  To  raise  a  radical  expression  to  a  given  power. 

RULE. 

Proesed  according  to  the  method  given  in  Involution,  observing  the 
rules  Just  given  in  reference  to  radicals^ 

PROBLEM. 

(223.)  1.  Square  3l/3. 
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SOLUTION. 

It  is  evident  that  the  square  of  any  quantity  is  equal  to  the  product 
of  the  square  of  its  factors.  If,  then,  we  multiply  the  square  of  V3  hj 
9,  we  must  have  the  desired  result.  We  know  from  the  nature  of 
fractional  exponents,  that  the  square  of  the  cube  root  of  a  quantity  is 
equal  to  the  cube  root  of  its  square;  or,  in  algebraic  language, 
(Va)'=\/a',  because  {aiy=ai.  Hence,  the  square  of  V3=V9  and 
consequently  (3V3)'=9V9. 

PBOBLBM 

2.  Raise  |/3— ^^2  to  the  4th  power. 

BOLUTIOV. 

By  the  Binomial  Theorem,  we  have 
(f^3-f/2)*=(f^3)*-4(f^3)XV2)  +  6(i'3)XV2)*- 
Simplifying  this  by  the  rules  for  radicals,  we  obtain 

(V'3-V2)*=9-12V'6  +  36— 8*^6  +  4=49— 20^6. 

EXAMPLES. 

1,  Raise  |f^6  to  the  4  th  power.  Am,  ^, 

2.  Raise  —  Va'  to  the  4th  power.  Ana.  a*  Va\ 
8.  Raise  l7f^21  to  the  3d  power.                      Am.  103l73f'21. 

4.  Cubei/i  +  3Vy.  ^»«-  a?f'i+27y^'i+9a^y  +  27yf^y. 

5.  Cube  -Wva-Vbe.  Am.  j^Te-Va. 

6.  Square  Voa:'.  Am.  ^aa^. 

7.  Cube   ^^^  AM.i/¥±^^E^' 


ab 


8.  Raise  -j  V{c  +  x)*  to  the  4th  power. 

9,  Cube  ai/b*  -ir*  +  3arVa?.  Am.  a*b*^aV+Sa*zV€U^. 
10.  Square  ^6  +^8.  Am.  8 + 9^. 
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EVOLUTION    OF    RADICALS. 

PBOBLEM. 
(22  4«)  £ztract  the  mth  root  of  a  given  monomial  radical. 

RULE. 

Extract  the  mih.  root  of  its  coefficient,  and  multiply  the  result  by 
the  mth  root  of  the  radical^  which  is  obtained  by  multiplying  the  index 
of  ike  radical  by  the  index  of  the  root  to  be  extracted,  leaving  the 
quantity  under  the  radical  sign  unchanged  ;  or  by  extracting  the  mih 
root  of  the  quantity  under  the  radical  sign,  leaving  the  radical  sign 
unchanged, 

PROBLSM. 

(225.)  To  extract  the  mth  root  of  bVa\ 

80LIJTI0V. 

Following  the  rule,  we  get  i/6Va'=6»"Vc^=  bliyali.  When 
r=m,  we  have  i/6Vtt"'=6«  Va. 

EXAMPLES. 

It  Extract  the  square  root  of  f/o.  Ans.  \/a. 

S»  Extract  the  cube  root  oij/a*.  Ans.  Vo. 

8«  Extract  the  square  root  of  |/m'n.  Ans.  ymVn. 

4«  Extract  the  square  root  of  f/a*6".  Ans.  d/b. 

5«  Extract  the  square  root  of  8If^a.  Ans.  9Va. 

6*  Extract  the  square  root  of  9v/3.  Ans.  ZX/Z. 

7.  Extract  the  4th  root  of  |f  VoT  Ans.  \  Va. 

8t  Extract  the  cube  root  of  (5a"— Sa?*)^  Ans.  i^5a^—Sx\ 

9«  Extract  the  cube  root  of  |aV6.  Ans.  ^aVK 

!••  Extract  the  4th  root  of  Ida'  ^x.  Ans.  2t^a  V^ 
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!!•  Extract  the  6th  root  of  32V^  -4jm.  2Vz. 

12»  Extract  the  nth  root  of  Va V.  -4im.  wiz'^. 

13.  Extract  the  cube  root  of  ^y  ^.  -4jw.  |/8a. 

3      3 

14.  Extract  the  cube  root  of  \V2.  Am.  |V2. 


15*  Extract  the  cube  root  of  (a  +  x)Va + x.  Ans,  |/a + x. 

16.  Extract  the  cube  root  of  "V8z*.  u4n#,  ^2x. 


17.  Extract  the  cube  root  of  21  'V2la\  Ans.  8  VSo*. 

18.  Extract  the  4th  root  of  81a"  Vi^T  Am.  Za*  \/2x. 


19.  Extract  the  18th  root  of  Va*'b'\  Ans.  a  V6'. 

20.  Extract  the  5th  root  of>/32ar".  uln*.  aV2. 

PBOBLSM. 

(226«)  To  extract  the  square  root  of  a  binomial  surd,  one  of 
whose  terms  is  rational  and  the  other  a  quadratic  surd. 

80LIJTI0K. 

Let  \/x+Vt/  represent  the  square  root  of  a+Vbi 
Then,  x-h2Vxi/  +  iffOTX'{-y+2Vxy=za-\-Vb;  whence,  by  Theorem, 
(204),  we  have  x-\-t/=a.    We  know,  by  Theorem  (206),  that 

if  j^x H- f^y =i/a+f^,  that  |/ar — V'y =i/a— V6.  It  is  evident,  then, 
that  the  product  of  \/x+Vy  by  |/ar— f^y,  which  is  a:— y,  mnst  equal 
the  product  of  |/a+f^6  by  i/a— V6,  which  is  j^a*—b,    Thia  gives 

us  ar— y=  Va^—b.  If  we  extract  the  square  root  of  half  the  sum  of 
x  +  y  and  x—y,  the  result  must  equal  the  square  root  of  half  the  i 


of  a  and  |/c'— 6,  that  is  j^x=y  . 

Also,  if  we  extract  the  square  root  of  half  the  difference  of  x+y 
and  a;— y,  the  result  must  equal  the  square  root  of  half  the  difierenoe 


of  a  and  |/a'— 5,  that 


i8,|/y=v' 


'a-^^a'^b 
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Whence,  we  have  the  formula, 


Letting  a/ a'-^hz=:^x—Vy^  we  would  have 


a^a^^h 


a^d^—h 


PROBLEM 

(227.)  1.  Extract  the  square  root  of  19  +  8^3. 

SOLUTION. 

In  this  problem,  a=19,  and  f^6= 81^3=^192,  or  6=192.    Putting 
thesa  values  in  the  first  of  the  above  formulas,  we  have 


/I^Tv!It=|/H±i:?51i:H£+/. 


19— V361  — 192 


^ii^  4. 4/jLk^=:f^j^  4.^1=1^16  +  f  3=4 +1^8'. 

Instead  of  using  the  formula,  we  might  pursue  the  operation  indi- 
cated in  obtaining  the  formula. 

PROBLEM 

2.  Extract  the  square  root  of  7+44^3. 

SOLUTION. 

His  may  be  solved  as  the  last  problem.  The  following  method, 
however,  is  generally  as  easily  applied : 

7  +  4^3=4  +  44^3  +  3.  Taking  the  square  root  of  4+4^3  +  3 
by  the  role  given  in  Evolution,  we  have  for  the  result  2  +  f^?. 

It  is  easier  to  use  the  &ct  that  a  trinomial  is  a  perfect  square  when 
twice  the  product  of  the  square  roots  of  two  of  the  terms  vt  equal  to  the 
remaining  term. 

In  this  example  a  bare  inspection  shows  that  twice  the  product  of 
the  square  roots  of  4  and  3  is  equal  to  41^3. 


Hence,  j/7+4V3,  or  |/r+4i^3+3=2+V3. 
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PROBLEM 

3.  Extract  the  square  root  of  ^32— ♦^24. 

SOLUTION. 

It  is  obvious  that  the  formula  can  not  be  applied  to  |/82— 1^24  as  it 
stands,  since  both  terms  are  surds.  It  may,  however,  be  made  to 
assume  the  proper  form,  for 

If  we  extract  the  square  root  of  2— V3,  which  is  of  the  reqoiatB 
form,  we  have,  by  the  second  formula. 

This,  multiplied  by  the  square  root  of  f/8,  which  ia  VSy  pfv 
VT8-V2. 


Therefore,  |/i^82-V24=Vl8-V2. 


PROBLEM 


4.  Extract  the  square  root  of  a"4-2a:i^a*— «*. 

SOLUTION. 


Since  a"  +  2arf^a'— ir*=a;'4-2a;V'a»— a:'+a*— «",  a  bare  i 
shows  that  its  square  root  is  x+Va*^x^. 

EXAMPLES. 

1,  Extract  the  square  root  of  6  +4^20.  Ant.  1  +f  6. 

2,  Extract  the  square  root  of  8  +V'39.  Ans.  i(f^26  44^6). 
8.  Extract  the  square  root  of  11 +V12.  Ans.  8  +f^. 
4*  Extract  the  square  root  of  6— 2V'6.  Ans.  —l+Vi. 
5*  Extract  the  square  root  of  23— 8^^^.  Ans.  4—1^. 

6.  Extract  the  square  root  of  33  + 124^6.  Ans.  3  +24^6. 

7.  Extract  the  square  root  of  7— 2yl0.  Ans.  i/6— f'i 


8.  Extract  the  square  root  of  42  +  31^1741.       Ans.  |/14+2f^. 

9.  Extract  the  square  root  of  10—1^96.  Ans.  —  2+V6. 
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M»  Extraotthesquareroot  of  a;— 21^:i;~l. 
II.  Extract  the  square  root  of  28  +  5 yT2. 


Ant.  l-^a;— 1. 
Ans.  6+V8. 


12.  Extract  the  square  root  of  2  +  2(1  —x)  Vl  -f2a:— a?'. 


Ans.  l-'X+Vl  +  2z—x'. 


18*  Extract  the  square  root  of  43  — 154^8. 
14t  Extract  the  square  root  of  5— 1^24. 
I5»  Extract  the  square  root  of  8— 2f^. 
U.  Extract  the  square  root  of  87—121^42. 
17*  Extract  the  square  root  of  |  +^2. 
18*  Extract  the  square  root  of  2  +1/8. 
19*  Extract  the  square  root  of  f/27  +  2f^6. 
20«  Extract  the  square  root  off/32  +  6. 
21.  Ectract  the  square  root  o^zVh+VTo. 
22*  Extract  the  square  root  of  3 i^6  + 2  fl2. 
28*  Extract  the  square  root  of  |/18— 4. 
24*  Extract  the  square  root  of  12—1^140. 


Ans.  6— 3f2. 

Ans.  y3--V2. 

Ans.  1— f2, 

Ans.  dyf—2V6. 

Ans.  1+14/2". 

Ans.  iVi+iy2. 

Ans.  Vi2  +  V3. 

Ans.  2+4^2. 

Ans.  V6+V20. 

Ans.  V6+V24. 

Ans.  V8-V2. 

Ans.  1/7-4/5. 


2S«  Extract  the  square  root  of  2a+2Va*—h\ 


Ans.   ya+6+4/a— 6. 


2t«  Extract  the  square  root  of  aX'-2aVax—a\ 


Ans.  a— Vox— a*. 


27.  Extract  the  square  root  of  ■t'^o^*'""^*' 


Ans.  -  +  ^4/a*— c\ 


28«  Extract  the  square  root  of  (:r+:ry)—2x|/y. 


Ans.  {Vy-l)Vx. 


2f«  Extract  the  square  root  of  -r+y 


12aV     4aV 


W 


rf*  • 


ae       /3a    arcr 
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SO.  Extract  the  square  root  of  (6'— a6+^j+1^4a5'— 8aW+a*6. 

PBOBLEH. 
(228  •)  To  extract  the  cube  root  of  a  binomial  A+B. 

RULE* 

^  SeparaU  either  term  as  A,  into  two  8uch  parts  that  the  one  if 
them  may  he  a  culnc  number^  and  the  other  part  divisible  by  3  wth' 
out  a  remainder;  then  the  cube  root  of  the  said  cubic  part  will  he  <me 
term  of  the  rootj  and  the  other  term  wiU  be  the  square  root  of  the  quo- 
tient^ arising  from  dividing  the  aforesaid  third  part  by  the  first  term 
just  found.    So    if  A  be  divided  into  r*  +  d«  then  the  root  is 

PROBLEM. 

(229*)  Extract  the  cube  root  of  10  +  ♦0[08, 

80LIJTI0K. 

Separate  10  into  the  two  parts,  1  and  9  of  whicb  the  first  is  a  p«- 
fect  cube,  and  the  other  exactly  divisible  by  3 ;  whence  r=l  and  #=8. 

Therefore  r  +  4/  *= 1  +1^3.  We  can  obtain  the  same  result  by  sepaim- 

ting  1^108  into  two  parts,  VT0B=  ^21  +  3f3,  the  first  of  which  is 
a  perfect  cube,  and  the  second  exactly  divisible  by  3  ;  whence,  r=:  ^/S 

and  s=  |/3.    Therefore  ri-Y  ^=  j^S+V --===ys  +  l. 

EXAMPLES. 

1.  Extract  the  cube  root  of  264-16  V3.  Ans.  2+  4/8. 

2.  Extract  the  cube  root  of  9  ^3— 11 1/2.  Ans.  f  8— V2. 
8.  Extract  the  cube  root  of  135±78V3.  Ans.  3dbyi2. 


4.  Extract  the  cube  root  of  72  + 1^5120.  Ans.  8  +  f  5. 

*  This  rale  is  given  by  Hutton  in  his  Mathematical  Dictionary,  and  isorodifeed 
to  Tariaka. 
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1  +  V5 


ff«  Eitract  the  cube  root  of  8 +4  V5.  An8» 


V2- 
V2* 


C  Extract  the  cube  root  of  68—1^4374.  Am. 

FBOBLEH. 
(230«)  To  extract  any  root  (c)  of  a  binomial  surd. 

BULE. 

^Let  the  quantity  be  A±:B,  whereof  A  is  the  greater  part,  and  e 
the  exponent  [index]  of  the  root  required.  Seek  the  least  number  in 
^hote  power  n*  is  divisible  by  AA^BB  [A^^B^]^  the   quotient 

being  Q.  Compute  »^A-{-By.VQin  the  nearest  integer  number, 
which  suppose  tober.  Divide  AVQ  by  its  greatest  rational  divisor, 
and  let  the  quotient  be  s,  and  let        \  in  the  nearest  integer  num- 


ber^  be  t;  so  shall  the  root  required  be --^^= — 1  if  the  c  root  of 

ve 

AdcB  can  be  extracted.^ 

Remark. — ^This  rule  is  taken  from  NewUyrCs  Algebra,  p.  59.    It 

is  there  given  without  any  demonstration.    Maelaurin  has  attempted 

a  demonstration  of  it  in  his  Algebra,  p.  120  :  Mr.  Ryan  says  the  rule 

^fittla  when  <=|  exactly;  in  which  case  instead  of  taking  t  the 
j^  «^ 

nearest  integer  value  of        *",  it  must  be  taken  equal  to  ^.^    He 
^s 

aajB  he  proposed  to  the  New  York  Mathematical  Club  the  following : 

**  Required  to  know  if  the  cube  root  of  2  V7  +  3  VS,  can  bo  found  by 

the  rule  given  by  Newton,  p.  69,  Universal  Arithmetic,  for  extracting 

any  root  of  a  binomial  surd ;  and,  if  not,  to  show  where  that  rule 

fails,  and  what  alteration  is  to  be  made  in  it,  so  as  to  obtain  the  root  T 

Mr.  Ryan  states  that  Dr.  Adram  ^  ably  investigated  the  subject,  and 

ibond  the  rule  not  only  to  fail  in  this,  but  in  a  great  variety  of 

other  examples ;  and  also  discovered  the  rule  to  be  defective.^ 

PROBLEM 

(2810  1.  Extract  the  cube  root  of  ^968+ 25. 
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SOLUTION. 

Here  (f^968)'— 25'=^'— ^=343.  It  is  evident  sinoe  the  dirina 
of  343  are  7,  7,  7  ;  that  V  is  the  least  number  of  the  foim  n'  that  is 
exactly  divisible  by  343,  whence  we  have  n=7,  and  Q=L 
(A+B)  VQ^OT  f^968  +  25  is  a  very  little  more  than  66,  of  which  Hm 
nearest  cube  root  is  4,  therefore  r=4.  Dividing  1^968=22^2 
z=AVQ  by  its  greatest  rational  divisor  22,  we  obtain  i^2=«,  whoioe 

-^or--^   in   the  nearest    integer     is    2=t.     Then  <t=2»^2, 


f<V-»=l,  and  VC=V1=1.    Hence  2  ♦^2  +  1,  or  1+2 f'i  is  the 
cube  root  of  i^968+25,  which  result  will  be  proved  by  triaL 

PROBLSM 

2.  Extract  the  fifth  root  of  29t^6+41f^8. 

SOLUTION. 

Here  A*—B*=d,  and  n=3 ;    ©=81;   r=4;   i=Vi;    1=1; 
t8=  V6 ;  fW^=f^3  ;  and  Ve= V81  =  V9.    Consequently  tiiil 

must  be  made  with  ^1±1^,  or  ♦ll^. 
1/9  V9 

SXAMPLES. 

I.  Extract  the  cube  root  of  ^242— 12f  Ans.  ^^""^ 


V2 

i.  Extract  the  cube  root  of  11  +  5  ^1.  Ans.    i^+\ 

V2 

3.  Extract  the  fourth  root  of  49849—2895  f/224.. 

Ans.  61/7— 8  Vi 

4.  Extract  the  cube  root  of  2Vi+SV3.  Ans.  ^lUUlI^ 

2 

PBOBLEH. 
(232.)  To  find  such  a  multiplier,  or  such  multipliers  as  wiD 
any  binomial  surd  rational. 

SOLUTION. 
All  biDomial  surds,  not  imaginary,  may  be  represented  by  Vo^Vi^ 
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Let  OS  then  seek  a  general  expression  for  a  multiplier  which  will  ren- 
der Va±V6  a  rational  quantity.     We  know  by  Theorem  6,  (1 1 3), 

f  r 

tfaat-^ 7=Qi  AQ  exact  quotient  when  r  is  an  even  number. 

am+bn 

QIba  multiplier  which  will  make  a»+6*  equal  to  a»~6<*.    But  we 

f  r 

wish  am—bn  to  be  a  rational  quantity,  which  it  will*  be  when  r  is  a 
multiple  of  both  m  and  n.  In  this  case,  however,  we  must  take  for 
r  a  multiple  of  m  and  n,  that  is  also  an  even  number. 

r  r 

By  Theorem  6,  (114),  we  know  that  -^ \=Qi  m^  ©^[act 

a«+  bn 
quotient  when  r  is  an  odd  number.    If  r  is  taken,  an  odd  number, 
inch  that  it  ia  a  multiple  of  both  m  and  n,  Q,  is  the  multiple 

necessary  to  render  a«+5»  rational. 

f  r 

We  know  by  Theorem  4,  (112),  that  ^""^  *  =  €a  *°  ^^^^ 

qootienti  r  being  any  positive  integer.    If  then  r  be  taken,  any  multi- 

pie  of  both  m  and  n,  Q^  is  the  multiplier  necessary  to  render  a*" — 6">, 
rational 

In  each  of  these  cases  it  is  evident  that  r  may  be  assumed  to  bo 
any  of  the  indefinite  number  of  values  which  can  be  found  to  fulfill 
the  required  conditions.  The  least  of  these  values,  however,  is  the 
one  generally  used. 

p  B  O  B  L  B  M 

(8330  1.  Find  a  multiplier  that  will  render  6+V7  rational. 

SOLUTION. 

A  simple  inspection  shows  that   the   multiplier  is   6— V7,  for 
(6-H'7)(6— ♦^7)=36— 7=29,  a  rational  quantity. 

^     .          ,        ai—bi    67— 7a     6"— 7a  .,  ,. 

Again,  we  have  -j ^=-^ 7= j-,  r  must  be  assumed  to 

a«+6»     6T  +  7*     6  +  7* 

be  some  even  number  which  is  a  multiple  of  1  and  2.    Making  f=2| 

we  ham  i!i:|=6-7*=  Q  as  before. 
6+7* 

11 
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PROBLEM 

2.  find  a  multiplier  that  will  render  2f^3*-3V2  rationaL 

BO  LUTI ON. 

»  r  »  f 

-         -      —       —                    ,        am^b'^     12i^-54$ 
Here2V'3— 31/2=1^12— 1/64;  hence,  we  have -j -z=z — - 

a«— 6^     12*-54» 

12^—64*       12'-54'        A      1  •       *!,     r         i       •         •     *i.    j 
-.    Applying  the  formula  givea  in  thedd- 


12^—543      12* -54^ 

22* 54*  I 

mostration   of   Theorem    4,    (112),    we    get    — -=12*+ 

12*— 54* 

12*54*  4-  12^54*  +  12*54*  +  12*54*  +  54^= m»  +  1441/54+ 
Vl2'l/5r'+648+i^i2\/54*4-V/64*,  which  sunplified  ia  288*^3+ 
432V2  +  216V3V4  +  648+324t^3V24-486V4. 

EXAMPLES. 

1,  Find  a  multiplier  that  will  render  i^5+V3  ratiomil. 

Jm.  4/5—1^8. 

2.  Find  a  multiplier  that  will  render  5  +ys  rational. 

Ans.  S-Wi. 

3«  Find  a  multiplier  that  will  render  1^2— f^a:  rational. 

Aiu.  |/2+Vi. 

4«  Find  a  multiplier  that  will  render  aVb^-bVa  rational. 

Ans.  aVb-^Wa. 

5.  Find  a  multiplier  that  will  render  1  — \/2a  rationaL 

A718.  l+\/2a+l/4?. 

6.  Find  a  multiplier  that  will  render  1/3—^1/2  rationaL 

Ans.  l/9  +  i\/6+jV4. 

7.  Find  a  midtiplier  that  will  render  V5  +  VS  rational. 

Ans.  (V6-V3)(f^6+I^8). 

8.  Find  a  multiplier  that  will  render  VoM- \/6^rationaL 


EVOLUTION  OP  RADICALS.  168 

PROBLEM. 

(23  4«)  To  reduce  a  fraction  whose  denominator  is  a  surd  quan- 
uty  to  another  that  shall  have  a  rational  denominator. 

SOLUTION. 

A  simple  fraction  which  has  a  monomial  surd  for  its  denominator, 
Toaj  be  represented  by  — =,  in  which  a  may  represent  any  quantity 
wbstever. 

Now,  if  we  multiply  both  terms  of  —=:  by  VaJ^S  we  have 

=r-= ,  which  is  a  fraction  having  a  rational  denominator, 

if  « 18  rational.    If  «  is  a  binomial  surd,  it  must  be  rendered  rational 
SB  in  the  last  problem. 

PROBLEM 

2 
(235*)  1.  Reduce  -^  to  a  fraction  having  a  rational  denominator. 

BOLUTI ON. 

—  2^3 

Mnhaply  both  terms  by  4/d,  and  we  have  ---. 

3 

PBOBLXM 

2.  Beduce  —        -  to  a  fraction  having  a  rational  denominator. 
2t'2  +  t^3 

SOLUTION. 


1  1^8+1^48     (8-f48)f^8+V48 


^         2f2  +  t^3     4/8+^^48       8+^^48  ^4-48 

4(2-f^3)2V^2  +  V8_(2-i^3)4/2+V^3^  h^T~\^ 
16  2  irz-ra. 


EXAMPLES. 

Q 

Ifl  Beduce  - — =  to  a  fraction  havinfl:  a  rational  denominator. 
iV6  *  

Ans.  |V126. 
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Q 

2«  Reduce  -^ =.  to  a  fraction  havinfir  a  rational  denominator. 

Am.  VE-{-vl 

8*  Reduce to  a  fraction  having  a  rational  denominator. 

3-1^2 

Am. — = — . 

7 

o 

4«  Reduce  — r: =  to  a  fraction  havinff  a  rational  denominator. 

V6-V2 

5«  Reduce  y<*+^  —Va—x  ^  ^  fraction  having  a  ntiooal  d^ 

nominator.  ^«».  • 

6.  Reduce  4/^'+a;  +  l   +»^a;'-ar~l  ^ ^  ^^^^^^  j^^^^^ ^  ^^ 
j^x'+z+l  -4^«*— ar— 1  

denominator.  ^n«.  — 


7.  Reduce  — = = =  to  a  fraction  having  a  rational  denooh 

4/6  +  f3-f2 


)n  havi 


inator.  Ans. 

8«  Reduce  -^ to  a  fraction  havinir  a  rational  denominator. 

V3-V2 

Ans.  V/9  +  V6+Vi. 

Q 

9,  Reduce  — = —  to  a  fraction  having  a  rational  denomioa- 

4/8  +  V'2  +  l 
tor.  Ans.  4+2*^2—2^6. 

2 
10«  Reduce  — = il  to  a  fraction  having  a  rational  denominaftoL 

V5+V3  _        _       _ 

Ans.  V126-V76+V46— VW. 

PROBLEM. 

(236,)  Transform  2—  t'S^to  a  geneiai  surd. 

80LUTI017. 

Squaring  2— t'S,  we  have  7— 4^3  ;  if  now  we  indioate  Aatf* 
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tnotion  of  the  aquare  root  of  this  quantity,  we  shall  have  2-^VS 
eiproaaod  in  the  fonn  of  a  general  surd,  that  is  2—  VSizy  1-^4^3. 

EXAMPLES. 

!•  Transform  4/a— 2 f^x  to  a  universal  surd. 

Ans.  ya+ix—AVax. 

2t  Transform  3l/i+ V72  to  a  general  surd.  Ans.  3V0. 

t«  Transform  4/27  + 1^48  to  a  universal  surd.  Ans.  7t^3i 

!•  Transform  1/820— V40  to  a  general  surd.  Ans.  2V5. 

ff«  Transform  4/2  +  Vs  to  a  general  surd. 

Ana.  j/6  +  2V'6. 

••  Transform  \/2  + V4  to  a  general  surd. 

-4n«.|/6(l+V2+Vi). 

7t  Eednce  4/2—2^6  to  a  general  surd.        Ans.  1/26—81^3. 
8»  Reduce  4— VI  to  a  general  surd.  Ans.  y23— 8*^7. 

§•  Beduce  4/2 +V3  to  a  general  surd.  Ans.  y5+2VQ. 

!••  Beduoe  2V3— 8V9  to  a  general  surd. 

Ans.  |/l62V/9-108l/3-219. 


^  n  »  ■■  » 


IMAGINAST  aXTANTITIES. 

ADDITION  OP  IMAGINABY  QUANTTriES. 
PROBLEM. 


(237.)  To  add  4/-a'  and  4/-6'  together. 

SOLUTION. 


ffince,     4/-a«=4^a'.-.l=af-l,  and  4/-6«=:i^6«.-l=5*/iri 
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EXAMPLES. 

!•  find  the  Bom  of  |/— 4  and  4/— 9.  Am.  5V^, 

t.  Find  the  sum  of  2+f^-i  and  3-f-64.    .4iw.  6— 7i^. 


8.  Find  the  sum  of  |/— 8  and  |/— 18.  -4im.  5  V— 2. 


4.  Find  the  sum  of  4i^— 27  and  ^V—U.  Ana.  16V— 8. 

5.  Find  the  sum  of  4/^  and  ^d.  Ans.  (3  +  VQ)  V— T. 

6.  Rnd  the  sum  of  4/^  and  4/^.        -4iw.  ( V6  +  VI)  V^l. 

7.  Find  the  sum  of  V^  and  V^.        Am.  {V2  +  VS)V^. 
8*  Find  the  sum  of  o+V— 6  and  a+V^. 

9,  Rnd  the  sum  of  V— «  and  2\/^^  Ans.  8V^ 

10.  Find  the  sum  of  V^  and  V— 16.  An8.  3V^. 


^  i»  »  ti  » 


SUBTRACTION  OF  IMAGINARY  QUANTITIES. 

PROBLEM. 

(238.)  From  |/^'  subtract  4/^*. 

SOLUTION. 

Since,    y— a'=a|/— 1,  and  y— 6'=6  4/^^,  we  hsfe  af'^i 

EXAMPLES. 

I.  From  j/^  subtract  4/^.  .^Int.  V^. 


t.  From  3-f-64  subtract  2+4^—1.  Ans.  1— 9|^— l. 

3.  From  4/— 18  subtract  4/^,  .^Iim.  i/IIi. 

4.  From  4f-27  subtract  2V^=^.  An$.  SV^ 

5.  From  a+f^  subtract  a +  4^^  ^fw.  (f^— f^c)*^^. 

6.  From  V^^^  subtract  V^.  -Am.  V^. 
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MULTIPLICATION   OF   IMAGINARY 
QUANTITIES. 

THEOREM.  • 


(239*)  An  imaginary  expression  of  the  form  4/—^  can  alwajrs  be 
lednoed  to  the  form  rV^— 1. 

DEMONSTBATION. 

Let  r  denote  the  square  root  of  +^.  It  is  evident  that  r  can 
always  be  obtained  either  exactly  or  approximately  when  ^  is  a  posi- 
tive rational  quantity.    Then, 

PBOBLEM. 

(240*)  To  ascertain  the  rule  of  signs  in  the  multiplication  of 
imaginary  quantities. 

SOLUTION. 

Let  4/— a  be  multiplied  by  4/— a.  Multiplying,  as  in  the  case  of 
surds,  not  imaginary,  we  have  4/— a xi^— a=i^— a  x  '~a=Va^=^—a, 
We  put  the  square  root  —a,  because  the  a*  was  obtained  in  this  case 
by  multiplying  —a  by  —a,  or,  what  is  the  same  thing,  by  squaring 
—a.  It  may  also  be  observed,  that  4/— a  xV — a= (i^— a)^  We  have 
already  shown,  in  Evolution,  that  (t^— a)*=*-a,  which  result  agrees 
with  that  just  given.  Let  us  now  ascertain  the  product  of  4/— a  by 
V^.      Since,    ^'^—VaV^,    and    j^^—VW'^,    we    have 

Whence,  we  see  that  the  same  rule  applies  in  multiplying  quadratic 
imaginary  surds  as  in  other  surds,  provided,  however,  that  the  result 
must  be  affected  by  a  minus  sign.  The  principles  aheady  developed 
will  enable  the  student  to  multiply  any  imaginary  quantities  in  which 
the  index  of  the  root  is  even. 

In  all  these  operations  great  care  must  be  taken  that  all  the  steps 
be  rigid. 
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Note. — The  importance  of  carefully  scrutinizing  all  the  operatioDS  in 
which  imaginary  quantities  are  concerned  can  not  be  better  set  forth  than  bj 
showing  the  positions  assumed  by  di£fcrent  distingoished  mathematiciaDs: 

''  The  first  idea  that  occurs  on  the  present  subject  is,  that  the  square  of 
^—3,  for  example,  or  the  product  of  v/— 3  by  \/— 3,  is  — 3 ;  and,  in 
general,  that  by  multiplying  ^— a  by  v/— «,  or,  by  taking  the  square  of 
^— o,  we  obtain  —a.  ♦  *  ♦  ♦  «  « 

"  Moreover,  as  y/a  multiplied  by  ^^h  makes  y^ofc,  we  shall  have  ^6  for 
the  value  of  v/— 2  multiplied  by  ^v/— 3 ;  and  ^4,  or  2,  for  the  vahie  of  tbe 
product  ofv/— 1  by  v^— 4.  Thus,  we  see  that  two  unaginazy  nuinbera, 
multiplied  together,  produce  a  real,  or  possible  one. 

"  But^  on  the  contrary,  a  possible  number,  multiplied  by  an  impossible 
number,  gives  an  imaginary  product;  thus,  y^— 3  by  ^+5,  gives  ^ — 15." 
—Evler's  AL^  p.  43. 

But  Emerson  makes  the  product  of  imaginaries  to  be  imaginaiy ;  and 
for  this  reason,  that  "otherwise  a  real  product  would  be  raised  from 
impossible  factors,  which  is  absurd.  Thus,  \/— a  x^— 6=^^^^^^a6,  and 
v/— a  X  — v^  —  6  =  — v^— a6,  &c.  Also,  y/ — a  x  ^ — a  =  —  a,  and 
v/— ax  —  v^— a=+o,  &c" — EiMtwtCi  AL^  p.  67. 

From  a  dissertation  "  On  the  Arithmetic  of  Impossible  QuantitieSy''  by 
Mr.  Playfair,  in  the  PhU  Trans,  for  1778,  p.  318,  we  learn  from  some 
operations  there  performed,  that  he  makes  the  product  of^— 1  by  ^-^ 
or  the  square  of  y^— 1,  to  be  —1,  and,  in  another  place,  he  makes  tibe  pro- 
duct of  J^\  by  y/\^  to  be ^— l+z". 

The  authors  just  quoted  not  only  differ  from  each  other,  but  each  one  seems 
to  be  inconsistent  with  himselfl  Thus,  Euler  says,  ^A^i  x^— a=— ^ 
but  v/ — ay.y/—h=^abj  and  Emerson  says,  y/—axy/—a=z — a;  but 
y/—ax^-'b=y/—ah.  Now,  the  formula  for  the  product  <rf  ^^ 
hj  y/—b  ought  to  be  true  whatever  values  may  be  assigned  to  a  and  ft 
Let,  then,  a =6.  Whence,  Euler's  formula  for  the  product  of  ^"^hb  by 
y/'—bj  gives  -\-^a*z=+aj  and  Emerson*s  formula  gives  +%/— a^=a^^' 
But  they  both  say  that-/— a x-/— a= — a. 

Mr.  Playfair  makes  v/--i  x  ^/l— 2»=v/— 1+«*,  which  we  conceiTe  is 
not  a  correct  result  when  z  is  more  than  1. 
Let  2=v/2    then    2^=2;    whence,    the    above    expression 


v/-lxv/l-2=x/-l+2,  or  v^-lxv/-l=^l=l,  which  resolt  doei 
not  agree  with  his  other  position  unless  he  takes  \/l=— 1,  wfaidi  W8 
know  would  be  proper;  that  is,  when  »  is  more  than  1,  w©  hvn 
^ZZix  </l— a«=— ^— l+at. 


XUI/nPIiIGATION  OF  DCAQINABT  QUANTITIE&         169 

PROBLEM. 

(241.)  Multiply  Va  by  i/"^. 

SOLUTION. 


Since  |/— 1=(— l)i=(— I)! =V(— 1)',  we  have,  by  the  ordinary 
rule,  V(— 1)"  X  Va= Vl  x  Va=Va.    But  Va= ±:J±S/a ;  that  is, 

the  4th  root  of  a  is  +|/+4^,  +i/-^a,  — i/+i^a,  or  — |/-4^a. 

Now,  to  which  of  these  forms  must  Vcr,  in  the  present  case,  be  made 
equal !    We  have 

Since  |/(-.l)*=  - 1.  Therefore,  jf^  x  Va=y^^^. 

EXAMPLSS."^ 

1.  Multiply  2V^  by  3t^^,  Am.  -61^6. 

t.  Multiply  4i^^  by  91^-12.  -4iw.  -216. 

S.  Multiply  -2V'"^  by  -SV"^.  Am.  —^Vh. 

4.  Multiply  -2f^by  St^^.  Am.  4-6i^6. 

4.  Multiply  1  +t^^  by  1+f^-l,  .4fw.  21^^. 

«•  Multiply  1  +f'^  by  1-t^^.  Am.  2. 

7.  Multiply  a-itV—h^  by  a+V'-ft'.         ^n*.  a«-6'  +  2a6f^^. 

8.  Multiply  5 +  21^^  by  2-^"^.  Am.  le-V^^. 
§•  Multiply  V^  by  X/^.  Am.  2V^. 

!••  Multiply  2V^  by  3V-16.  -/lw».  -12. 

^  A  glance  at  these  examples  shows  that  the  resalts  are  the  same  as  would 
be  obtained  by  the  following 

BULB. 

lb  muU^ffly  one  quadratic  imaginary  surd  hy  another^  muUiply  the  quantities 
under  (he  radical  signs^  according  to  the  rule  for  signs  given  in  muUiplicaiion,  bui 
ih§  eo^pcients  of  the  radicaHs^  according  to  the  reverse  of  ihett  rule;  that  iA,  making 
ih§jptodiiei  ofusM  signs  imnTS,  and  tmlibe  plus. 

This  role  win  not  hold  when  butMtf  of  Che  quanEties  moltiplied  is  an  imagin- 
«ry  quadiatic  snnL 
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DIVISION   OF    IMAGINARY  QUANTITIES. 

PROBLXM 

(242.)  1.  Divide  4/^  by  4/^. 

« 

8OLUTIOK. 

TIT   V       V-^  VaxV^     ./a      .         ^    .        . 

wo  nave  = — ==4/  t«  sinoo  iho  iznafiriiuuT  ouantitMi 

cancel. 

PROBLEM 

2.  Divide  -V^  by  -V^. 

8OLUTION. 

BZAMPLXS. 

1.  Divide  61^^  by  2^^^.  .Am.  |fi 

2.  Divide  -V'^  by  -6t^^.  Jns.  ^VS. 
8.  Divide  1  ^V"^  by  1  -V^.  ^nt.  V^. 

4.  Divide  4 ^-V"^ by  2-V'^.  Ana.  1 +V^ 

5.  Divide  1  by  4/^.  Ans.  — f^"^. 

6.  Divide  o  by  j^aV^.  Ans.  — f^af^^. 

7.  Divide  2V8— i^^O  by  — f^^.  -4n«.  4/5-4l^'— 1. 

8.  Divide  5-^^  by  1+i^^.  Ans.  1—3/^2 

9.  Divide  l4-.m-(7f^8'+2f6)f^^  by  I^V^. 

Ans.  2-V^^ 

10.  Divide  a  by  6V^.  jIm  — 3k^^ 
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INVOLUTION   OF   IMAGINARY 
QUANTITIES. 

PBOBLZH. 

(843.)  Cube  a-V^\ 

80LUTI017. 

Calling  4/^'=c,  we  have  (a— c)'=a'~3aV4-3ac'— c'. 

K  now,  we  ascertain  the  value  of  c*  and  c*,  we  can  put  these  values 
for  c*  and  c*  in  the  above  expression.  The  square  of  c,  or  of  4/— 5'= 
W^  is  evidently  —6*,  and  c'=c*c,  or  — 6»  f'— 5"=  —5*  f  — 1. 

Hence,  (a-i^ir?)»=a»-8a«6i^IT~3a6'+6'  ♦^^=a»-  3a6'  + 

PBOBLEM. 
(244«)  To  find  formulas  for  the  powers  of  |/— 1. 

SOLUTION. 
Let  the  index  of  the  powers  be  4n,  4n+l,  4n+2,  and  4n+3, 
which  comprise  all  positive  integer  numbers. 
Let  aiaf'— 1,  and  we  have 

(fZa)**    =a*«    =(a*)-    =(  +  l)"=  +  l; 

(4/ZT)*»+«=a*H^=a**.a'=a'        =-1. 

(V3i)*-+«=a*»+«=a*-  •  a«=  -1 .  a=-V'^T 
2%iM,  to  obtain  any  power  of  ^—\^  it  is  only  necessary  to  divide 
the  exponent  of  the  power  by  4,  and  the  power  of  j^^l  indicated  by  the 
remainder  will  be  the  result  required. 

EXAMPLES. 

.  !•  Raise  4/--I  to  the  66th  power.  Ans.  —1. 

2»  Raise  4/— 1  to  the  103d  power.  Ans.  —V^. 

S«  Raise  4/— 1  to  the  400th  power.  Ans,  +1. 

4*  Raise  aV—1  to  the  4nth  power.  Ans.  a^. 

5m  Raise  a^^  to  the  4n+  1st  power.  Ans.  a*'H-»  fCTi. 

<•  Raise  aV'^  to  the  4ii + 2d  power.  Ans.  — a*"+*. 
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7.  Raise  oV^  to  the  4»+  3rd  power.         Ant,  —<*•■+*  V^. 

8.  Square  a±V^.  Am.  a*—bdc2ct/^. 

9.  CuheadbV^.  Arts.  a*-8a*±[(3a'— 6)f*]f^3i. 
16*  Raise  a-i-V—l  to  the  6th  power. 


EVOLUTION   OF   IMAGINARY   QUANTITIES. 

PBOBLSM. 
(245«)  To  extract  the  square  root  of  a  binomial  BUid,  <me  d 
whose  terms  is  rational  and  the  other  an  imaginary  quadratic  smd. 

SOLUTION. 

Let  Vx-iV—y  represent  the  square  root  of  a+V-^b.  Hen 
z+W—xy—y,  OT  X'-y  +  2V-'zy=a+V'-b;  whence,  hj  Tlifioiezn. 
(204),  we  have  X'-y=a.    We  know  by  Theorem  (205),  that  if 

yx-\-V^yz=^a-hV'^,^BtVx'-V^=  ^a-V^.     It    is  en- 
dent  that  the  product  of  j^x+V—y  bjVx—V'-y  which  is  «+y, 


equal  the  product  of  ya+V—b  by  |/a— f — 6,  which  is  Va*-^k 

This  gives  x-{-y=:Va*-hb.    If  we  extract  the  square  root  of  half  the 
sum  of  x—y  and  x+y  the  result  must  equal  the  square  root  of  half 

the  sum  of  a  and  Va*+b;    that  is,  Vx=y^'^^  "^  .    Also,  if  we 

extract  the  square  root  of  half  the  difference  of  x-^y  and  «+y,  the 
result  must  equal  the  square  root  of  half  the  difference  of  a  and 

ya*+b ;  that  is,  V^=V  ^""  ^ .    Whence,  we  have  the  fi»- 

mula 


Letting  ^a—V—b=Vx—V—yy  we  would  have 


,/;r^^7=f-4A-H^«'+^    ^/a-4^e'+6 


XYOLUnON  OF  IMAOINABY  QUANTinSS.  178 

FBOBLBM. 

(246.)  Extract  tiie  square  root  of  7+OV^. 

BOLUTIOK. 


SiBoe,  Y+Of^— 2=7+  V"— 72,  we  have  bj  putting  7  for  a,  and  72 
fior  6  in  the  general  formula, 

We  ooukl  also  solve  this  by  inspection.  Thua^sinoe  7  +  Of^— 2 
=9 +2  *  3t^^^— 2,  we  see  that  twice  the  product  of  the  square  roots 
of  9  and  —2  is  equal  to  the  second  tenn,  and  therefore,  8  +  V^^  is 
the  square  root 

XZAMPLES. 

!•  Ertract  the  square  root  of  81  +  421^^.  Ans.  7+8f^. 
!•  Extract  the  square  root  of  — 8+f— 16.  Ant.  l  +  2f''^. 
S«  Extract  the  square  root  of  41^^—2.  Ana.  2+^^"^. 

i.  Extract  the  square  root  of  2+4f— 42.  Am.  |/u+2  f^^. 
i.  Extract  the  square  root  of  y'^.  Am.  \V2-\-\V'^. 

••  Extract  the  square  root  of  —2—2  f^— 15.  Am.  |/3— f— ^. 
7,  Extract  the  square  root  of  2crf7^1.  Am.  (1  ■\-V^)Vcd. 
8«  Extract  the  square  root  of  ^V^.  Am.  2  +  2i^"^. 

9.  Extract  the  square  root  of  —V^.        Am.  \V2—\V^. 

!#•  Extract  the  square  root  of  -^  — crfn — V^^. 

Am.  ^Vc+V^^^^ 
PBOBLEM. 
(247.)  To  extract  the  cube  root  of  a+f^. 

BOMBELLI'S  BULE. 

FitMifind  Va*  +  ^  then,  by  trials,  search  out  a  number  c,  and  a 
kgtiar€  root  j/d^  such  that  the  sum  of  their  squares  c*-\-d  be  =Va'  +  6, 
and  also,  c*— Zed  be=a;  then  shall  c  +  V-^d  be  the  cube  root  of 
a  +  V^  sought. 
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PROBLEM. 

(248.)  Extract  the  cube  root  of  2  +  liy^. 

80LUTI0K. 


Since,  2  +  llt^^=2+ i^— 121,  we  have  a=2  and  6=121; 
whence,  V/a* +  6=1/125=5 ;  tHen  taking  c=2,  and  rf=l,  we  obtwn 
e*+d=5=\/c^Tb,  and  c"— 3cc?=8— 6=2=a,  as  it  ought;  there- 
fore, 2+ f—T  is  the  cube  root  of  2  +  111^^.  This  may  also  be 
solved  by  Tartalea's  rule.  Thus  2  can  be  separated  into  two  parts  8 
and  —6,  one  of  which  is  a  perfect  cube,  and  the  other  divisible  by 
3.    Therefore,  r"=8,  or  r=2  and  3«=— 6,  or  #=—2;   whence^ 

r+|/i=2 +|/ ■^,  or  2  +y^^,  the  same  result  as  before. 

SZAMPLXB. 

1.  Extract  the  cube  root  of  2  +  2  f^^.  Ans.  —1  +  V^. 


2.  Extract  the  cube  root  of  2— t'— 121.  Ans.  2— f'— 1. 

3.  Extract  the  cube  root  of  81=b30y— 3.  Ans.  -3db2V"^ 

4.  Extract  the  cube  root  of  — 10  +  9V^.  Ans.  2  +  V^. 

5.  Extract  the  cube  root  of  — 5— i^— 2-  Ans.  l^V^. 

6.  Extract  the  cube  root  of  —4 +101^^.  Ans.  2  +  f^^. 

7.  Extract  the  cube  root  of  9  +  25 f^.  Ans.  3  +  V^. 


^  i»  ♦  »*  » 


MODULUS. 


(249.)  The  modulus  of  a+|?f^— 1  is  +fV+?',  or  the  square 
root  of  the  sum  of  the  squares  of  a  and  ^.  Thus,  +  fl6+9=  +  6  is 
the  modulus  of  4  +  34^—1. 

(250.)  Two  imaginary  expressions  are  conjugate,  when  they  differ 
only  in  the  sign  of  4/— 1 ;  as,  a+^l^— 1,  and  a— j3K— 1. 
These  conjugate  expressions  have  the  same  modulus. 
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THEOBEM. 

(25 1.)  In  order  that  a+|?4^— -1  be  equal  to  zero,  it  is  necessaiy 
and  Bofficient  that  its  modulus  +\^a^  + 1^  be  equal  to  zero. 

DEMONSTRATION. 

If  the  modulus  /^a*-i-(i^  is  not  equal  to  zero,  a  and  ^  will  not  be 
equal  to  zero  at  the  same  time,  and,  consequently,  a-\-^V—l  will  not 
be  equal  to  zero.  But,  if  ya*+/^  is  equal  to  zero,  a  and  ^  must 
each  equal  zero;  whence,  a+l^l^— 1  would  ako  be  equal  to  zero. 

THEOREM. 

(35  2«)  The  modulus  of  the  product  of  two  imaginary  &ctors  is 
equal  to  the  product  of  their  moduli 

DiEMONSTRATION. 

The  product  of  a-^^V^l  and  a'+^'V^  is  (oa'— /?/?') + 
(o^'-f /?a')t'— 1,  and  the  modulus  of  their  product  is,  therefore,  equal 
to  j/{aa'  -  p^'Y  +  (a^/  +  /?a/)'  =  Va'a''  +  (f'(i^*  +  a^  +  ^a^'  = 

Va'* +/?'•.     Q.  K  D, 

THEOREM. 

(253*)  The  modulus  of  the  quotient  resulting  from  the  division 
of  one  imaginary  quantity  by  another  is  equal  to  the  quotient  of  their 
moduli. 

DEMONSTRATION. 

Let  a'^-^^'y'-^  represent  tlie  quotient  of  a-^pv~^  by 
a'  +  /?V~1,  since  it  can  be  easily  proved  that  the  quotient  must  be 
of  this  form.    Hence,  we  have. 

By  the  last  Theorem,  we  have  |/aM^=  Va'^-\-p^*  ,Va^^-\-ti"\ 
We  may  consider  ^/a''*  + 1^'"  as  the  quotient  arising  from  dividing 


Va'  +  fi' 


Va*+fi*  by  A^a^+(l''  ;  that  is,  x/a"»+l?"'=  '     .     Q.  E.  D. 
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THEOREIC. 

(254*)  In  order  that  the  product  of  ima^naiy  &cton  be  equd 
to  zero,  it  is  neceasarj  and  sufficient  that  one  of  the  fiuston  be  equl 
to  zero. 

DEMONSTRATION. 

It  can  be  easily  shown  that  the  product  of  two  or  more  imagmaiy 
&ctors  must  be  of  the  form  a-\-^y—l. 

In  order  that  this  product  may  be  equal  to  zero,  we  have  seen  that 
its  modulus  must- be  equal  to  zero;  but  this  modulus  is  the  prodnct 
of  the  moduli  of  the  several  factors,  and  these  moduli  are  real  quanti- 
ties, and  consequently  their  product  can  not  be  zero,  anleas  at  letst 
one  of  these  moduli  be  also  equal  to  zero ;  but  when  a  modnliip  is 
equal  to  zero,  its  corresponding  imaginary  fiactor  must  alao  be  eqotl 
to  zero.     Hence,  the  Theorem  is  true. 

MISCELLANEOUS   EXAMPLES   IN   RADICALS. 

1.  Extract  the  cube  root  of  20  +  14f  2.  Jns.  2 +¥2. 

2.  Simplify  ^^^^Q~^,  Ans.  -(5+Vio). 

22  — 7i^lO 

3.  Extract  the  square  root  of  —1  +4f^.         Ans.  2+V^. 

4.  Simplify  3l/4a'  +  2V/2a.  Ana.  5l/2a. 


5.  Simplify  l/8a'6+ 16a*- V/6*  +  2a6'.      Ans.  (2a— 6)V2a+6. 


6.  SimplifyTi/|^,  +  ^.  Ans.  ^Va+2b. 


7,  Simplify  |/4a*i"-20a'6'  +  25a6*.  Ans.  {2a'—5h)hVa. 

8,  Simplify  1/81  -2^24  +1^28"+  2 ^^63.  Ans.  SVI-VS. 

9,  Simplify  Vr2+24/"27  + 31^75  +  9^48.  Ans.  591^8. 


10.  Simplify                  .  Ans.  -—-Vs. 

Va^-\-2ax-ha^  a  +  « 

11.  Simpbfy r« *  -^****'  — n* 

^   ^a+5   t/a«-2a5+6«  «+* 
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12.  Simplify  ^^V^^^  Ans.  ^ ^^. 

IS.  SimpUfy  V2  X  Vl  X  VS.  Ans.  'VH^. 

14.  Simplify  V4  X  V3  x  V6.  iljw.  V3981312. 

15.  Find  the  sum  of  Vi  and  V^.  -4iw.  f  V2. 
1C«  Find  the  difference  of  Vj  and  VV-  -^»'-  A V76. 
17*  Und  a  factor  that  will  make  or*  rational.  Am,  a^. 

18.  Simplify  ^4n».  6^6-6^3. 

V6+t^3 


19.  Extract  the  square  root  of  6c+26f'6c— 6". 


^7W.  ±:{h+Vhc-by 


20*  Extract  the  square  root  of  np-Y2m^—2mVnp'\-m\ 


Ans.  dz(ynp+m*^m). 


11.  SimpHfy|/l6  +  30l^-l+|/l6-30t^-l. 

Ans.  ±6/^. 

22.  Reduce  |/l6  +  30l^"^  4.  j/ie^Iaof^  to  its  simplest  form, 

-47M.   ±10. 


2S.  Simplify  1/31  +  121^-6+1/— 1+41^— 6. 

Ans.  ±8:±2V'^. 
24.  Reduce  i/31  + 12^—6  +i/— 1+4V^  to  its  simplest  form. 


^7M.   d=4. 


25.  Simplify  |/6c+26|^6c-6'  +1/^^-261^66-6". 


^iw.  d=2V6c-6». 


26.  Reduce  A/bc  +  2bVbc—b*  ^Jhc—^hVhc-h^  to   its  simplest 
fonn.  Am,  ±26. 

r.  8i„«(/gVi5)-(/il VH).  ^- 

28.  Divide  2f  3  x  V4  by  iV2  x  V3.  ^rw.  4 V288. 

12 
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29.  Divide  it^f  by  i/2  4-  8  V^.  Ant.  ^. 

80.  Multiply  i/2  X  V3  by  Vi  x  V\.  Ans.  V8,  or  V2. 

SI.  Multiply  Vi  X  Vi  by  'Ve.  Am.  V/^. 


S2.  DivideiA^i  x  2V/3  by  i/4V2  xf^S-  Am.  \^\/\. 

SS.  Divide  1  by  Va  +  V6. 

-4lW.   r k 

a— 6 

84.  Multiply  4f^+6f'i  by  i/|  +  2Vf  J«».  Y+ V*^^- 

85.  Divide  Va+VJby  Va-V6. 

a+6  +  2l^a6  +  2Vi^  +  2Va? 


^i». 


a-6 


36.  Cube Am.  1. 

87.  Simplify^^^-^.  .4n».  4-V8. 

38.  Simplify  ■{  tmiV^  \  .  Am.  g|j-V8. 


(2V2(3)*) 


39.  Simplify  ./  \  M±^  (    .  Ara.  ^i(K6-H'21). 

^    /  2V2-(J)*  ^  '^ 

—  3  V^  4-2  — 

40.  Find  the  «um  of  51^2—1  and =.  Am.  8+8f^2. 

_6-3V2 

Vl4+I^12        VQ—V^ 

41*  Find  the  diflference  between  — = =-  and  —^ ^. 

V7-V6  V^-\-V2 

Am.  8^24-41^21 +4V3. 

42.  Divide  2  f^8  X  4 Vj  by  4 Vf  x  4 V4.  Am.  1. 

43.  Extract  the  square  root  of  7— V13.  Am.  \V2h—\V2. 

44.  Extract  the  square  rootof  J4-JVJ— JV676. 

Am.  ^VZ-^VB. 


CHAPTER  I. 
EaUATIONS. 

(255f)  An  equation  is  an  algebraic  statement  denoting  the 
equality,  in  value,  of  two  algebraic  expressions;  as,  ax+h=Cy 
6j:*  +  2jp='7,  and  ax—b=0, 

(256.)  The  absolute  term  of  an  equation,  is  that  term  which  is 
completely  known,  or  is  considered  as  known,  and  which  is  equal  to 
the  sum  of  all  the  unknown  terms.  Thus,  in  the  equations  62; =9, 
4«*  +  3a:— 7=0,  and  ax=b—c;  9,  7,  and  (6— c)  are  the  absolute 
terms. 

(257f)  The  Jirsty  or  left  hand  member  of  an  equation,  is  the  part 
of  the  equation  which  precedes  the  sign  of  equality* 

(258t)  The  second  or  right  hand  member  of  an  equation  is  the 
part  of  the  equation  which  follows  the  sign  of  equality. 

THEOBEM. 
(25  9t)  Any  term  of  an  equation  may  be  transposed  from  one 
member  to  the  other  by  changing  its  sign. 

DEMONSTBATION. 

Let  aa;+&=c  be  an  equation.  This  equation  may  assume  the  fol- 
lowing form  aZ'\-b=c-\-b—b,  It  is  evident  that  we  should  still 
have  a  correct  equation  if  we  should  omit  +6  in  both  members. 
Uras  cMJ=c— 6. 

Again,  let  ax—b=d.  Because  ax—b  =d  +6—6,  we  have 
cur=c?  +  6.  These  results  show  that  if  we  transpose  any  term  of  an 
equation  from  one  member  to  the  other,  its  sign  must  be  changed  in 
order  not  to  destroy  the  equality. 

The  truth  of  this  Theorem  may  be  proved  as  follows  : 

Letting  aa;+ 6 =c  and  subtracting   +b  from  both  memlKjrs,  we 
have         ax+b=c 
+6=6 
ax    ^=c— 6, 
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or  by  adding— 6  to  both  members,  we  have 
ax-\-bz=c 

ax       z=c—b, 
Letdngax—b=d  and  subtracting   —b  from  both  memberii  irs 
have  ax—b=d 

-b=-b 
ax       =zd-\-by 
or  by  adding  +b  to  both  members,  we  have 
ax—b=d 

■\-h=+b 
ax       =.d  +  b 

PROBLEM. 

(260.)  Transpose  all  the  known  terms  of  s^+6a^^4x^i+d 
— &=0  to  the  second  member. 

SOLUTION. 

Transposing  —4,  +d,  —6  by  changing  their  signs,  or  by  adding 
4-4~rf+6  to  both  members,  or  by  subtracting  — 4+rf— 6  from 
both  members,  we  have  aj*  +  6x'— 4jp=4— rf+6. 

EXAMPLES. 

1.  Transpose  in  6x+4=:4a?  +  8  the  terms  +4,  and  4ar. 

Ana.  2x=:4. 

2.  Transpose  in  5a:" — 2a?+3=4a:'— 4a:-f  1  the  terms  +3,  4^*,  and 
—4a;.  Ans.  «*  +  2«=— 2. 

3«  Iranspose  m = — h- the  terms — and-.     -4}W. -=-. 

^    V    X    y  y        X  X     y 

4.  Transpose  m 1 = 1 the  terms  and 

^  x+a^x-\-y     x-\-a^x-^y  ""    «+y 

TTT*  Am.  — -—= . 

a? -fa  x^a    «+y 

It    rn-  .     4a?+4      a— 6  2a? -fl     a  +  b 

5.  TVanspose  m  ^^-—5+6=^+^+5,  the    term 

^^^  +6  and  ^,.  ^n,.  -?^= JfL^i 

ar-c?'  6a;  +  6  ^"*-    6a?+6    «-rf     ^* 

6.  Transpose  in  Ta:*— 6a?'  +  6=— a;'  +  8  the  terms  +6,  and  — «*. 

Ans,  1x*—5a^=z2m 
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7.  Tranapose  in  4  Vx-\-  Vy=Vx-\-9Vy  the  terms  |/y  and  |/x. 

Ans.  SVx=2Vy. 

^    -,  .    21^3+31^2  .  ,      2l^3"-3f'2  .  ^  ^,      ^  .  - 

8*  Transpose  in -! +  4= +9  the  terms   +4, 

^  2jp  2a: 

J  2V'8— 81^2  .        81^2     ^ 

and .  Ans.  =6. 

2x  X 

9.  Transpose  in  aVx+cVd=hVx+hVd  the  term  eVd  and  hVx. 

Ans.  (a-6)|/«=(6-c)VS. 

«A    fn_  .    9«+20     4«— 12     X  .     ^        X 

lO*  Transpose  m  — -- — =— 7-+T  "i®  term  -. 

80  6a? — 4      4  4 

.       6     4a?— 12 

Ans.  -=— --. 

9      6a?— 4 

««    m_            .    '5r«+16       x  +  8      a?^-    ^  a?+8       -a? 

11.  Transpose  m-^^j __=_ the  terms -;j^-^ and-. 

.       16       a?  +  8 
Ans.  — r=T 


2l~4a?-ll' 

*•    riu.  -200?     86     6a?+20     4a?     86  .     ^         86      ^  4a? 

VL  Transpose  m  -;rr+;:r+;; 7^=-^-+;^  ^«  terms  r—  and  -—. 

*  25      26     9a?— 16      6      26  26  6 

-4n*. rT-=2. 

9x— 16 

THEOREM. 

(26 1  •)  Any  equation  containing  fractions  may  be  cleared  of  these 

firactiofns  by  multiplying  both  members  by  the  least  common  multiple 

cf  the  denominators  of  the  fractions. 

DEMONSTRATION. 

_     cia?*     ex     d      c  .  .      *      . 

Let  -jT-H — ri=-^H — i-^Doan  equation  contaming  fractions. 

The  leart  common  multiple  of  the  denominators  is  a*b*. 

Multiplying  both  members  of  the  equation  then  by  a*b\  we  have 
a'6a?'+aca?=6'cf +a&*c+a'6',  an  equation  which  contaios  no  fractions. 

It  is  eyident  that  the  same  method  of  proceeding  would  produce  an 
equation  containing  no  fractions,  whatever  might  be  the  number  of 
fractions  in  the  equation  to  be  cleared. 

CoBOLLABT. — To  dear  an  equation  of  fractions,  we  may  multiply 
by  any  common  multiple  of  the  denominators. 

PROBLEM 

(262.)  1.  Cleai  ^a;*+ia?=8  effractions. 
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SOLUTION. 

The  least  common  multiple  of  tlie  denominators  is  12. 
Multiplying  both  members  by  12,  we  have  3a^  +  2x=zW. 
We  might  also,  multiply  by  24,  or  any  multiple  of  12. 

PROBLEM 

2.  Clear  *+r4-— +-=-+72=146  of  fractions. 

SOLUTION. 

Multiplying  3ach  member  by  28,  the  least  common  multiple  of  the 
denominators,  we  have  28a:  +  14a:+21ap+8x+2ap=146  •  28. 

PROBLEM 

„    ^       Sx    x—l     ^       20a:  +  13    .^  ^ 

3.  Clear— -— =6a; effractions. 


SOLUTION. 

Multiplying  by  4,  we  obtain  3a?--2a:  +  2=24aj--20aj— 13. 

It  must  be  carefully  noted  that  in  the  numerators  «— 1,  and 
20ar+13,  the  x  and  20a;  are  both  positive,  €tie  negative  sign  belonging 
to  the  whole  fraction. 

Corollary. — Hence,  we  see  that  when  a  denominator  is  removed 
from  a  negative  fraction  by  multiplication  or  division,  every  term  of 
the  resulting  numerator  must  have  its  sign  changed. 

PROBLEM 

.    ^  2y— a?     ^^     59— 2x    -.     ,. 

4.  Clear  x—-- =20 —  effractions. 

23— a?  2 

SOLUTION. 

The  least  common  multiple  of  the  denominators  is  2(28— a;) = 
46— 2a;.  But,  in  order  to  save  labor,  we  shall  first  multiply  by  2, 
and  then  by  23— ar. 

Multiplying  by  2,  we  get  2x—^^ — =40— 69  +  2ar. 

Zo  — X 

Let  us  simplify  this  equation  before  multiplying  by  28— op.    Thii 

can  be  done  by  dropping  2a;  from  both  members,  and  adding  40  and 

4t/-^2a? 

—59  together,  whence  results  — ^ =—19. 

^         '  23— a? 

Now  multiplying  both  members  by  23— a:,  we  obtain  —  4y+2«=: 

—  19  •  23  + 19a?,  or  2a:— 4y=19a;— 487. 
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SXAMPLB8. 

X    y 
1«  dear -=^+2  of  fractions.  Am.  af=y+10. 

5     5 

I.  Clear  5a?-|=:-^— J^+SY  of  fractions, 
o      4        o 

Am.  60a?— 4y=9«— 16y+444. 
St  Caear  4— ?^^=y- 17|  of  fractions. 

^iw.  24— y+af=6y— 106. 

J    i^       'JTa?— 21  .         X     ^     8a;— 19    ..     ^. 
4«  Clear — - — 4-y— -=4+ — - — effractions. 
O  o  2 

Am.  7a?— 21+6y— 2a;=24+9a:— 57. 

^    /xi       2a?+y    9a?— 7     3y+9     4jp+6y   ^^      . 
6.  Clear— —^ 5— =-^h ^^^  of  fractions. 

J  o  4  10 

-4?w.  16a?+8y— 18jp4-14=12y  +  86— 4a?— 6y. 
••  dear  J(«+y) +  6 =y  effractions.  Am.  a?+y+18=8y. 

!•  Clear  6a? --=2a?4- — r —  effractions. 

X — o  2 

-4n«.  10a?'— 80a?— 6a?4-6=4a!*— 12a?+8a?*— 16a?+18, 
-  of  fractions. 

Am.  6a:*4-6a?»  +  12a?+6=18a?»+13ar. 

2  j/^_L  2     4 j/^  _ 

9*  Clear == rr- of  fractions.    Am.  2a;+2f'a:=16— a?. 

4-fV«         Vjp 

10.  Clear  i/?-±^+2i/-^=:Z>"i/-^  effractions. 
'^      a?  •^  X'\-a       ^  x+a 

Am.  a?+a  +  2f^a?=5'a?. 


8t  Clear  — — r  h =— -  of  fractions. 

aj+1       X        6 


^  »■  ♦  ti  ^ 


SIMPLE  EaUATIONS. 

(363*)  A  Simple  Equation  is  one  in  which  the  exponents  of  the 
unknown  terms  are  d=l,  or  d=  a  proper  fraction  whose  numerator  is 

me;  as,  6a:+a=6,  7a?*+y'=8,  ar*4-c=rf,  4af""»  +  6=9,  &c. 


184  SDfPLB  EQUATIONa 

SIMPLE   EQUATIONS   OONTAININa   ONB    UNKNOWH 
QUANTITY. 

PROBLEM. 
(26  4«)  To  solve  a  simple  equation  oontaining  bat  one  unknown 
quantity,  that  is,  to  reduce  it  to  its  simplest  form. 

RULE. 

1.  Collect  the  terms  as  much  as  possible  hy  addition  and  irtm^ 
sitian, 

2.  Clear  the  equation  of  fractions. 

3.  Transpose  all  the  unknown  terms  to  the  first  member^  and  Un 
known  to  the  second  member. 

4.  Collect  all  the  unknown  terms^  when  not  already  done^  into  one 
term,  and  put  the  second  member  in  its  simplest  form. 

5.  Divide  both  members  of  the  equation  by  the  coefficient  of  tkevn- 
known  quantity,  and  the  resulting  equation  will  be  the  mmplestform 
of  the  given  equation^  and  will  indicate  the  value  of  the  unknom 
quantity. 

DEMONSTRATION. 
It  is  evident  that  the  operations  indicated  in  the  rule  are  soch  as 
will  not  d^troy  the  truth  of  the  equation,  nor  will  thej  ohaiige  the 
value  of  the  tmknown  quantity.  Hence,  the  value  of  the  onknown 
quantity  in  the  final  equation  will  always  be  the  same  as  in  the  equa- 
tion from  which  it  results. 

PROBLEM 

(265.)  1.  Solve  3x-4=z1x-U.  (1). 

SOLUTIOK. 

_4a;=:— 12  {2)=Eq,{l)  transposed  and  added. 

a?-3.  (3)= (2)-=- -4. 

PROBLEM 

2.  Solve  ax-'C=d^bx.  (1).  ' 

SOLUTION. 

ax+bxz=c+d  (2)=(1)  transposed. 

{a-\-b)x=c+d  (3)=(2)  added. 
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PROBLEM 

8.  Solve  ax'+hx=z9s^+cx.  (1). 

SOLUTION. 

a«+  b=z9x+c  (2)=(l)-^iP. 


ax~-9x=z  c—b 
(a— 9)*=  c—b 

^=  E^  {5)=(4)^(a-9). 


(8) =(2)  transpofled. 
(4)=(3)  added. 


PROBLEM 

^    o  T^   200?      86  .  5a?+20     4a;     86 


SOLUTION. 


This  equation  may  be  put  in  the  following  form, 


«^be«.weget5£±?«=2 


9af-16 
6a;+20=18a?— 82 
— 18a?=-62 
x=4 


Dropping  equals  from  both 

(2). 

(8) =(2)  cleared  of  fractions. 
(4) =(8)  transposed. 
(5)=:(4)--13. 


PROBLEM 

^  ,  2a;     5a;    rr     iE 

6.  Solve  nz+— +—+-+— =816. 


(1). 


SOLUTION. 

264«+16a;+80a;  +  4a?+a;=816  x  24  {2)=(1)  x  24. 

816ar=816  X  24  (3)=(2)  added. 

ar=24  .  (4)=(3)-r-315. 

Rem  ART. — TSo  multiplioatioxi  should  be  peiformed  unless  there  is  a  necessitj 
frr  it  If  we  had  multiplied  316  bj  24^  we  would  iu  this  case  have  perlbrxned 
woik  which  was  uimeoessaiy. 

PROBLEM 


6,  Solye  V*«+ 16=12.  (1). 
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SOLUTION. 

We  mnst  first  free  this  equation  of  the  radical,  which  can  be  done 
by  squaring  both  members.    We  learned  in  Involution  that  to  squaro 
the  square  root  of  a  quantity,  we  have  only  to  omit  the  radical. 
4a?  +  16=144  (2)=(1)'. 

4ar=128  (3)  =  (2)  transposed. 

a:=  32  (4)=(3)~4. 

PROBLEM 


1. 

Solve  V12  +a!=2  +  far.            (1). 

SOLUTION. 

12+ar=4+4fi+«           (2)=(1)'. 

8=4fi                   (3)=(2)  tmupoMd. 
2=fi                        (4)=(8)-^4. 
4=»                          (5)=(4)\ 

PROBLEM 

8. 

Given  j^X'-a^Vx—^Va  {I)  to  find  the  value  of  x 

SOLUTION, 

x^a=x-Vax+^            (2)=(1)'. 

yax=— 

26a' 
ax=z 
16 

25a 
*=16- 

PROBLEM 

9. 

Solve  4/^+28__1/."+38 
4/X+4       Vx-hQ 

SOLUTION. 

aj  +  34fx  +  168=ic4-42fa;  +  152  (2)=(1)  x(Va:+4)(V«+6) 

16=8/ic  (3)=(2)  transposed. 

2-Vx'  (4)=(3)-h8. 

4=x  {5)={i)\ 

PROBLEM 

10.  Solve  V2«T8  + 4 =7.(1). 
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80LUTI0K. 


V2x+3=8  (2) =(1)  transposed. 

2ar+8=27  (3)=(2)«. 
2ar=:24. 
a?=12. 


PROBLEM 


11.  QWen  ~+-=|/-^+4/A.  .  i_(l)  to  find  the  value  of  x. 
X    a    y    a'^y  aV^  x'^  ^ 


SOLUTION. 


II                     1      / 

(2)=(1)«. 

12/4         9 

(3)=(2)traiispo8ecL 

12/49 

(4)=(3)xx 

(5)=(4)\ 

4_8 

(6) =(6)  transposed. 

1_2 
a'~x 

(7)=(6)xJ 

a?=2a 

(8)=(7)x«*. 

PROBLEM 

12.  Given  -^ =a  (1)  to  find  the  value  of  x. 

^a+Va—x 

SOLUTION. 

Kendering  the  denominator  of  the  fraction  which  forms  the  first 

member  rational  by  multiplying  both  numerator  and  denominator  by 

y'a—  Va—x^  the  equation  becomes 

2a^2Va^—ax—x  ,  . 
=a            (2). 


— (a+l)a:+2a=i^4a*— 4aa;        (3)=(2)  xa?  and  trans, 
(a+l)V-(4a«+4a)a:+4a'=  Aa^-^ax        (4)=(3)" 

(a+l)"«— 4a«— 4a=— 4a  (6)=(4)-5-ic 

(a+l)"a?=4a' 

_     4a*    _/  2a  V 
*""(a+l)«~\a  +  l/* 
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PROBLEM 

4 


13.  SolyQVz+2+Vx='==.  (1) 

Vx-\-2  ^ 


SOLUTION. 


x+2+V2^-h2z=4:  (2)=(1)  xf^«+2 

Vji^  +  2x=2-x 

6jp=4 

PROBLEM 

14.  Solves J -_=:2A+« g— w    (1) 

SOLUTION. 

20-ax_25-?^=8i  +  4.-?^  (2)=(l)x4 

__?!^=13i  +  7,_?fji£        (3)=(2)t»o.p<«i 
-68  +  24jp=118  4-63ar-?^^i^      .  (4)=(8)x» 

?^^±^=39a:+186  W= W  tTMspawL 

81a?4-360='78j?+3T2 

32;=12 

a?=:4. 

PROBLEM 

16.  Given  — - — :  — - — : :  7  : 4  to  find  the  value  of  x. 
2  4 

SOLUTION. 

In  a  proportion,  we  have  the  first  term  divided  by  the  aeoond,  tcpai 
to  the  third  term  divided  by  the  fourth. 
By  performing  these  divisions,  we  have 
10jc+8_> 
18-3?  ""4 
40a:+82=126-7jf 
4';r:r=04 
x=z2 
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PBOBLXM 

16.  Oiven — :  1 : :  2j?+ 19 :  3a?— 19  to  find  the  value  of  «. 

6«— 48  . 

SOLUTION. 

Potting  this  proportion  in  the  form  of  an  equation,  we  have 

^S=5J^-    ^""^   ^  ^*^^^ 

we  have     12«'  +  9a?— 'Jr6a?-6';r=12a:'+114a?— 86a;— 817 
-95a:=-';r60 
«=8 

PROBLEM 

17.  Given  (a+ar)(6+«)-a(6+c)=-y+«'(l)*«fi^<l*^«^ueofa?. 

SOLUTION. 

«*+(a+ft)«+«"— oi— ac=:^+aJ*  (2)=(1)  expanded. 

(a+6)jp=-^+ck;  (3)=(2)  transposed. 

/      *x      fj^c-k-ahc  ,^.     ,.)  with  terms  of  2d 

(«+J)^=__  (4)=(3)f   ^^^i^^d^, 

(o+6)«=^(a+6)         (6)=(4)  fectored. 

*=T  (6)=(6)-i-(«+6). 

EXAMPLES. 

1«  Given  8aj+7=52— 7:p  to  find  the  value  of  a?.  Am,  xz=zZ. 
2t  Given  18*— 18= 6a? +35  to  find  the  value  of  a?.  A-ns.  ar=4. 
8«  Given  19a;4-13=69— 4a;  to  find  the  value  of  a?.     Ans,  x=2. 

4,  Given  8a;-|-4— -=46— 2a?  to  find  the  value  of  ar. 

Ans.  a?  =9. 
5«  Given  «*  + 16* =85a?— 8ar'  to  find  the  value  of  ar.  Aiu.  a?=5. 
t«  Given  4a?+36=6a;-h84  to  find  the  value  of  ar,  Ans.  ar=2. 
7.  Given  8ar"— 10af=8ar+«*  to  find  the  value  of  a?.  Ans.  a?=9. 
8«  Given  8aar— 4a6=2aa;— 6ac  to  find  the  value  of  ar. 

Ans.  ar=4&— 6c. 
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9«  Given  az^+abx=cdx  to  find  the  value  of  x. 

-  cd—(A 

a 

,  X      X 

lOf  Given  x—*l-=.--\--  to  find  the  valne  of*.  Ant.  ap=15. 

5     3 

XXX 

11«  Given  -+-=-+7  to  find  the  value  of*.         .   Am.  a;=12. 

/i       o       ** 

X— 5  284— ic 

12,  Given  -— —  4-  6a;= — - —  to  find  the  value  of  «. 
4  5 

Ans,  «=9 

11 X     19 X 

13«  Given  x-\ — = — - —  to  find  the  value  of  «.    Ans,  a;=5. 

3  2 

14*  Given  Sx-] — =5-\ to  find  the  value  of*. 

5  2 

Ans.  x=1, 

«f      r^'  «,    .    3X— 11       6a?— 6       dl  —  lx  ^     ii    J  ^1.  1  ^ 

Idt  Given  21 H — = — 1 — —  to  find  the  valne  of  «; 

16  o  2 

Afl8.  X=:9. 

Qx 4  18 4x 

16*  Given  — 2= — hx  to  find  the  value  of  a?. 


Am.  xz=i. 

17.  Given  ~t  +  10=~^4-11  to  find  the  value  of  «. 

o     4  3     2 

Ans.  d;=12. 

a?  4-1  2x—B 

18.  Given  — - — 1-3= — - —  to  fiud  the  value  of  a:.      Ans.  ap=9. 

5  3 

19.  Given  -^- —  +  5ap=28  4-  ^^    to  find  the  value  of  x. 

3  t 

Ans.  x=L 

3a;4-4  22 — x 

20.  Given  — - — 4-2a?= — - — 4-16  to  find  the  value  of  as. 

5  5 

Ans.  *z=z1. 

^^    ^.        Ya?- 8     15a? 4- 8     ^       81-a?^    ^..        ,        . 

21.  Given-— — h — rr — =3a? — to  find  the  value  of  «. 

11  13  2 

Ans.  a;=9. 

22.  Given  4a; — =  16 —  to  find  the  value  of  x. 

o  4 

Ans.  x=S. 


8IMFLS  EQUATIONa  191 

^    _  ,  27-90?    5JP+2     61     2«+6     29  +  4x  ,    ^   ,  ^, 

2t«  Giyen  «H = to  find  the 

Mm9  vr*T^«      T       ^  6  12  3  12 

Taloeofx.  ^n«.  x=5. 

to  find  the  value  of  x  ^n«.  x^ll. 

25*  Giyen 5=-  to  find  the  value  of  a?.    Ana.  xz=z — - — . 

XX  4 

28.  Given ^i^^-?(?+H^)=H(«-l)  to  find  the  value 
oix.  Am.  a;=2}. 

T7«  Given — ^--- — =a: — il— rrr  *<>  fij^d  the  value 

9  83  d;  (        54 ) 

of  «.  ^n«.  ;p=8. 

28*  Given  -  -j  -«+4  f  — ~ — =-  -j  — 1  |-  to  find  the  value  of  x. 

Am.  ar=3. 

29*  Given  8'25«-- 6-007— a:= 0-2— 0'84a:  to  find  the  value  of  ar. 

Am.  a:=2-0i04247. 

7'58x  2x  X 

SO*  Given  — 7^— +100=— -  +  8*86— -  to  find  the  value  of  x, 
18  5  •     6 

Am.  «=— 519-676. 

81.  Given  — — +_— -+1— Z_Z^  ^zcx-\—  to  find  the  value 
a+6     (a+6)"      a(a+6)"  a 

of  a?.  .ah 

Am.  x= 


a  +  h' 


82«  Given 7— =-r —  to  find  the  value  of  «. 

a-\-hx     d+ex 


.  af—ed 

Am.  x=-^ — rj. 


SSt  Given  Va*+c=i/,,    .    v  to  find  the  value  of  a?. 
'^  ayx-^-g) 

1 


^JW,  aj=r- 


rfVa'  +  c 


S4f  Given  Va+ar='Va^+5aa;+6'  to  find  the  value  of  a;. 

-dTW.  X=—- . 

8a 
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bz        {Sbc-had)x       5ab   _(86c— arf)x      5a(26-c) 

to  find  the  value  of  a?.  -4im.  a:=  — :J r-^. 

Sc— a 

^    ^.         7«-      ««•+'+«•     8af +6af+'  ,    ^   ,  ,,         ,        - 
M«  Given -= ; ; — - —  to  find  the  value  of  x. 

Ans,  «=— li. 

or. 

Ans,  x=8. 


9x+ 20     4*— 12      « 

t7«  Given  — — — =— +t  to  find  the  value  of  x, 

86  6a:— 4      4 


38*  Given  -^-- -^ — tt=^  ^  find  the  value  of  x. 

21  4a:— 11     8 


uifu.  x=8. 


^    ^.        6a;+7   .  7«-13     2ar+4  ^    ^   .  '        ,        . 

39.  Given  — ■ — + =  — -—  to  find  the  value  of  «. 

9  6«+8  3 

Ans,  x=A. 

40.  Given  5^^-14  =-^^^-16  to  find  the  value  of  «. 

x  +  2  «— 2 

\  Ana.  «=2. 

x—2     2Vx 
41*  Given  — ir-=-^  to  find  the  vaJue  of  «.  Ans,  x=6. 

j^x        3 

42t  Given  x+V2ax-\-a^=za  to  find  the  value  of  x.       Am,  «=-. 


43.  Given  2i^a*+a?"=4(a— ^a?)  to  find  the  value  of  «. 


Am.  «=-—. 


44.  Given  o+a:r=i/a*+a:V6'+a:"  to  find  the  value  of  x. 

6«-4a* 


Am.  x=- 


4a 


45.  Given  y3a?— 1=2  to  find  the  value  of  ar.  Am.  ar=f. 


46t  Given  y'x+a?*=a;+|^  to  find  the  value  of  a?.  Am.  ar=J. 


47t  Given  V3a?  + 18— 4=0  to  find  the  value  of  ar.      Am.  «=17. 


48*  Given +  ar=a  +  2a;  to  find  the  value  of  ar. 

Va-x 

AM.X=:l^a. 


49.  Given  i/i+fV— «"=  «— 2  to  find  the  value  of  ar. 

Am.  «=2f 
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50.  Given  (2+a:)*+a:*=4(2+a;)'**  to  find  the  value  of  ar. 

Ans,  a?=|. 

Si.  Given  8t^2a?+6  +  8  =  16  to  find  the  value  of  ar.     Ans.  x=5. 


52*  Given  j^z-hS=y 21  +^  to  find  the  value  o(x,       Ans,  x=:4. 


a 


53*  Given  x-^Va-^x=  to  find  the  value  of  a:. 

Va—x 

Ana,  x=a—l, 

54*  Given  — ^ -^=--—  to  find  the  value  of  a?. 

8a?         3a:  +  2      11a; 

Ans.  x=:^. 
65%  Given  «+-ra;+r-a:=m  to  find  the  value  of  ar. 

0         0 

bm 
Ans,  a;=- 


a-{-b-^c 


M«  Given  j^a-hx+Va^x=V<ix  to  find  the  value  of  ar. 

4a" 
Ans,  a;=-r — -. 
o*+4 


57.  Given  i/— —  +  i/-^  =i/4^  to  find  the  value  of  x. 
^  a+x     ^  a—x     y  a^—x^ 

Ans.  *=«(|^). 

S8>  Given  ^x+a=e—Vx+b  to  find  the  value  of  ar. 

A  (c'+b-aV     ^ 

Ans.  .=(—^)  -b. 

59*  Given  ^a+Vx=i^'cue  to  find  the  value  of  ar. 

Ans.  ar= — = . 


CO*  Given  4/ar— 16=8— f'a;  to  find  the  value  of  ar.      Ans.  ar=25. 


/  fl«  Given  4/ar+40=10— Var  to  find  the  value  of  ar.     Ans.  x=9. 


C2«  Given  i/ar— 24=f'ar— 2  to  find  the  value  of  ar.      Ans.  ar=49. 


CS*  Given  4/6  xi^ar+2=i^6ar  +  2  to  find  the  value  of  ar. 

Ans.  ar=^. 

CI*  Given  aa;+af^2aa;+a;'=a5  to  find  the  value  of  ar. 

.  b* 

Ans,  x= 


18 
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Vx-\-b      Vx-^Sb 


85,  Given  -= =-^ to  find  the  value  of  «. 


Am.  X 


=& 


M.  Given  i/4a-\-x=:2Vb-\-X'-Vx  to  find  the  value  of  dr. 

AfU.  X=:^ ^. 

2a— 6 

67.  Given  — :^-= —  to  find  the  value  of  x.        Ans.  x= , 

^x        ^  1— a 

Vcue— b     3  Vox--  2b 

88*  Given  -7= = — == to  find  the  value  of  or. 

Vax+b      SVax-\-5b 

An$,  xz=z — . 
a 

69t  Given ==9  to  find  the  value  of  ar.     Am.  «=4. 

V4ir+l-2Va? 


70.  Given  ^  "^^"^*^^— ^=6  to  find  the  value  of  ar. 

Va^-X'-Va—x 

.  2ab 

Jns.  x^^^^. 

71t  Given 4/^^-=2  to  find  the  value  of  a;.     Am.  «=1|. 

x—lf   x-\-l  ' 

72t  Given    ""   = — ■    to  find  the  value  of  «.    Am.  «=6. 

V6a:  +  2     4V6x-^6 


73.  Given  o-f  ftV«4- fl?==c  to  find  the  value  of  x. 
36 


74t  Given  i^a?+V'a?—9=-^==  to  find  the  value  of  x. 
Vx—d 

Am.  «s=2ff. 

75.  Given  i/l+zf^+12=l  +a?  to  find  the  value  of  x. 

Am.  x=z2* 

76.  Given  |A+i^— |/«--i^=-l--^-^    to  find  the  value  of* 


Ans.  flp=: — ^. 
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lO+^c  4iP 9 

I7.  QiYWi — - — : — z — ::  14: 6  to  find  the  value  of*. 

Ans,  «=4. 

Y;p_l_9  10** 18 

T8»  Given  6x+- — r^=^-\ — ^    .  ^    to  find  the  value  of*. 
4*  +  3  2*  +  3 

Ans,  *=:8. 

TO.  Given  V9*— 4  +  6=8  to  find  the  value  of*.         Ans.  *=4. 

AA    r^'         1'/— 4*    15+2*     ^  .•    ,   1         ,         i. 

80«  Given  — - — : — 2* : :  5 : 4  to  find  the  value  of*. 

4  o 

•  .  Ans,  *=3. 

4*+ 14 
Sh  Givenl6*  +  6:— ----::  36*+ 10:1  to  find  the  value  of  *. 
9*-rol 

Ans,  *=5. 

82*  Given  -= ==y  to  fii^d  the  value  of  *.    Ans.  *=6|  — ; ) . 

Vx—Vb     ^  Xa—b/ 

8S«  Given  — = = — = to  find  the  value  of*.   Ans,  *=4. 

f^*+2       ♦^*+40 


84*  Given  a  l/bx-^c^d  \/^*+/*— ^  to  find  the  value  of  *. 


Ans,  *=- 


'a*b^<P(e+/y 
^.       1      7*-.l      8    *-i, 
8     6J— 3«~3    a -5 

Jns.  .=-. 

M.  GiT«Q  — — — = — - — +— —  to  find  the  value  of  «. 

Ans.  *=25. 

P-    ^.       3-  81*'-9  „       3     2*'-l     67-3*  ^     ^  ^ 

87«  Given— —7- -^^ --=3*— -•  — — —  to  find 

2     (3*— 1)(*+3)  2      *  +  3  2 

the  value  of*.  ^n«.  *=10. 

88.  GKven   :^if'**  +  39*+374-y*«+20*+61  I  =|/^±^    to 
19  {  J  *+ 17 

find  the  value  of  *.  Ans,  *=78. 

8>«  Given  «*+2*=(*+a)"  to  find  the  value  of  *. 

.  a" 

^n#,  *=- 


■2(l-a)- 
lt«  Given  «'+2**+«=(««+8*)(*—l)+16tttfixidtK^^^\xxa^l«. 
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*91»  Given  — -— :  a?— 6  : :  «  :  7  to  find  the  value  of  «.   Ans.  «=5. 
4  3    4 

92.  Given  ^        ^\ — ^— 3a= -^ 2x+—t —    to   find   the 

o*  +  3a«6+4a"6"— 6a6'+25» 

value  of  X.  Am.  «= ..p,  ,  .  , i^^^y . 

26[2o'  +  (o-- 6)6] 

93.  Given  -^-|.^-|.4-+-r^=ifc  to  find  the  value  of  ar. 

ox    ax    fx     hx 

.  .         adfh-\-befh-\-bdeh  +  bdfg 

^-  ""= hdfhi ' 

^.    ^.        10«+17     12a;+2      6a?— 4^    u   ,  xi.       1        ^ 

94*  Given  — — --= — - —  to  find  the  value  of*. 

18         13af — 16         9 

Ant,  x=z4, 

95t  Given — n [---= to  find  the  value 

9u.  vTiYc         ^  17a? -32  ^3     12        36 

of  a?.  Ans,  x=:4, 

^    ^.        1x  +  6     2a?  +  44     ar     11a?     a?— 3^    is  j  *i.        1        ^ 

96.  Given  -^-.^__I+-=_— ^  to  find  tie  value  of*. 

Ani,  «=4. 

^^     _.        6- 5a?       'r-2a?«        l  +  3a?     2a?— y.      1     ^     ^   ,  ,, 

97.  Given 7 r= = — I to  find  the 

^  16         14(«-1)         21  6      f^Qg  •«  ""«  ™ 

value  of  a?.  Am,  x=z4. 

a'x 

98.  Given  -r de=bx—ac  to  find  the  value  of  aj. 

a*—b*  +  be 

^    ^.        18a?-19     lla?+21     9a?+16^    ^   .   .        ,        . 

99.  Given  — — h  .    .  ,^  = — r: —  to  find  the  value  of «. 

2o  oa?-t-14  14 

Ans,  a;=7. 

2a?— 3     8a:  — 1 

X         3  4         3ic*  +  2 

lOOi  Given ^ =-  • to  find  the  value  of*. 

2  a?— 1  2     3«— 2 

2 

*  There  is  a  peculiarity  in  this  example.    Any  quantitieB  whatever,  if  not  in 
the  ratio  of  |  to  f  or  of  8  to  9,  when  sabstitated  for  f  and  |^  will  give  the  1 
answer.    Can  the  student  explain  the  reason  ? 
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QUESTIONS  INVOLVING  SIMPLE  EQUATIONS 
CONTAINING  ONE  UNKNOWN  QUANTITY. 

QUBSTIOK 

(266«)  1.  What  number  is  th&t,  the  double  of  which  exceeds  its 
half  by  6? 

•SOLUTION. 

Let  d;=  the  number. 

Then,  by  the  conditions  of  the  question,  we  must  have  the  equation 

4«— a;=12, 
3«=12, 
a;=4,  the  number  required. 

Another  Solution, 
Let  2x  =  the  number. 

Then,  by  the  conditions  of  the  question,  we  must  have  the  equation 
4a?— a;=6, 
3ar=6, 
x=2, 
2d; =4,  the  number  required. 

QUESTION 

2.  A  person  employed  4  workmen ;  to  the  first  of  whom  he  gave 
2  dollars  more  than  to  the  second ;  to  the  second,  3  dollars  more  than 
to  the  third ;  and  to  the  third,  4  dollars  more  than  to  the  fourth. 
Their  wages  amounted  to  32  dollars.    How  much  did  each  receive  ? 

SOLUTION. 

Let  a?=  the  sum  received  by  the  fourth, 
then  a; +  4=  "        «  "         third, 

x-\-1=  "        "  "  second, 

anda:+9=  u        u         «         ^^^ 

By  the  conditions  of  the  question,  the  sum  of  these  must  equal  39 
dollan.    Therefore, 
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4a?+20=32, 
4ar=12, 
xz=z  3,  the  sum  received  by  the  foarth, 
a?+4=  7,        «  "         «*  thiid, 

a;+V=10,        »«         a         «  leoond, 

and  ir  +  9=12,        «  «  u  g^^ 

QUESTION 

8.  What  two  numbers  are  to  each  other  as  2  to  8 ;  to  each  of 
which  if  4  be  added,  the  sums  will  be  as  5  to  7  f 

SOLUTIOir. 

Let  2x  and  Zx  be  the  numbers. 

Then,  by  the  conditions  of  the  question, 

2a?+4:3a?+4::6:Y. 

Whence,  14«+28=16a?+20, 

22=:16,  the  first  number. 
8d;=24,  the  second  number. 

QUBSTIOK 

4.  A  person  being  asked  the  hour,  answered  that  it  was  between  five 
and  six ;  and  the  hour  and  minute  hands  were  together.  What  was 
the  time  ? 

SOLUTION. 

Let  xz=.  the  time  past  5. 

Then,  since  the  minute-hand  goes  12  times  as  fiurt  as  the  hour- 
hand,  it  follows,  that  5  +^  is  12  times  x, 
.-.  \2x=b-\-x 
\\x=b 
x=^Y  of  an  hour  =  27  minutes  16^  seconds,  the  time 
past  5  o'clock. 

QUESTION 

5.  What  number  is  that  to  which  if  1,  5,  and  18,  be  aevenlly 
added,  the  first  sum  shall  be  to  the  second  as  the  seoond  to  ib» 

third? 
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SOLUTION. 

Let  x=  the  number  required. 

Then,  by  the  conditions  of  the  question, 

ar  +  l  :a;  +  6  ::  x-\-b  :  ar+lS. 
Whose  solution  gives  ic=3. 

QUESTION 

6.  A  shepherd,  in  time  of  war,  was  plundered  by  a  party  of  soldiers, 
who  took  \  of  his  flock,  and  j^  of  a  sheep ;  another  party  took  from 
him  \  of  what  he  had  left,  and  ^  of  a  sheep  ;  then  a  third  party  took 
^  of  what  now  remained,  and  ^  of  a  sheep.  After  which  he  had  but 
25  sheep  left    How  many  had  he  at  first  ? 

SOLUTION. 

Let  xz=i  the  number  he  had  at  first. 

X     1 
Then  7  +  7=  the  number  the  first  party  took  away. 

4      4 

Which,  being  subtracted  from  ar,  gives 

-- — -=  the  number  remaining. 

The  second  party  took  away  \  of  these,  +  ^  of  a  sheep,  which  leilb 
2/3x     1\_1        x^\ 

IV^lt    a'""'  2    2* 

Of  these  the  third  party  took  one-half  +  ^  of  a  sheep,  which  left 
1/^_1\     1        ^_3 
2\2     2/     2'  ^^  4""4* 

.      ?-?-  25 
•  •    4     4-25 

ar— 3=100 
a;=103. 

QUESTION 

7.  A  man  and  his  wife  usually  drank  a  vessel  of  beer  in  12  days ; 
bat  when  the  man  was  gone,  it  lasted  the  woman  30  days.  In  how 
many  days  would  the  man  alone  drink  it ! 

SOLUTION.    ^ 

Let  X  =  the  number  of  days  it  would  take  the  man  alone  to  drink  it 
Then,  the  man,  in  1  day,  would  drink  -  of  it. 

X 

The  woman,         a         «         «        ^i^   « 
The  roan  and  woman  t<^ther  *'        ^   ** 
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'   '    12     jr     30 
5x=zQ0  +  2x 
3x=60 
rr=r20,  the  time  it  would  take  the 

man  alone  to  drink  it. 

QUESTION 

8.  A  person  engaged  to  reap  a  field  of  35  acre8|  coiuuBting  partlj 
of  wheat  and  partly  of  rye.  For  every  acre  of  rye  he  received  5 
shillings ;  and  what  he  received  for  an  acre  of  wheats  augmented  bj 
one  shilling,  is,  to  what  ho  received  for  an  acre  of  lye,  as  7  to  3.  For 
his  yfhoh  labor  he  received  260  shillings.  What  was  the  number  of 
acres  of  each  sort  ? 

SOLUTION. 

Lot  x=  the  number  of  acres  of  wheat ; 

Then  So—x=  the  nmnber  of  acres  of  rye ; 

Then  175— 5j;=  tlie  price  of  reaping  the  rye. 

By  the  question,  3  : 7  : :  5 : 1  +  the  price  of  reaping  an  acre  of  wheat 

But  3:7:: 5:115. 
Therefore,  the  piicc  of  reaping  1  acre  of  wheat  is  10}=^^  ahilliDgii 

And  "        "        "         z  acres      «      "      —-shillings 

32^ 
.-.   — -  +  175-  5a:=260, 

o 

32a:  +  525  — 15j-=780, 
17t=255, 
x=15,  the  No.  of  acres  of  wheat 
35-ar=20,  "  "  lye. 

QUESTION 

9.  The  hold  of  a  ship  contained  442  gallons  of  water.  This  was 
emptied  out  by  two  buckets :  the  greater  of  which,  holding  twice  as 
much  as  the  other,  was  emptied  twice  in  3  minutes;  but  the  lesi^ 
three  times  in  2  minutes ;  and  the  whole  time  of  emptying  was  12 
minutes.     How  much  did  each  hold  ? 

SOLUTION. 

Let  X  =  the  number  of  gallons  the  less  held. 
Then  2x=\he  number  of  gallons  the  greater  held. 
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4x=z  the  gallons  thrown  out  by  the  greater  in  8  minuteA 

ie»=         «         "         "         "        12     " 

lBx=L  "  "  «  less    "12       " 

•  •.   16a?+18a:=34a?=442, 

a;=ld,  the  No.  of  gallons  the  first  bucket  held. 
2a;=26,  "  "  second     "       " 

QUESTIONS. 

1.  What  number  is  that,  from  the  treble  of  which  if  18  be  sub- 
tracted, the  remainder  is  6  ?  Ans.  8. 

2.  What  number  is  that,  the  double  of  which  exceeds  f  of  its  half 
by  40  ?  Ans,  26. 

3.  In  fencing  the  side  of  a  field,  whose  length  was  450  yards,  two 
workmen  were  employed ;  one  of  whom  fenced  9  yards,  and  the  other 
6,  per  day.    How  many  days  did  they  work?  Ans.  30. 

4.  A  farmer  sold  13  bushels  of  barley,  at  a  certain  price;  and 
afterward  17  bushels,  at  the  same  rate;  and  at  the  second  time 
received  36  dimes  more  than  at  the  first  What  was  the  price  of  a 
bushel  ?  Ans,  90  cents. 

6.  A  draper  sold  two  pieces  of  cloth,  by  one  of  which  he  lost  $6 
more  than  by  the  other :  and  his  whole  loss  was  $5  less  than  treble 
the  less  loss.    What  were  the  losses  sustained  by  each  piece  ? 

Ans.  $11,  and  $17. 

6.  A  company  settling  their  reckoning  at  a  tavern,  pay  $8  each  ; 
but  observe,  that  if  there  had  been  4  more,  they  should  only  have 
paid  $7  each  ?    How  many  were  there  ?  Ans.  28. 

7.  'IVo  workmen  received  the  same  sum  for  their  labor ;  but  if  one 
had  received  $15  more,  and  the  other  $9  less,  then  one  would  have 
had  just  three  times  as  much  as  the  other.  What  did  they  each  re- 
ceive? Ans.  $21  each. 

8.  What  number  is  that,  the  treble  of  which  is  as  much  above  40, 
as  its  half  is  below  51  ?  Ans.  26. 

9.  A  person  has  a  certain  number  of  horses  at  a  livery  stable,  and 
S  times  as  many  at  grass.  He  keeps  15  in  constant  employnieut ;  and 
his  whole  number  is  7  times  the  number  in  the  stable.  What  was  the 
whde  number?  Ans.  35. 

10.  Two  men  at  the  distance  of  150  miles  set  out  to  meet  each 
other ;  one  goes  H  miles  while  the  other  goes  7.  How  mu(;h  of  the 
dktaaoe  does  each  travel  ?    Ans,  One  45,  and  ih^  9thei  10r»  nv\k%. 
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11.  A  person  put  out  a  certain  sum  at  interest  for  Si  yean,  at  5 

per  cent,  simple  interest ;  and  found  that  if  had  put  out  the  same  sum 
for  12  years  and  9  months,  at  4  per  cent^  he  would  have  received 
$185  more.     What  was  the  sum  put  at  interest  ^nJi.  tlOOO. 

12.  From  two  casks  of  equal  size  are  drawn  quantities,  which  are 
in  the  proportion  of  6  to  7 ;  and  it  appears  that  if  16  gallons  less  had 
been  drawn  from  that  which  is  now  the  emptier,  only  half  as  much 
would  have  been  drawn  from  it  as  from  the  other.  How  many  gal- 
lons were  drawn  from  each  ? 

Ans.  24  gallons  from  one,  and  28  gallons  from  the  other. 

13.  Out  of  a  certain  sum,  a  man  paid  his  creditors  $96 ;  half  Ot 
the  remainder  he  lent  his  friend ;  he  then  spent  ^  of  what  now  re- 
mained ;  and  after  all  these  deductions  had  ^j  of  his  money  left. 
How  much  had  be  at  first  ?  Ans,  $128. 

14.  Six  hundred  persons  voted  upon  a*  disputed  question,  which 
was  lost  by  &  certain  number.  The  same  number  of  persons  having 
voted  again  upon  the  same  question,  it  was  from  some  change  in  cir- 
cumstances carried  by  twice  as  many  as  it  was  before  lost  by ;  and 
the  new  majority  was  to  the  former  one  as  8:7.  How  many 
changed  their  minds  ?  •  Ans.  150. 

15.  A  sportsman,  keeping  an  account  of  the  number  of  birds  he 
killed,  found  that  each  succeeding  season  he  wanted  60,  in  order  that 
the  number  killed  might  bear  the  proportion  of  3  :  2  to  the  number 
killed  in  the  preceding  year.  In  the  fourth  year  he  found  that  he  had 
killed  170  fewer  than  three  times  the  number  killed  in  the  first  year. 
How  many  did  he  kill  the  first  year  ?  Ans.  180. 

16.  Several  detachments  of  artillery  divided  a  certain  number  of 
cannon  balls.  The  first  took  72,  and  -}  of  the  remainder;  the  next 
144,  and  ^  of  the  remainder ;  the  third  216,  and  |  of  the  remainder; 
the  fourth  288,  and  ^  of  those  that  were  left;  and  so  on;  when  it 
was  found  that  the  balls  had  been  equally  divided.  What  was  the 
number  of  balls  and  detachments  ? 

Ans,  4608  balls,  and  8  detachments. 

1 7.  Two  ]>ersons,  A  and  /?,  start  at  the  same  time  for  a  race  which 
lasted  6  minutes.  Now  after  galloping  4  minutes  at  the  same  uniform 
pace  at  which  each  started,  the  distt'ince  between  them  ia  ^ir  ^^® 
part  of  the  whole  length  of  the  course.  They  continue  to  run  for  1 
minute  more,  at  the  same  speed  as  at  first ;  and  then  B^  who  is  lasti 
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quickens  the  speed  of  his  horse  20  yards  a  minute,  and  comes  in 
exactly  two  yards  before  A^  whoso  horse  had  run  at  the  same  uni- 
form pace  throughout.    What  was  the  lengtli  of  the  course  ? 

Ans,  3  miles. 

18.  A  packet  sailing  from  Dover  with  a  fair  wind,  arrives  at  Calais 
in  2  hours;  and  on  its  return  the  wind  being  contrary,  it  proceeds 
6  miles  an  hour  slower  than  it  went  Now  when  it  is  half  way 
over,  the  wind  changing,  it  sails  2  miles  an  hour  faster,  and  reaches 
Dover  sooner  than  it  would  have  done  had  the  wind  not  changed,  in 
the  proportion  of  6  :  7.  What  were  the  rates  of  sailing  and  the  dis- 
tance between  Dover  and  Calais  ? 

Arts,  On  its  return  it  sails  5  and  7  miles  an  hour,  and  the  distance 
is  22  miles. 

10.  A  fJEumer  has  a  stack  of  hay,  from  which  he  sells  a  quantity 
which  is  to  the  quantity  remaining  in  the  proportion  of  4  to  5.  He 
then  uses  15  loads,  and  finds  that  he  has  a  quantity  left  which  is  to 
the  quantity  sold  as  1  to  2.  How  many  loads  did  the  stack  contain 
at  first?  An8,  45. 

20.  In  a  naval  engagement,  the  number  of  ships  taken  was  7  more, 
and  the  number  burnt  2  fewer  than  the  number  sunk.  Fifteen 
escaped,  and  the  fleet  consisted  of  8  times  the  number  sunk.  Of  how 
many  ships  did  the  fleet  consist?  Arts,  32. 

21.  At  the  review  of  an  army,  the  troops  were  drawn  up  in  a  solid 
mass,  40  deep,  when  there  were  just  \  as  many  men  in  front  as 
there  were  spectators.  Had  the  depth,  however,  been  increased  by 
5,  and  the  spectators  been  drawn  up  in  the  mass  with  the  army,  the 
number  of  men  in  front  would  have  been  100  fewer  than  before.  Of 
what  number  did  the  army  consist  ?  Ans,  180000. 

22.  A  and  B  playing  at  billiards,  A  bet  5  dollars  to  4  on  every 
game,  and  found  that  after  a  certain  amount  of  games,  he  had  won  10 
dollars.  Had  B  won  one  game  more,  the  number  won  by  him  would 
have  been  to  the  number  won  by  -4  as  3  to  4.  How  many  did  each 
win?  Ans,  A  won  20,  and  J9  14. 

23.  A  be8i^;ed  garrison  had  such  a  quantrty/of  bread  as  would,  if 
►  distributed  to  each  at  10  ounces  a  day,  last  6  weeks,  but  having  lost 

1200  men  in  a  sally,  the  governor  waA  enabled  to  increase  the  allow- 
jmce  to  12  ounces  per  day  for  8  weeks.  What  was  the  number  of 
men  gt  fibrst  in  the  garrison  ?  Ana  3200. 
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24.  During  a  panic,  there  was  a  run  on  two  banken  A  and  B,  B 
stopped  payment  at  the  end  of  3  days,  in  consequence  of  which  the 
alarm  increased,  and  the  daily  demand  for  cash  on  A  being  trebled, 
A  failed  at  the  end  of  2  more  days.  But  if  A  and  B  had  joined  their 
capitals,  they  might  both  have  stood  the  run,  as  it  was  at  first,  for  7 
days,  at  the  end  of  which  time  B  would  have  been  indebted  to  A 
$4000.     What  was  the  daily  demand  for  cash  at  ^'s  bank  at  first? 

Ans.  t2000. 

25.  There  are  two  numbers  in  the  proportion  of  ^  to  |,  which 
being  increased  respectively  by  6  and  5,  are  in  the  proportion  of  J  to 
^.     What  are  the  immbers  ?  Ans.  30  and  40. 

2C.  A  gentleman  meeting  4  poor  persons,  distributed  60  cents 
among  them  :  to  tlie  second  he  gave  twice,  to  the  third  thrice,  and  to 
the  fourth  four  times  as  nmch  as  to  tlie  first.  How  mach  did  he 
give  to  each  ?  Ans,  6,  12,  18,  and  24  cents  respectively. 


27.  A  farmer  has  two  flocks  of  sheep,  each  containing  the 
number.  From  one  of  these  lie  sells  39,  and  from  the  other  93 ;  and 
finds  just  twice  as  many  remaining  in  one  as  in  the  other.  How 
many  did  each  flock  originally  contain  ?  Ans.  147. 

28.  Four  places  are  situated  in  the  order  of  the  four  letters  -4,  By 
(7,  J),  The  distance  from  yl  to  Z)  is  34  miles ;  the  distance  from  A 
to  B :  distance  from  (7  to  i)  : :  2  :  3,  and  |  of  the  distance  from  A  to 
B  added  to  half  the  distance  from  C*  to  i)  is  3  times  the  distance 
from  B  to  C,    What  are  the  respective  distances  ? 

Ans,  AB=12,  BC=A,  and  C7Z>=18. 

20.  Ill  a  mixture  of  wine  and  cider,  half  of  the  whole  +25  gallons 
was  wine,  and  ^  of  the  whole  —5  gallons  was  cider.  How  many 
gallons  wore  there  of  each  ? 

Arts,  85  gallons  of  wine,  and  35  of  cider. 

30,  A  footman  who  contracted  for  £8  a  year,  and  a  livery  suit,  was 
turned  away  at  the  end  of  7  months,  and  received  only  £2  Zs.  4d.  and 
his  livery.     What  was  its  value  ?  Ans.  £6. 

^1.  A  cistern  into  which  water  was  let  by  two  pipes,  A  and  ^,  will 
be  filled  by  them  both  running  together  in  12  hours,  and  by  the  pipe 
A,  alone,  in  20  hours.  In  what  time  will  it  be  filled  by  the  pipe  B 
alone  ?  Ans.  30  hours. 

32.  A  person  has  two  sorts  of  wine,  one  worth  20  pence  a  quart, 
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and  the  other  12  pence ;  from  which  he  would  mix  a  quart  to  be 
worth  14  pence.    How  much  of  each  must  he  take  ? 

Ans.  He  must  take  |  of  the  first,  and  J  of  the  second. 

33.  A  hare,  50  of  her  leaps  before  a  greyhound,  takes  4  leaps  to 
the  greyhound's  3  ;  but  2  of  the  greyhound's  leaps  are  as  much  as  3 
of  the  hare's.  How  many  leaps  must  the  greyhoimd  take  to  catch  the 
hare?  Ans.  300. 

34.  Two  pieces  of  cloth  of  equal  goodness,  but  of  different  lengths, 
were  bought,  the  one  for  $6,  and  the  other  for  $6^.  Now,  if  the 
lengths  of  both  pieces  were  increased  by  10,  the  numbers  resulting 
would  be  in  the  proportion  of  5  to  6.  How  long  was  each  piece,  and 
what  was  the  cost  a  yard  ? 

Ans,  One  piece  was  20  yards  long,  and  the  other  26.    Cost,  25 
cts.  a  yard. 

85.  Two  persons,  A  and  -ff,  have  both  the  same  annual  income. 
A  lays  by  |  of  his :  but  B,  by  spending  $80  per  annum  more  than 
A,  at  the  end  of  4  years  finds  himself  $220  in  debt  How  much  did 
each  receive  and  spend  annually  ? 

Ans.  The  annual  income  of  each  is  $125,  and  A's  annual  expendi- 
ture is  $100,  and  B*s  $180. 

86.  An  egg-merchant  meeting  with  three  customers,  sells  to  the 
first  of  them  half  his  stock  and  1  egg  more ;  to  the  second  he  dis- 
poses of  half  the  remainder  and  2  eggs  more  ;  and  to  the  third  half 
of  what  he  then  had  left  and  3  eggs  more ;  and  afterward  discovers 
that  he  has  parted  with  his  whole  stock.  What  number  had  he  at 
first?  Ans.  34. 

37.  A  person  disposes  of  turkeys  at  as  many  dimes  each  as  the 
number  he  has,  and  returning  1  dime  finds  that  if  he  had  had  one 
more  to  sell  on  the  same  condition,  and  had  returned  2  dimes,  he 
would  have  received  20  dimes  more  from  his  bargain.  What  num- 
ber did  he  dispose  of?  Ans.  10. 

38.  A  gentleman  bequeaths  his  property  as  follows :  To  his  eldest 
child  he  leaves  $1800,  and  }  of  the  rest  of  his  property ;  to  the  second, 
twice  that  sum  and  ^  of  what  then  remained  ;  to  the  third,  three  times 
the  same  sum  and  |  of  the  remainder,  and  so  on ;  and  by  this  ar- 
rangement his  property  is  divided  equally  among  his  children.  How 
many  children  were  there,  and  what  was  the  fortune  of  each  ? 

Ans,  5,  and  $9000,  the  fortune  of  each. 


Ans. 
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39.  A  and  B  possess  certain  sums  of  money,  snch  that  if  thej  gnn 
ta  and  $b  respectively,  A  will  be  m  times  as  rich  as  B ;  hut  if  they 
gain  $c  and  id  respectively,  A  becomes  possessed  of  n  times  as  miidi 
as  B,    How  much  money  has  each ! 

^m(nd—c)—n(mb-'a)  *  «_* 

— ^^ ^^ ^-=A*8  money  at  first 

(nd—c)  —  {mb—a)  x  is    * 

^ ^- — ^ -=B*8  money  at  first 

^  7/1— n 

40.  The  crew  of  a  ship  consisted  of  her  complement  of  sailors  and 
a  number  of  soldiers.  Now  there  were  22  sailors  to  every  3  gODi 
and  10  more.  Also,  the  whole  number  of  persons  was  5  times  the 
number  of  soldiers  and  guns  together.  But  after  an  engagement,  in 
which  the  slain  were  i  of  the  survivors,  there  wanted  5  to  be  13  men 
to  every  2  guns.    What  was  the  number  of  guns,  soldiers,  and  sailois! 

Ans.  90  guns,  C70  sailors,  and  55  soldiers. 

41.  An  express  set  out  to  travel  240  miles  in  4  days,  but  in  conse- 
quence of  the  badness  of  the  roads,  he  found  that  he  must  go  5  miles 
the  second  day,  9  the  third,  and  14  the  fourth  day,  less  than  the  finL 
How  many  miles  did  he  travel  each  day  ? 

Ans.  67,  62,  58,  and  53  miles, 

42.  The  estate  of  a  bankrupt^  valued  at  $21000,  is  to  be  divided 
among  four  creditors  proportionably  to  what  is  due  them.  The  debts 
due  to  A  and  ^  are  as  2:3;  jS's  and  C7's  claims  are  in  the  ratio  of 
4:5;  and  (7's,  and  D^a  in  the  ratio  of  6:7.  What  sum  must  each 
receive  ?  A71S.  A  83200,  B  $4800,  C7$6000,  and  D  $7000. 

43.  There  are  two  towns,  A  and  B,  which  are  131  miles  distant 
from  eacli  other.  A  coach  sets  out  from  A  at  six  o'clock  in  the  morn- 
ing, and  travels  at  the  rate  of  4  miles  an  hour  without  intermission, 
in  the  direct  road  toward  B,  At  2  o'clock  in  the  aflomoon  of  the 
same  day,  a  coach  sets  out  from  B  to  go  to  Ay  and  goes  at  the  rate 
of  5  miles  an  hour  constantly.     Where  will  they  meet  ? 

Ans.  76  miles  from  A,  and  55  from  B. 

44.  A  watennan  finds  by  experience  that  he  can  with  the  advan- 
tage of  the  common  tide  row  down  a  river  from  A  to  B^  which  is  18 
miles,  in  1  hour  and  a  half,  and  that  to  return  from  B  to  A  against 
an  equal  tide,  though  he  rows  back  along  the  shore,  where  the  stream 
is  only  |  as  strong  as  in  the  middle,  takes  him  just  2  hours  and  a 
quarter.  At  what  rate  does  the  tide  run  per  hour  in  the  middle, 
where  it  is  the  strongest  ?  Ans.  2i  miles  per  hour. 
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45.  The  ingredients  of  a  loaf  of  bread  are  rice,  flour,  and  water,  and 
the  weight  of  the  whole  is  15  lbs.  The  weight  of  the  rice  augmented 
by  6  lbs.  is  I  of  the  weight  of  the  flour,  and  the  weight  of  the  water 
is  I  of  the  weight  of  the  flour  and  the  rice  together.  What  is  the 
weight  of  each  ?  Arts.  Rice  2  lbs.,  flour  10^  lbs.,  water  2  J  lbs. 

46.  Suppose  two  hands  of  a  watch,  (a)  and  (6),  were  together  on 
Sunday  noon,  and  the  motion  of  each  was  such  that  (a)  moved  round 
the  horary  circle  in  one  hour,  and  (b)  in  1^|^  hour.  When  will  they 
be  together  again  for  the  first  time?  Ans,  61  hours. 

47.  The  rent  of  an  estate  this  year  is  greater  by  8  per  cent  than  it 
was  last  year.  This  year's  rent  is  $1890.  What  was  the  rent  of  last 
year?  ^iw.  $1750. 

48.  A  merchant  increases  his  capital  yearly  by  20  per  cent.,  and 
takes  from  it  every  year  $1000  for  the  support  of  himself  and  family. 
After  he  had  carried  on  his  business,  in  this  manner,  for  three  years, 
he  finds,  after  deducting  the  usual  sum,  $1000,  that  his  capital  has 
increased  $200  more  than  |  of  the  original  sum.  What  was  the 
oiiginal  capital  ?  Ans.  $30000. 

49.  A  person  has  4  wine  casks  of  different  sizes.  When  he  fills 
the  2d  empty  cask  from  the  first  full  one,  there  remains  in  the  first 
only  -1^  of  the  wine ;  when  he  fills  the  3d  empty  cask  from  the  2d  full 
one,  there  is  left  in  the  2d  only  |  of  the  wine ;  but  when  he  attempts 
to  fill  the  4th  empty  cask  from  the  3d  full  one,  then  only  /^  of  the 
4th  is  filled,  and  if  he  wished,  to  fill  the  3d  and  4th  empty  casks  from 
the  first  frill  one,  then  tliese  would  not  only  be  filled,  but  he  would 
have  15  gallons  remaining.  How  many  gallons  does  each  of  these  four 
casks  contain  ? 

Ans.  The  1st,  140 ;  the  2d,  60  ;  the  3d,  45  ;    and  the  4th,  80 
gallons* 

50.  A  father  leaves  a  number  of  children,  and  a  certain  sum  of 
money,  which  they  are  to  divide  among  them  as  follows  :  The  first 
18  to  receive  $100,  and  a  10th  part  of  the  remainder;  after  this,  the 
second  receives  $200,  and  a  10th  part  of  the  residue ;  again,  the  third 
receives  $300,  and  a  10th  paft  of  the  remainder ;  and  so  on.  At  last 
it  is  found  that  all  the  children  have  received  the  same  sum.  What 
was  the  fortune  left,  and  how  many  children  were  there  ? 

Ans,  $8100,  and  9  children. 

51.  What  number  is  that  which,  if  it  be  increased  by  7,  the  square 
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root  of  the  sum  shnll  be  equal  to  the  square  root  of  the  number  itadt 
and  1  more  ?  Ant.  9. 

52.  A  person  Tirisbes  to  give  3  cents  a-piece  to  some  beggars,  bot 
finds  he  has  not  money  enough  by  8  cents ;  bat  if  he  gives  them  2 
cents  a-piece,  he  will  have  3  c<3nts  remaining.  What  is  the  number 
of  beggars?  Ans.  11. 

63.  What  are  the  two  parts  of  CO,  such  that  their  product  is  equal 
to  three  times  the  square  of  the  less  ?  Ans,  15  and  45. 

54.  In  the  composition  of  a  quantity  of  gunpowder,  the  nitre  was 
10  lbs.  more  than  |  of  the  whole,  the  sulphur  4^  lbs.  less  thaD  J  a 
the  whole,  and  the  charcoal  2  lbs.  less  than  ^  of  the  nitre.  Whtt 
was  the  amount  of  gunpowder  ?  Ans,  69  lbs. 

55.  A  person  engaged  to  work  a  days  on  these  conditions :    For 

each  day  he  worked  he  was  to  receive  b  cents,  for  each  day  he  was 

idle  he  was  to  forfeit  c  cents.    At  the  end  of  a  days  he  received  d 

cent«5.     How  many  days  was  he  idle  ?  ,      , 

Ans.  -^ days. 

6-hc       ' 

5G.  AVhat  must  the  fortune  and  number  of  children  be,  when,  in 

general,  the  first  receives  a  dollars,  together  with  the  nth  part  of  the 

remainder ;  and  each  succeeding  child  a  dollars  more,  together  with 

the  ??th  part  of  the  remainder,  and  it  is  found,  at  last,  that  they  hive 

all  received  the  same  sum  ? 

Ans,  Tlie  fortune,  ={n—iya,  and  children,  =n— 1. 

57.  A  person  wishes  to  mtike  tlie  following  payments  at  4  different 
perio<]s  ;  one  sum  a  in  /,  a  sum  ft  in  m,  a  sum  c  in  »,  and  a  sum  d  in 
p  months.  If  he  wishes  to  pay  his  whole  debt,  a  +  ft-f  c+rf,  at  once, 
at  wli.1t  ])eriod  must  he  do  it  ?  _     , 

a  +  h  +  ci-d 

58.  A  master  mason  has  engaged  a  number  of  masons  for  the 
erection  of  a  building.  He  finds,  after  entering  into  a  calculation, 
that  if  lie  gave  each  man  m  shillings  a  day,  he  would  daily  expend 
a  shilliiiL^^s  loss  than  was  assigned  for  that  purpose  by  the  estimate, 
and  that  he  would  lose  b  shillings,  if  he  should  give  each  n  shillings 
How  many  men  did  he  hire,  and  what  Vas  the  daily  wages  of  each! 

a-\-b 


Ans, 


The  number  of  masons  was 

n—m 

The  daily  wages  of  each  wns 7—  shillingB. 
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59.  What  number  must  be  added  to  each  of  the  two  given  num- 
bers, a  and  b,  that  the  sums  may  be  as  m :  n  ? 

.       mh—na 

Ana,  . 

n—m 

00.  Three  masons  are  employed  in  building  a  wall*  The  first  builds 
8  cubic  feet  in  5  days ;  the  2d,  9  cubic  feet  in  4  days ;  and  the  Sd, 
10  cubic  feet  in  6  days.  How  much  time  will  these  masons  need, 
when  they  work  together,  to  build  756  cubic  feet  of  the  wall  ? 

Am.  137^^  days. 


^  «>  »  ■■  » 


SIMULTANEOUS   EQUATIONS   OF   TpE 

FIRST  DEGREE,   CONTAINING  TWO 

UNKNOWN    QUANTITIES. 

(267  •)  Simultaneous  Equations  are  such  as  must  exist  at  the 
time,  the  values  of  the  unknown  quantities  in  each  equation 
being  restricted  by  the  other. 

PROBLEM. 
(268«)  To  discuss  the  nature  of  simultaneous  equations. 

DISCUSSION. 
Let  «+ y=6.     This  equation  can  be  satisfied  by  the  following 
positive  integral  values  for  x  and  y. 

ar=l  and  y=5, 
x=z2     "    .v=4, 
ar=3     "     y=3, 
a:=4     "    y=2, 
or,  ar=5     "    y=l. 
Also,  if  a:=0,  y  must  =  6,  and  if  a;=6,  y  must  =  0.    We  might 
assign  negative  values  for  x,  and  the  corresponding  values  of  y  would 
be  obtained  by  subtracting  the  value  of  x  from  6.    Thus,  x——2y 
y=:6-(-2)=8. 

We  can  also  assign,  for  the  value  of  a:,  any  proper  or  improper 
firaction,  and  the  corresponding  value  of  y  must  be  this  value  sub- 

14 
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tracted  from  6.  There  are,  then,  an  infinite  number  of  yalnes  wludi 
may  be  assigned  to  x  and  y  which  will  satisfy  the  given  equation. 

Suppose,  now,  we  have  3^  +  2y=14.  In  this  equation,  also,  x  and 
y  may  have  an  infinite  number  of  values.  But,  if  we  wish  jr+y=6 
and  d;r  +  2y=14  to  exist  at  the  same  time,  or,  in  other  words,  that 
each  of  these  equations  must  be  restricted  by  the  other,  x  and  y  can 
only  have  those  values  which  will  at  the  same  time  satisfy  both  equa- 
tions. 

We  have,  then,  this  problem,  to  find  what  values  of  x  and  y  tnfl 
satisfy  x-}-y=6^  provided  3j:4-2y=14. 

If  a; =2  and  y=4,  the  first  equation  will  be  satisfied,  and  these  valneB 
will  also  be  found  to  satisfy  the  second. 

It  will  hereafter  be  found,  that  of  all  values  of  x  and  y  which  will 
satisfy  the  first  equation,  ir=2  and  y=4  are  the  only  ones  that  will, 
at  the  same  time,  sadisfy  the  second  equation. 

x-\-y=Q  is  called  an  indeterminate  equation  when  it  has  no  other 
equation  to  limit  it.  In  like  manner  x-\'y-\-z=9  is  an  indeterminate 
equation,  when  it  has  no  other  equation  to  limit  it  In  general,  that 
equations  may  be  determinate  there  must  be  as  many  equations  at 
there  are  unknown  quantities. 

It  must  be  carefully  observed  that  the  equations  must  all  be  inde- 
pendent, that  is,  that  no  equation  be  the  result  of  an  additian,  sub- 
traction^ multiplication^  or  division  performed  upon  one  of  the  others. 
Thus  a:  +  y = 6,  and  ar + y  H-  3 = 9  are  not  independent  equations.  The 
same  may  be  said  of  a:4-y=6,  and  x-\-y—Zz=Z\  ar4-y=:6  and 
2a:-f2y=12;  a:4-y=6  and  Ja;4-Jy=2. 


^  »»  ♦  »i  » 


ELIMINATION. 


(269.)  Elimination  is  the  process  of  deducing  from  two  or  more 
simultaneous  equations,  a  single  equation  containing  one  unknown 

quantity. 

(270.)  Simultaneous  equations  are  of  the  first  degree  when  the 
equation  deduced  from  them  is  of  the  first  degree,  or  is  a  simple 

oguation. 
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ELIMINATION    BY    SUBSTITUTION. 

(271«)  Elimination  by  substitution  is  finding  an  expression  for 
the  yalne  of  an  unknown  quantity  in  one  equation,  and  substituting 
this  value  for  the  same  unknown  quantity  in  another  equation. 

PROBLEM. 
(27  2«)  To    eliminate    by  substitution  from    two    simultaneous 
aqnidoDa. 

RULE. 
.Find  an  expression  for  the  vcUue  of  an  unknown  quantity  in  one 
equation,  and  substitute  this  expression  for  the  same  unknown  quantity 
«ft  the  other  equation,  and  there  wUl  result  a  single  equation  contain- 
hkg  but  one  unknown  quantity, 

PROBLEM 

(273.)  1.  Given  \  "^  "^^^^y  55  l"  to  find  the  values  of  a;  and  y. 
^  '  ( mx-\'ny=zd  (2)  )  ^ 

SOLUTION. 

=  — ^  (3)=  value  of  y  in  (1). 

(4)=(3)xn. 

„,  —..«-.  -  .       (  value  of  ny  in  (4)  sub- 

"•+  —ft—  =^  ^^^^  \  stituted  in  (2). 

hmx-\-nc  —nax^bd. 

hmx—nax=bd^nc, 
(&m — 7ia)ar= W — nc. 

_  bd—nc  ,  V 


'  bm—na 
abd—acn 
bm—na 


(9)=(8)xa. 


abd—nac  _  /ia\-.  i     ^*^"®  ^^  ^  ^^  (^) 

"fti^i:^"^  ^^-"^  ^^"^""  (  substituted  in  (1). 


6y=c- 


abd—nac 


bm—na' 
_c     abd—nae 
6    b^m-^abn ' 
cm-^ad 
bm — na 
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2.  Given   ]  /"*",/    ^^  ;!(  [  to  find  the  Talnes  of  a;  and y. 
(  8x—lSy=  9  (2)  )  ' 


SOLUTION. 


4a;=61— 9y  (3)=(1)  transposed. 

8«=102-18y         (4)=(3)x2. 

.V  _  j  value  of  Sx  in  (4)  sobstitotad 
^^"(m(2). 

(6) =(5)  transposed  and  added. 
(7)=(6)--31. 
Since,  y=3,  we  have  instead  of  4a;=51— 9y  tlie  equation 

4a:=:51  — 27=24    (8)=value  of  9y  substituted  in  (S). 
xz=Q.    , 


102-18y-13y=9 

-31y=-93. 
y=3. 


PROBLEM 


3.  Given    •!    ,      ,     «  Lx  f  to  ^^  the  values  of  x  and  y. 
( jr'— y'=3  (2)  ) 

SOLUTION. 

The  second  of  these  equations  is  not  of  the  first  degree,  but  tie 
equation  found  bj  eliminating  will  be  of  the  first  degree.  The  sAiond 
equation  is  in  fact  the  product  of  re— y=l  by  3,  for  it  may  be  put  in 
the  fonn  {x-\-y)(x—y)=S,  and  we  know  that  a?4-y=3  from  thefint 
equation. 

We  have  then  to  find  the  values  of  x  and  y  in  the  equations 
x  +  y=n  (3). 

x-!/=l  (4). 

x=l+y  (5) = (4)  transposed. 

l+y  +  y=3  (6)=value  of  a:  in  (5)  substituted  in  (3). 

2y=2. 
y=l. 
x=2. 


PROBLEM 


4.  Given   -< 


2x—y 


+  14=18  (1) 

?^+16=19(2) 
3 


to  find  the  values  of  x  and  y. 
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SOLUTION. 

£«— 5f=8  (d)=(l)  X  2  and  terms  transposed. 

2y+a;=9  (4)=:(2)  x  3  and  terms  transposed 

ap=9— 2y        (5) =(4)  transposed. 
2flP=18-4y       (6)=(6)x2. 
18— 4y— y=:8  (7)=  value  of  2x  in  (6)  substituted  in  (3). 

— 6y=-10. 
y=2. 
a;=9— 2y. 
«=9-.4. 
«=5. 

EXAMPLSB. 

1.  Given  \      4.0—10'  f  ^  ^^  *^®  values  of  z  and  y. 

Ana.  x=Bj  y=2. 

i  Q^ 9v=  9  ) 

2.  Given  i       •  7  _-, «'  j  *^  ^^  *^®  values  of  a?  and  y. 

.4jw.  a:=3,  y=l. 

8«  Given  •} ,  ^    .  «      ««'  f  to  find  the  values  of  a:  and  y. 

u4n*.  «=4,  y=3. 

(  2«—  y=:  1, ) 
4«  Given  -j  ^^    •  o  — 1^  r  ^  find  the  values  of  x  and  y. 

j4n*.  «=1,  y=l. 


5«  Given 


4y+7x_ 
bx ^—=8, 

^       4y  ,  7a?— 2y     ^ 


5 


to  find  the  values  of  x 
andy. 

^n*.  a?=4,  y=ll. 


6.  Given -^  ^  ^^    >  to  find  the  values  of  a?  andy. 
11  4     'J  .4jw.  «=4,  y=ll. 

7.  Given  -i  ^*      ^^"'  ^'  {•  to  find  the  values  of  x  and  y. 

(  6af—  2y=  9, )  ^ 

.  179         137 

69'  ^       ^^ 
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8*  Given  \  ^      J^~  ,J  >  to  find  tlie  valaes  of  x  and  y. 
(  "STx— 2y=l7,  ) 

Am.  x=9^  3f=2. 

9»  Given  \         o  Zoo'  f  ^  ^^  *^®  values  of  ir  and  y. 

Aru.  x=4tf  y=3. 

10.  Given  -j  f     /""«  '  f  to  find  tlie  values  of  x  and  y. 
(6a;  +  4y=28,  )  ^ 

Ans.  «=2,  y=4. 

ELIMINATION   BY   COMPABISON. 

(274*)  Eldcikation  by  Comparison  is  finding  an  ezpreBdua 
for  the  value  of  an  unknown  quantity  in  one  equation,  and  also,  an 
expression  for  the  value  of  the  same  unknown  quantity  in  another 
equation,  and  putting  the  expressions  equal  to  each  other. 

PBOBLEM. 
(275.)    To   eliminate   by  comparison  from   two   simultaneom 
equations. 

BULE. 
Find  an  expression  for  the  value  of  one  of  the  unknown  quantiiitt 
in  the  first  equation^  and  put  it  equal  to  an  expression  for  the  vabu 
of  the  same  unhnoum  quantity  found  from  the  second  equaiion. 

PROBLEM 

(276.)  1.  Given  \  ^+^y=^  W»  j.  to  find  the  values  of «  and  y. 
^  '  {cx+dtf=n  (2),  J 

SOLUTION. 

az=m'-hy  (3)=(1)  transposed. 

.=-!:iz:^        (4)=(3)^«. 

cx=n—dy  (5)=(2)  trani^>06ed. 


n—dy 


(6)=(5)-c. 

(7)=  value  of  :r  in  (4)  and  in  (6)  eqnatai 


c 
m—by    n^dy 
a     ~      c 
cm'-bcy=an^ady 
ady—bcy:=an^cm 
(ad—bc)y=an^cm 
an — cm 

The  value  of  x  may  be  obtained  by  equating  the  ezpreanons  tot  di* 
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▼alne  of  y,  or  it  may  be  obtained  from  either  of  the  giyen  equations 
by  putting  in  it  instead  of  y  its  value  as  found  above.    Proceeding 

by  either  of  these  methods,  we  would  find  ^=—^ — r-- 

PROBLEM 

(277.)  2.  Giyen  |  ""+';;i'"J  j^j' }  to  find  the  values  of      , 
jT  andy. 

SOLUTION. 

100-3y 

*=-Tr- 

4+Ty 

4+7y_100~8y 
4     ~      11 
44  +  '7'7y=400-12y 
89y=356 

y=4.  Since  ar= — r-=^  and  y=4, 

4 

4+28     „ 
we  have  a?= — - — = 8. 

4 
PBOBLBM 

8.  Given   \  !!!'^l^^^^Jl  S'  }  to  find  the  values  of  a:  and  y. 
( 64a?-8TVy=12  (2), ) 

80LUTI0H. 

8TVy=*^—  ^*  (3)=(1)  transposed, 

— d^y=7fl;—  59  (4) =(3)  with  signs  changed. 

— 8T^y=12— 64«  (5)=(2)  transposed. 

Y«— 59=12— 64«  (6)=  value  of —3^y  in  (4)  and  in  (5)  equated 

ap=l.  Since  3T^y=69— Ya?  and  a?=l,  we  have 
8Wy=59-'5r=52 
52y=17.62 
y=l'7 

RwfAttg. — ^This  solution  shows  that  all  that  is  necessary  in  eliminatiDg  by 
oompaiisoD,  is  to  find  an  expression  for  the  valae  of  one  of  the  unknown  qnan- 
tities  ^en  affected  by  a  certain  coefficient,  and  then  find  fix>m  the  other  equa- 
tkm  an  expression  for  the  same,  and  then  equate  fhem. 
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!•  Giyen 


1  .  f  to  find  the  values  of  x  and  y . 

a+b     _«— 4 


Ans.  0?=— ;r-t  y=- 


(3^  +  2v=118  ) 
♦I,  Given  ]  ,  ^      f  to  find  the  values  of  x  and  y. 

(  5J4-6y=191,  ) 

Ans,  x=zlO^  y=35. 

S.  Given  ]       ~       [  to  find  the  values  of  x  and  y. 
( ir4-y=c  ) 


^iM.  «= — 7-7,  y=- 


'a+6'^     a  +  6' 

4*  Given  1  r  to  find  the  values  of  x  and  v 

•  (  19a;=60y  +  621J,  J    "^  ""^  "*«  ^'""^  vx  -?  auu  y 

^ji*.  ar=88f,  y=l7}. 

5    Gi    n  i  ^3^+'^y-3^^=Hy+43|«,)   to  find  tlie  values  of* 

•  ^^^^   (  2a:+^y=l,  )      and  y. 

Ans,  «=— 12,  y=50. 

6»  Given  •{        ^  '      .  .         f  to  find  the  values  of  x  and  y, 

Ans.  a;=4j^,  y=8f 

7.  Given  j  ~ /^ '  f  to  find  the  values  of  x  and  y. 

^iM.  a:=r8,  y=3 

8»  Given  i  o^_|o7Lq'  I"  ^  ^^^  *^®  values  of  «  and  y. 

.4iM.  ir=6,  y=3. 

7  +  «      22;— y 

9.  Given 


^=3y-  6, 


2  6  ' 


to  find  the  values  of  9 
andy. 


10*  Given  •< 


3g-l 

5 
8y-5 

6 


-f3y-4=:=16 
+  2x— 8=7a 


Ans,  x=z3,  y=2. 

to  find  the  values  of  jt  and  y. 
Ans.  a:=7,  y=5. 


•  Multiply  the  2d  equation  bj  3,  and  equate  the  values  of  3x. 
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ELIMINATION    BY    ADDITION    AND    SUBTR  AUCTION. 

(278.)  Mimmation  by  addition  and  subtraction  is  multipljing 
or  dividing  two  equations  so  as  to  make  the  coefficients  of  one  of  the 
unknown  quantities  the  same  in  both  equations,  and  then  subtracting 
or  adding  these  equations  according  as  the  signs  of  these  terms  are 
like  or  unlike. 

PROBLEM. 

(279,)  To  eliminate  by  addition  and  subtraction  from  two  simul- 
taneous equations. 

RULE. 

Multiply  or  divide,  if  necessary^  in  such  a  manner  as  to  cause  one 
of  the  unknown  quantities  to  Jiave  the  sanu  coefficient  in  both  equa- 
tions;  and  then  add  these  equations  if  the  signs  of  these  terms  are 
unUke^  or  subtract  one  from  the  other  if  the  signs  are  alike, 

PROBLEM 

(280,)  1.  Given  ^^"^^^"Zn  ^2^^ 


SOLUTION. 

acx+bcys=em  (3)=(l)xc, 

acx'\-ady=:an  (4) =(2)  x  a, 

(jK'-ad)y=em—an  (5)=:(3)— (4), 

cm — an  .^      ..      ..  ,. 

^=-h^=Et  (6)=(6)-(6c-«rf). 

The  value  of  x  may  be  obtained  in  the  sAme  way  by  multiplying 
the  first  equation  by  rf,  and  the  second  by  6,  and  subtracting,  or  by 
substituting  in  either  of  the  given  equations  the  value  of  y  as  already 

found.     By  adopting  either  of  these*  modes,  we  would  u;et  x—      - — --, 

RUCARK  — Wc  should  always  olimiuate  tliose  terms  which  re<iuire  tho  least 
prepsntion.  In  the  example  Just  given  there  is  no  preference,  as  the  operation 
can  not  be  shortened,  beoause  a  and  e^  and  t  and  d  are'  prime  to  each  other. 
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2.  Given 


PROBLEM 
,y.'±^l=    7     +!^   (1). 

4x-!=^.24i-i^  (2). 


to  find  the  values  of « 
and  y. 


SOLUTION. 


48y— 17j=155 

2y+30jr=160 

48y+720r=8840 

Xz=zb 


(3)=(l)x20,  dpo, 

(4)=(2)x6,4«^ 

(5)=(4)x24, 

(6)=(5)-(3), 

(7)=(6)-737, 


2y=160  — 30ar        (8)=(4)  transposed. 
.2y=160-160  =  10, 
y=5. 


PROBLEM 


8.  Given  |  ^^_^x.l=(S2.  (J)  \  to  find  the  values  <rf«  and  jr. 

SOLUTION. 

15x-10y=20  (3)=(2)x3, 

31^=62  (4)=(l)  +  (3), 

x=2  (6)=(4)4.31, 

10y=42  — IGjc  (C)=(1)  transposed, 
.•.10y=42-32  =  10, 

y=i. 

EXAMPLES. 


I,  Given  - 


2,  Given  -< 


^    y    ^ 


>•  to  find  the  values  of  x  and  y. 

.iln*.  af=12,  y=16. 


o 

iy — :;-=44 
•^       3 


>  to  find  the  valnes  of  x  and  y. 

Ans,  ar=6,  y=10. 

3.  Given  ]l^  +  ?i^:^)=('+^Xy-'*)-^"''}toilndthe,.i«. 
(2ar+10=3y  +  l  ) 


of  X  and  y. 


^IM.  «=r8,  y=fi- 
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4*  Giyea    <  b  +y    Sa-i-x   >  to  find  the  the  values  of  x  and  y, 
[ax  +  2by=c     J 

An8.    «= :: ,  y= 


5»  Given 


da 
„     62; —'4y  lly— 19 

y-3 — —=x J— 


36        ' 

to  find  the  values  of 
xandy. 

Ans,  x=z6,  y=6. 


6.  Given  « 


^33?  +  4y4-3     2«-|-7--y_       y-8 
10  16      -^"^T"' 

9y  +  5ar— 8     «+y     1x+e 


12 


11    ' 


to  find  the  values 
of  X  and  y. 


^7W.  a:z=7,  y=9. 


'5a;  +  13      By— 3a?— 5_       ^a;— 3y-hl  " 
- — 9  + 


7»  Given  •< 


2  6 

aJ  +  V   3y— 8 


3 


3 


+4ar::4:21, 


values  of  x  and  y. 


8*  Given  - 


4j:-34i- 


4y+13a?12a;H-8 
"  27-6y  ""      3      ' 

^4x-10  6  *' 


»  to  find  the 

Ans,  x=5,  y=4. 

to  find  the  values  of 
X  and  y. 


^7W.  a?=:7,  y=5. 


9*  Given  « 


,«       -       n      128ar»-18y"  +  21'7  "I 
10a:  +  10y— 35_  54 


to  find  the  values 
of  X  and  y. 


2a;+2y  +  3  3ar4-2y— 1' 

^?M.  a-=6,  y=5 

24  +  5^y     16a:'+12ary— 8ar4-5yH-28 


4a;+3y  +  - 


19«  Given 


2a;+4=3y+ 


2a;-|-l  4a;— 2 

8a:»-18y*  +  108 


to 


4ar+6y  +  3     ' 
find  the  valaes  of  x  and  y.  Ans.  a;=3,  y=2. 
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KISGELLANEOUS  EXAMPLES  IN  ELIMINATION 

PROBLEM 


(281.)  1*  Given 


^  +  7y=99  (1) 
|4-7x=61  (2) 


to  find  the  yalnes  d  x  and  y. 


SOLUTION. 

(3)=(l)x7. 
(4)=(2)x7. 
(5)=[(3)  +  (4)J-60. 
(6)  =  (3)-(5). 

(8)  =yalue  of  y  in  (7)  substitated in  (A). 


ar  +  49y=693 

49ar+y=35'7 

ar+y=21 

48^=672 

y=   14 

a;4-14=  21 

The  above  artifice  can  always  be  adopted  when  the  coefficients  of 
X  and  y  in  the  first  equation  are  the  same  as  those  of  y  and  a?  in  the 
second. 

PROBLEM 


2.  Given 


17     66     41       ,  , 


3 


to  find  the  values  of  «and  y# 


or    y^21 

n_l7_68 

«      y  ""21 

73_73 

«^2l"^y 

1_A     1-1 
•'  «""2l"^7"*3' 


SOLUTION. 

(8)  =(1)^U1. 


(4)=(3)xn.  , 

(6)=(2)-(4) 

(6). 

{1)={S)  trana. 


x=S. 


BZAHPLKB. 


I.  Given  i  .     ^      ^  >■  to  find  th«  ralveft  of  x  and  y. 

Ana.  x=9,  ffssl. 


2. 
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Given  •<  •    .  ,       «^'  r  to  find  the  yalues  of  x  and  y. 

Ans.  a?=9,  y=6, 

9.  Given   \  ,       ,       ,  /  I-  to  find  the  values  of  x  and  y. 
ci*+iy=ll,  ) 

^rw.  «=24,  y=:6. 

4t  Given  4  *      ,   ""^^^^  r  to  find  the  values  of  x  and.y, 
(  8a;  +  }y=131,  J 

Ans.  «=16,  y=24. 

5»  Given  ■)        .  "",  ^'  r  to  find  the  values  of  x  and  y. 
(«+4y=16, ) 

Ans,  :r=8yy=2. 

6*  Given  ]  t      «I'  r  to  find  the  values  of  x  and  y. 

i  — a;+Yy=33, ) 

^»w.  «=2,  y=5. 

7.  Given  i    ,      7"  '      {•  to  find  the  values  of  a;  and  y. 
(  a?*— y»=:16, ) 

Ans.  aj=6,  y=3. 
6*  Given  -j    %_^T_!l  f  ^^  ^^^^  ^®  values  of  «  and  y. 


9«  Given 


10»  Given  «< 


2:e 

»y 

4 


.  a*+b        a'-b 

to  find  the  values  of  x  and  y. 

^n«.  «=— 8,  y=6. 


-6— ^3-^-nr+"' 


^  to  find  the  values  of  x 
andy. 

Ans.  x=zQO,  y=40. 


!!•  Given  \  **'^i3^"-®»  ^   I  to  find  the  values  of  x  and  y. 

^n*.  ir=6,  y=15. 


12*  Given 


4*  .5y_9     1 
«^y     a?^? 


*  to  find  the  values  of  x  and  y. 
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2y-^     ^n     59-2X 


ISt  Given  •< 


y— 3 


2        I    to  find  the  yalues  of  i 
73 -8y  I    andy. 

^iw.  j:=21,  y=20. 

!33r  +  2y     53r— ?y+l  __  y—2x       4ar— y  ^ 

5  3  ""*■*■      10  7*( 

y  +  2jf :  y— 2ar ::  I2z  +  6y— 3  :6y— 12*— 1,  ) 
to  find  the  values  of  x  and  y.  -4n*.  x=l,  y=4. 


15*  Given  - 


16.  Given  h 


16+60ar_163y-107  1 

3y— 1  ■"     6  +  2y    '  I    to  find  the  values 

^?w.  a?=2,  y=3. 

«        «  ,       6j;'+130-24y*  ' 

^  2j;-4y+8     '  I   to  find  the  values 

161  — 16a;__9xy— 110  [   of  candy. 


Sx 


17.  Given   i 

((^+7)(y 

values  of  X  and  y. 


4y-l  3y-4    ' 

3y4-ll=l^!::l<^)  +  31-4., 


^4.'-y(.H-3y)  1 

a:-y  +  4  '  >   to 

-2)  +  3  =  22y-(y-l)(^+l),) 


^iw.  ar=9,  y=2. 

fibd  the 
.47W.  a:=4,  y=:3. 


18.  Given  \  V-y-Vy-^c=V20-x,    )  ^^ 
I  Vy-a::i^20-x::3:2, ) 


find  the  values  of  ar  and  y. 

Ans.  a:=ie,  y=25. 
=  12Jar  +  1084, : 


19.  Given  j  r'\\':!%^S'f ''''"''''1  to  find  the  valu« 
(ix-149J=319J-|y,  ) 


of  X  and  y. 

20.  Given  ^ 
the  values  of  d?  and  y. 


^n*.  a?=— 27|,  y=136f. 


*-  to  find 


^    +  oy  ^—---^—^ 
a'x— ^-^  +  (a+6+c)5y=6'x+(a+25)a5, 


-Aw.  «=- — r,  y=- 
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21.  Given 


6car=cy— 26, 


6>y  + 


find  the  values  otx  and  y* 


22*  Given 


(a     b         1 

J  «   y 

-<         , 


a  a4-26 

be  ^        e 


to  find  the  values  of  x  and  y. 


be— ad  be— ad 

Ans.  x=^ 3,  y= . 

nb—nuT        mc—na 


23«  Given  ^ 


to  find  the  values  of       6 
2;andy. 


24*  Given 


6a?+9     3a?+6y     ^,  ,  3a:  +  4 

83Hh7     6^-3y_         4y-9 
10        2y-8  "^      6     ' 

Ans.  x=1y  y=9. 

^-2y-^^^^=-y-(^+y)-8(«-yj, 


to  find  the  values  of  a;  and  y.  Ans,  x—^,  y=tV* 

6yH-2  3ary— 31 


25c  Given  - 


12y- 


4  +  - 


11 


X  11 

— =y+ 


-  +  10a:H-13, 


3a:  y   to   find 


2a;     3ar— 5_4gy4-H^ 
LT    7+7"""  6y+27  ' 
the  values  of  2;  and  y. 


^n«.  x=i1,  y=2. 


26*  Given 


7a?  3y  +  6     3a;— 2 

T"^  ^      5         10  _g_^ 

5       "  8  ""16' 


to  find  the  values 
of  x  and  y. 


Ans.  a?=4,  y=3, 
4a;— 2y  +  3     18— a;4-6y__ar     y     1     ^ 


3 


27«  Given  -< 
to  find  the  values  of  x  and  y. 


4     5     7 


'Tir> 


X    V     Z    y    x      1 
2x-y+16:y-2«+16::^+-:|--+-, 

Ana.  XTi^l^,  -y^^V, 


SIMULTANEOUS  EQUATIONS^  KF& 


7  8 


+-: 


7y  24  6    ""    42  56y 

12jr-15y+ V^:  lOy-Sjc+Y  ::  93— 9x :  6x— Jji, 
to  find  the  values  of  ar  and  y.  ^n*.  jr=:9,  y=7. 

^  3i;—  5?/     2x—  8y+ 1 1__  y 

~3  12        ~~~ 


29«  Given 


12"*"^^**  I  to  find  the  values 


^.y.,i..^    y     «...«,.«,     (  ofxandy. 


i7+|  +  H:4^-|-24::3i:8J, 


Ans.  x=7,  y=4. 


SOt  Given  ^ 


4y 
3y— 2+a?  15«+-^ 

-=1+-  ^ 


11  33      ' 

3a?  +  2y    y— 5_llg  +  152     8y+l 
6  4    ""       12  2     ' 


tofindthevaloei 
of  a;  and  y. 


Ans, 


ja:=8. 


i^  ■■  ♦  >» » 


SIMULTANEOUS  EQUATIONS  OF  THE  FIRST  DEGREE 

CONTAINING  THREE  OR  MORE  UNKNOWN 

QUANTITIES. 

PROBLEM. 
(282.)  To  eliminate  from  three  or  more  simultaneous  equations, 

SOLUTION. 

Let  {A\  (B),  and  ((7),  represent  three  simple  equations,  each  of 
which  contains  three  unknown  quantities,  as  x,  y,  and  z.  Suppose  it 
most  convenient  first  to  eliminate  z.  Then,  according  to  one  of  the 
preceding  methods,  eliminate  z  from  (A)  and  (B),  and  there  will 
result  nn  equation  which  will  contain  only  x  and  y  as  unknown  quan- 
tities, which  equation  designate  by  (i>).  Next,  eliminate  z  from  (A) 
and  ((7),  or  from  (B)  and  (C),  as  may  be  most  convenient,  and  there 
will  result  another  equation,  which  also  will  contain  only  x  and  y  as 
unknown  quantities.    Call  this  equation  (B),    We  have  now  notUng 
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to  do  iriih  {A)j  {B\  and  (C7),  but  must  operate  on  the  result- 
ing equation^  {D)  and  (^).  Now,  let  na  eliminate  y  from  (D)  and 
(J^),  and  there  will  result  an  equation  (F)  which  will  contain  only  x. 
Q.U.F.  • 

PROBLEM 

C2a?+8y+  6«=23  (1), ) 
(283.)  1.  Given  I  d2;+2y+  7is=28  (2),  I  to  find  the  yaluea  of 
(6aj+7y+ll«=52(8),) 
jT,  y,  and  is. 


14x+21y+35« 
16a?  +  10y4-36« 


SOLUTION. 

161  (4)=(l)x7. 


=  140 


(5)=(2)x6. 


ar-lly  = 

22j;+33y+55iS= 
25a?+36y+66«= 


-21  (6)=(6)-(4). 

263  ('^)=(1)  X  11. 

260  (8)=(3)x5. 


3a?+  2y  = 
3a?— 33y  = 


7 
-63 


(9)=(8)-(7). 
(10)=(6)x3, 


36y  =  70  (11)=(9)-(10). 

y  =  2  (12)=(11)h-35. 

Sx  =  7— 2y  (13)=(9)  transposed. 

.-.    Sx  z=z  7—4=3  (14)=value  of  y  substituted  in  (13). 

a?  =  1  (15)=(14)-5-3. 

2  +  6+52=  23  (16)=  values  of  a;  and  y  substituted  in  (1). 

5«=  15 

«=  3. 


\ 


PROBLEM 


fi.  Given 


!<MJ+^    +05    =rf,     1 
a'«+6'y +c'«=rf',  >  to 


find  the  values  of  x,  y,  and  «• 


SOLUTION. 


EUminatmg  as  directed  in  Problem  (282),  we  shall  obtain,  after 
arranging  the  terms  in  the  separate  results, 


af=- 


rf6V'+rf'5"c+rf'V-(iV-(f6V-rf"6'c 


'ab'e"  +a'6"c+  a"bc'-a'bc"'^ab"e'  -a%'c 

_ah'd"+(i'b"d+a"bd'^a'bd"^ab"d'--a"b'd 
^~ahV'  +  aTc  +  a"bc'  -  a  V  -  oft' V  -  a"b'c 
15 
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If  the  stadent  can  only  recollect  these  general  yalnes,  he  need  onlj 
make  the  proper  substitutions  without  being  compelled  to  go  througk 
(he  process  of  elimination. 

The  denominators  are  all  alike,  and  do  not  contain  any  of  the  ab- 
solute terms.    This  denominator  can  be  formed  as  follows : 

Write  the  coefficients  of  the  unknown  quantities  as  in  the  problem, 
repeating  the  first  two  rows ;  thus, 

a  b  e 

a'  6'  e' 

a"  b"  c" 

a  b  e 

a'  V  e' 

Omitting  ,  at  the  right  hand  comer  above,  and    ,       . ,  at  tlie 

left  hand  corner  below,  we  have, 
Ist  a 

2d.  a'       6' 
3d.  a"      b"      e" 
b       c 
c' 

The  product  of  the  terms  in  each  of  these  lines  will  give  the  posi- 
tive terms  of  the  common  denominator. 

Again,  omitting    ,         at  the  left  hand  comer  above,  and  .,       , 

at  the  right  hand  comer  below,  we  have 

e 

V    e 

6th.  a"      6"      c" 
5th.  a        b 
4th.  a' 

The  product  of  the  terms  in  each  of  these  lines  will  give  the  n^;ati?e 
terms  of  the  common  denominator. 

We  can  write  the  respective  numerators  from  the  common  denom- 
inator by  changing  a  into  c?,  a'  into  d\  and  a"  into  c?"  for  the  nu- 
merator in  the  value  oix\b  into  rf,  b*  into  d\  and  b"  into  rf"  for  the 
numerator  in  the  value  of  y ;  and  c  into  rf,  c'  into  d\  and  c"  into  ^ 
for  the  numerator  in  the  value  of  2. 

It  is  not  necessary  that  the  student  should  in  practice  make  the 
omissions  which  we  did  above,  for  we  can  get  from 
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a 

b 

e 

a' 

b' 

e 

a" 

b" 

c" 

a 

b 

c 

a' 

b' 

e' 

by  passing  downward  to  the  right,  the  terms  ah^c'\  a'b"c,  a"bc\  and 
by  passing  upward  to  the  right,  the  tenns  a'6c",  ah"c\  a"b'c. 

Li  the  same  manner,  by  putting  d  for  a,  d*  for  a',  and  d"  for  a"  we 


should  hare  from 

d       b       e 

d'      b'      c' 

d"     b"     c' 

d       b       e 

d'       b'      c' 

by  pasdng  downward  to 

the  right,  db'c",  d'b"c,  and  i'V  for  the 

poaitiTe  tenns  in  the  numerator  of  the  value  of  x,  and  by  passing  up- 

ward to  the  right,  tfftc", 

(26"e',  and  d"b'e  for  the  negative  terms  in 

the  same  numerator. 

In  the  same  way  from 

a       d       e 

a'      d'      e' 

a"     d"     c" 

a       d       e 

a'      d'      e' 

we  can  get  the  numerator 

in  the  value  of  y. 

Also,  fix>m 

a       b       d 

a'      b'       d' 

a"      b"      d" 

a       b       d 

a'      b'       d" 

we  can  get  the  numerator  in  the  value  of  z 

PROBLEM 

C  3«+2y+52=59,  ^ 
8.  Given  <4a?+  y4-82=41,  >  to  find  the  values  of  ar,  y,  and  ». 
C8a;+7y+2z=75,  3 


From 


SOLUTION 

3 

2 

5 

4 

1 

3 

8 

1 

2 

3 

2 

5 

4 

1 

3 
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we  get  3x1  x2  +  4x'7x6  +  8x2x3— 4x2x2— 8x7x8— 8x1 
X  5  for  the  common  denominator  of  x,  y,  and  s. 
From  59     2     5 


41 

1 

3 

75 

1 

2 

59 

2 

5 

41 

1 

3 

we  get  for  the  numerator  in  the  value  of  x^ 

69x1x2+41x7x5+75x2x3— 41x2x2— 59x7x3— 75xlx& 

rru  •         •      r«  ^     •  2003-1778     226     ^ 

These  expressions  simpbned,  give  xz 


194-119  "~76 


From 


59 
41 
75 
59 
41 


We  get  for  the  numerator  in  the  value  of  y, 
3x41x2+4x75x5+8x59x3-4x59x2-3x75x3-8K4lx6=:3ie2-2787. 


Therefore,  y= 


Also,  from 


3162-2787     375 


194-119 


75 
2 

1 
7 
2 
1 


59 
41 
75 
59 
41 


We  get  for  the  numerator  in  the  value  of  z 
3x1x75+4x7x69+8x2x41-4x2x75-3x7x41-8x1x69=2633-1933. 


Therefore,  z= 


2533-1933     600 


194-119 


=-^=8. 


75 


PROBLEM 


!3a;-6y+z=:-32,  i 
2ar+8y      =     16,  >   to 
5a;+7y— 2z=     5,  ) 


findthe  values  of  x,  y  andf. 


SOLUTION. 


From  3  —6  1 
2  8  0 
5  7—2 
3-6  1 
2      8      OJ 


-32  -6      1 

16      8      0 

,57-2 

-32  -6  1 
16      8      0 


3-32      1 

2  16      0 
-,5        5-2 

3  —32      1 
2      16     0 


8  —6  —82 
2  8  16 
,  and  5  7  5 
8  —6—82 
2       8      16 


y= 
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We  get  by  proceeding  as  before 

(-32m8x-24^16x7x14$x-6x0)-(16x-6x-2-*-32x7x0^.5x8>c1) 
■"  (3x  8  x-2+*^  x7x  1+5  x-6x0)-(2x-6x-;j+3x  7x0+5x8x1) 
_6g4-232_  392_         * 
~_34-64"-98'"       ' 
_  (3  X 1 6  X  -2+2  X  5  X 1+5  X  -32  X  0)-(2  x  -32  x  -2+3  x5xaf5xl6xl) 


—86—208     -294 


D 


=3, 


D        "   —98" 
_(3x8x5-t-2K7x-324-5x-6xl6)-(2x-6x54-3x7xl64-5x8»c—32) 

__ -808 +  1004       196__ 


-98 


PROBLEM 


hf  Given 


a:+y+25=81,  (1)  \ 
^  ar+y— 0=26,  (2)  V   to 
«— y—«=  9,  (3)  ) 


find  the  values  dix^y  and  7, 


SOLUTION. 

2a;=40  (4)=(l)  +  (3)- 

flf=20 
2^1=  6 

«=  3 
2y=16 

y=  8. 


(6)=(l)-(2). 
(8)=(2)-(3). 


6.  Given  - 


PROBLEM 

2a?— 3y+2z=13,  (l)"] 

4v--2«=30,  (2)  I    to  find  the  values  of  t»,  ar,  j^ 
4y+2.=14,(3)(      ^d^. 
6y+3v=32,  (4)J 

SOLUTION. 

7y-2a:=     1  (5)=(3)-(l). 

12»-6a?=  90  (6)=(2)x3. 

20y+12v=128  (7)=;(4)x4. 


20y  +6ar=  38 
21y  ^^x=.     3 


(8)=(7)-(6). 
(9)=(6)x8. 


41y=  41  (10)  =  (8) +  (9). 

y=    1  (11). 

ix=.1y—\  (12)=:(6)  tnuupofled. 

2»=  lr-l=«  (18), 

«=  8  (14).  ^fom«c^ 
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(15)=(2)  transposed. 
(16). 

(l7)=(16)-4. 
(18)=(3)  transposed. 


4t;=2x  +  30 
4v=  6  +  30=36 
v=  9 

22=14— 4y 
22=14-4  =  10. 

2  =  5. 

Note. — ^The  student  should  accustom  himself  to  apply  the  genend 
formula  which  has  been  given,  so  that  it  may  be  called  up  at  acj 
time.  It  will  often  save  much  labor,  as  will  be  proved  to  be  the  esse 
in  some  of  the  following  examples.  There  are  many  curious  propo^ 
ties  which  belong  to  the  general  formula  for  the  values  of  the  un- 
known quantities  as  deduced  from  three  simultaneous  equations.  Bat 
we  leave  them  to  be  discovered  by  the  student. 

EXAMPLES. 

-ar+y  +2    =29,^ 


1.  Given 


2,  Given 


3t  Given 


[bz-\-ci/=a, ' 
a2+cjr=6, 
ay-\-hx=c, 


to  find  the  values  of  x^  y,  and  c 
Am.  a?=8,  y=9,  «=12. 

to  find  the  values  of  z,  y,  andc 
Am,  ar=l,  y=2,  «=3. 

to  find  the  values  of  x,  y,  and  z. 


Ans. 


y= 


2be 
2ae 


2=- 


4t  Given 


ar+6y=a', 

bx—az=z  b\ 

cx+dv=  c\ 

Lrfy— C2=<r,j 


Ans. 


2ab 


to  find  the  values  of  t;,  x^  y,  andi: 


x= 


a'd+b'c      ' 

^{a^-ab-bd)bd 
'^        a^d-^-b^e      • 
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a? 4-2  =bj  V  to  find  the  values  of  ar,  y,  and  z. 


6c  Given 


(   «-y-«=  6, 1 
<Sy—x—z=12,>  to 
(72-y-ar=24,) 


find  the  values  of  x,  y,  and  z  . 

^n«.  ir=39,  y=21,  2=12. 

f    x+  y-  2=  8,^ 
7«  Given  <  2a;—  y  +82=21,  >   to  find  the  values  of  x,  y,  and  2, 
(  42  4-3y-2a;=l7,  ) 

^n«.  ar=7,  y=6,  sf=4. 

1     1_^1 
«"^y~6' 


1     1_^ 

x'^z'"T' 

yz    12' J 


8c  Given  -{  r +T=-ri  r  ^  ^^  ^®  values  of  a?,  y,  and  «. 

^n«.  a;=2,  y=3,  2=4. 

!a?4-2y  +  32=l7J 
y  +  22+3aj=13,  >  to  find  the  values  of  a?,  y,  and  2. 
2  +  2a;  +  3y=12,  ) 

iln«.  a:=l,  y=2,  2=4. 

f  a;+a(y+2)=m,  ^ 
!#•  Given  <p+h{x+z)=ny  >   to  find  the  values  of  a?,  y,  and  2. 
(sf+c(a:+y)=;?,  ) 

"~        l+2a6c--6a— c6— ca 


-4tw.   ■< 


_n  +pab-{'mbc  —pb—  nac—mh 
~"         1  -\-2ahe—ha—ch—ca 
_^p-\-mbc-\-nca  —  mc—pba—nc 
l4-2abc—ba—cb—ca 

C      a?—  y+  2=30,  ) 

lit  Given   <    8a?— 4y  +  2z=60,  >   to  find  the  values  of  ar,  y,  and  e. 

(27a?-9y+ 32=64,3 

2 
^iw.  a?=-,  y=7,  «=86f 
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/^         Up  Given 


4a?  +  3y+z     2y+22  — ar  +  1  a?_«— 6 

10 16 =^+—6—' 

9a;+5y— 2g    23?+  y—  3g_7y +g  +8 
12  4         "■       11 


+i, 


6y+3i5     2ar+  3y-g^^^^    ^^3ag  +  2y-f7 


4  12 

find  the  values  of  x,  y,  and  z. 


to 


ISt  Given 


6+1-3=^^' 


6 
^fw.  af=9,  y=7,  «=8. 

to  find  the  values  of  x^  y,  and  z. 
Ans.  ar=120,  y=60,  «=12, 


lla:-10y= 


12y— llz 


14.  Given  ^ 


ar4-g  —  2y_  g—y— 1    V  to  find  the  values  of  gi^y,  audi. 
3        "^        2        ' 
3x       =  y+aj  +  7,  , 

^n*.  «=10,  y=ll,  g=12. 
r  3a;—  y+  g=15,  ) 

15,  Given   <  5a?  +  8y— 2g=16,  >  to  find  the  values  of  a?,  y,  and  f. 

(  'rg+4y-5g=ll,  ) 

Ans,  «=4,  y=:2,  2=5. 
r  2a;+4y— 3g=22,  ) 

16,  Given   <  4a?— 2y  +  5g=18,  >  to  find  the  values  of  a,  y,  and  f, 

(  Car  +  Ty-  g=63,  ) 

Am.  a:=3,  y= 7,  g=4, 
r  3a:  +  2y—  g=20,  ) 

17,  Given   J  2a?+3y+6g=:70,  C  to  find  the  values  of  «,  y,  and  i, 

(    X—  y  +  6g=41,  ) 

Ans.  x=5^  y=(ij  «=V. 
r7g  +  12y  +  4g=128,  ) 
18»  Given    <  3a?+  3y  +  7g=  60,  >  to  find  the  values  of  ar,y,  and  A 
(  6a?+     y  +  5g=  68,  \ 

Ans.  a?=8,  y=5,  g=8. 

!6a?+3y— 4g=22,  ) 
4a?—  y-f  6g=20,  >  to  find  the  values  of  i;,  y,  andA 
5a:+2y-6g=ll,  ) 

Ans,  :r=3,  y=4|  1=3 
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20*  Given  •• 


to  find  the  yalnes  of  «,  x,  y,  and  #. 


2x=u-\'  ij+z, 
Sj/^u+  x+z, 
4zz=u+  aj+y, 
x=u+   14    ,^ 

^  Ans.  tt=26,  a?=40,  y=30,  z=24. 

!x~  y~  «=-«,) 
—  2ar+  y— 2z= — a,  >  to  find  the  values  of  a?,  y,  and  t. 
—  3ar— 8y+  ;5=— a,  ) 

^rw.  a:=.,V»»  y=TM»  «=tV»* 
2a-+  y-2z=40/ 


to  find  thevaJuesof  a;,  y,z,  «, 
and  U 


4y—  aj+ 3^=35, 

2?,  Given  {  3m+    <  =  13, 

y+   «+    <  =  16, 

Sir—  y+3«—  t«=49, 

^n«.  ir=20,  y=10,  sf=6,  tt=4,  <=1, 
t«+i^+«+y=10, 
t«  +  t;4-iP+2=ll, 
{ES*  Giyen  -|  tt+v+y+z=12, 
«+«+y+2=18, 
v+a?+y+2=14, 

-4rw.  ti=l,  tf=2,  ir=8,  y=4,  2=5. 
'^     a?+y 


K  to  find  the  values  of  «,  v,  a;,  y,  and  2* 


24.  Given 


3 

y+g 

2" 
3a:+y— 2 


+  22=     21, 

— 3x=— 65, 

=     38, 


to  find  the  values  of  a;,  y,  and  2. 

^»*.  ir=24,  y=9,  2=5. 

V    ar+iy  +  i2=32,  ^ 

25*  Given   \  |»+ Jy+ J2=15,  >  to  find  the  values  of'ar,  y,  and  2. 

f  i«+iy  +  i«=12,  ) 

^7W.  ar=12,  y=20,  2=30. 

i         8ar— 9y+82=     41,  )        ^   ,    , 
2C.  Given  )  -  6a:+4y  +  22=-20,  (  ^  ^^  ^^  ^^^  ^^  ^'  ^^ 
^      nx-7y-62=     87,  >      *^^^ 

^iw.  a?=2,  y=— 3,  2=1. 

!7a:  +  5y  +  2^=  79,  ) 
8a;+7y+92=122,  >  to  find  the  values  of  ar,  y,  and  z, 
x+4y+52=  U,  \ 


;  u 
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28*  Given 
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x+y+z=a    I 

my=nx  >   to  fiud  tho  values  of  x,  y,  and  2. 

(  pz=qx  ) 

atnp  anp  amq 

Ans,  x= ,  y= j  2= . 

mp  +  np+mq         mp+np-^nig         rnp-t-np-^-mq 


X     j/     a 


29.  Given  ^ 


--f -=  ,  >  to  find  the  values  of  a;,  y,  and  «. 
X    z     0 


1     1     1 

-  +  -=-, 
y    z     c 


Ans,  x= 


2ahc 


2ab€ 


2ahc 


— ^— — — — —    f/— —  fS~^ 

ac—abi-bc         ab—ac-i-bc'        ac  +  ab—bc 

fx-{-  /y+  Iz=Pj  ) 
mx+  y-\-mz=:q,>   to  find  the  values  of  ar,  y,  and  «. 
nx  +  ny-\'    z=ir^) 


Ans. 


P 


I 


1-/     1-/ 


1—/    1—1 


l-n 


1  + 


1-/      1-f 


,._    y 


m 


\—m      1— m 


+  - 


P 

T 


1- 

r 


1  + 


+  ; 


1— W 


1-/    '    1- 


;  + 


-  + 


n 
1-n 

r 


1  — /     1  — 7w.      I— n 


1  + 


1-/      1-r 


1— n 


Note. — This  example  is  tho  samo  as  Ex.  10,  but  tho  answer  is  in  anotbef 
form,  indioatinp:  that  it  has  been  solved  in  a  different  manner.  The  stadent 
may  obscn  e  that  the  expressions  in  tho  brackets  are  identical.  Also,  in  the 
value  of  a*,  tho  letters  which  are  not  included  in  the  brackets  are  only  tboss 
which  occur  in  tho  first  equation ;  in  the  value  of  y,  only  those  that  occur  ia 
tho  second  equation ;  and  in  tho  value  of  2,  only  those  that  occur  in  the  third 
equation. 

Because  these  values  are  symmetrical,  being  derived  from  symmetrical  ejM- 
tions,  wo  can,  after  getting  tho  value  of  x,  deduce  tho  value  of  y  from  it,  aod, 
having  the  value  of  y,  wo  can,  in  like  manner,  deduce  the  value  of  2K.  If  in  the 
value  ofXf  wo  change  each  letter  to  that  which  is  in  advance  of  it  in  the  drdo^ 
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GO 


we  shall  get  the  yaluo  of  y.  In  like  manner,  (^hanging  the  letters  in  the  value 
of  y,  we  should  get  the  yaluo  of  z.  The  quantities  in  the  brackets  would  still 
lie  the  same,  though  thus  permuted,  only  the  terms  would  not  occur  in  the 
)  order. 


^  It  »  >«  ^ 


QUESTIONS    INVOLVING   SIMULTANEOUS 
EQUATIONS   OF   THE   FIRST   DEGREE. 

QUESTION 

(28  4«)  1.  A  man  and  his  wife  could  drink  a  barrel  of  beer  in  15 
day*.  After  drinking  together  6  days,  the  woman  alone  drank  the 
remainder  in  30  days.  In  what  time  would  either,  alone,  drink  a 
barrel! 

SOLUTION. 

Let  :r  =  the  number  of  days  in  which  the  man  could  drink  it, 
And  y  =  "  »*  "  woman    "        " 

■aen  1  +  1=1-. 
ar    y     15 

In  6  days  both  drank  T*V=f ,  leaving  }.    It  took  the  woman  30 

dajB  to  drink  this  {  ;^  therefore,  in  1  day  she  would  drink  ^^  of 

y=  60 

1+^=1 
X     50       15 

1_  7 

ar""l50 
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QUE8TI0K 

2.  A  number  consisting  of  2  digits  when  divided  by  4,  gires  a  oe^ 
tfdn  quotient  and  a  remainder  of  3  ;  when  divided  by  9,  gives  aaother 
quotient  and  a  remainder  of  8.  Now,  the  value  of  the  digit  on  tha 
left  hand  is  equal  to  the  quotient  which  was  obtained  when  the  num- 
ber was  divided  by  9 ;  and  the  other  digit  is  equal  to  ^^  of  tlie 
quotient  obtained  when  the  number  was  divided  by  4.  What  is  the 
number  ?    . 

SOLUTION. 

Let  X  =  ihe  digit  in  the  tens'  place, 

And  y  =        "        "        units'    " 

Then^  in  consequence  of  our  system  of  notation,  lOjr+y  mart  rep- 
resent the  nuQiber.  Since  10j;+y  divided  by  4  leaves  a  remainder 
of  3,  if  we  subtract  3  from  10j;+y  the  result  is  exactly  divisible  by  4^ 
and  by  the  question  the  quotient  is  iVy. 

Hei^ce,  we  have  the  equation, 

-^ — =17y.    Inlikemaiuiflr,  wegit 

lOx  +  y— 8 
— 1 =^ 

10j?-67y  =3 
10a;+10y  =80 
77y  =11 
y  =1 
a:  +  l   =8 
X  =1 
Therefore,  71  is  the  number,  because  it  is  equal  to  lOx-fy. 

QUESTION 

3.  What  two  numbers  are  there  in  the  ratio  of  5  to  7,  to  which,  if 
two  other  required  numbers  in  the  ratio  of  3  to  5  be  added,  the  i 
shall  be  in  tlie  ratio  of  9  to  13,  and  the  difference  of  these  sams  i 
be  16? 

SOLUTION. 

Let  5a;  and  1x  be  the  numbers  in  the  ratio  of  5  to  7, 
And  3y  and  6y  **  <«     »       «*  3  to  6. 
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Then,  6ar-f  3y :  1x+5y : :  9 :  13 
Or,   65a;+39y=63ar+45y 
2a?=6y 
x=Sy 
Bat  (7«+5y)-(5a;+3y),  or  2«+2y=16 

x+  y=8 
"Whence,  becaiue  a;=3y,        3y+  y=8 

4y=8 

y=2.      But^  since  a;=3y  and 
y=2,  we  have  rr=6. 

Hence,  5a;  and  1x,  or  the  first  two  numbers  are  30  and  42  ;  and  Sy 
and  5y,  or  the  other  two  numbers  are  6  and  10. 

QUESTIONS. 

1«  What  two  numbers  are  there,  the  greater  of  which  is  to  the  less 
as  their  sum  is  to  42,  and  their  difference  is  to  6  ?     Ans.  32  and  24. 

2.  A  person  expends  half  a  crown,  or  30  pence,  in  apples  and 
pears,  buying  his  apples  at  4,  and  his  pears  at  5  for  a  penny ;  and 
afterward  accommodates  his  neighbor  with  half  his  apples,  and  one- 
third  of  his  pears  for  13  pence.     How  many  did  he  buy  of  each  ? 

Ans.  12  apples,  and  60  pears. 

3.  A  farmer  sells  to  one  person  9  horses  and  7  cows  for  $600 ;  «ind 
to  another,  at  the  same  prices,  6  horses  and  13  cows  for  the  same  sum. 
What  was  the  price  of  each  ? 

Afu.  The  price  of  a  cow  was  $24,  and  of  a  horse  $48. 

4.  A  £Eurmer  hires  i  farm  for  $245  per  annum ;  the  arable  land 
being  Tallied  at  $2  an  acre,  and  the  pasture  at  $1.40 ;  now  the  num- 
ber of  acres  of  arable  is  to  half  the  excess  of  the  arable  above  the 
pasture  as  28 :  9<    How  many  acres  were  there  of  each  ? 

Ans.  98  acres  of  arable,  and  35  of  pasture. 

5.  There  is  a  number  consisting  of  two  digits,  the  second  of  which 
is  greater  than  the  first ;  and  if  the  number  be  divided  by  the  sum  of 
its  digits,  the  quotient  is  4 ;  but  if  the  digits  be  inverted,  and  that 
number  divided  by  a  nimiber  greater  by  2  than  the  difference  of  the 
digits,  the  quotient  becomes  14.     What  is  the  number  ?     Ans,  48. 

6.  What  fraction  is  that,  whose  numerator  being  doubled,  and  de- 
nominator  increased  by  7,  the  value  becomes  ^ ;  but  the  denominator 
being  doubled,  and  the  numerator  increased  by  2,  the  value  be>' 

\  I  f  At)%«  \< 
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7.  Two  persons,  A  and  B  can  perform  a  piece  of  work  in  IG  daji. 
Thcj  Avork  together  4  days,  when  A  being  called  off,  J?  is  left  to 
finish  it,  which  he  docs  in  36  days  more.  In  what  time  could  each 
do  it  separately  ?  Ans.  A  in  24  days,  and  ^  in  48  days. 

8.  Tlien?  is  a  cistern,  into  which  water  is  admitted  bv  three  pipei^ 
two  of  which  are  exactly  of  the  same  dimensions.  When  they  an 
all  open,  -^^  of  the  cistern  is  filled  in  4  hours ;  and  if  one  c(  the 
equal  pi})es  l>e  stopped,  J  of  the  cistern  is  filled  in  10  hours  and  40 
minutes.     In  how  many  hours  would  each  pipe  fill  the  cistern  ? 

Ans.  Each  of  the  equal  ones  in  32  hours,  and  the  other  in  24. 

9.  Some  hours  after  a  courier  had  been  sent  from  A  to  B^  which 
are  147  miles  distant,  a  second  was  sent,  who  wished  to  overtake  him 
just  Jis  he  entered  B ;  in  order  to  do  this  he  must  perform  the  joii> 
noy  in  28  hours  loss  than  the  first  did.  Xow  the  time  in  which  the 
first  travels  1 7  miles  added  to  the  lime  in  which  the  second  travels  56 
miles  is  13  hours  and  40  minutes.  How  many  miles  does  each  go 
per  hour  ?  Ans,  The  1st  3,  and  the  2d  7  miles  an  hour. 

10.  A  and  B  playing  at  backgammon;  A  bet  3  dimes  to  2  dime 
on  every  game,  and  after  a  certain  number  of  games  found  that  he 
had  lost  17  dimes.  Xow  ha«l  A  won  3  more  from  B,  the  number  he 
would  then  have  won  would  have  been  to  the  number  B  would  lia« 
won  as  5  to  4.     How  many  games  did  they  play  ?  Ant,  9. 

11.  yl  and  B  engaged  to  reap  a  field  of  com  in  12  days.  The 
tinn's  in  which  they  could  severally  reap  an  aero  are  as  2  :  3.  After 
some  time,  finding  themselves  unable  to  finish  it  in  the  stipulated 
time,  thrv  called  in  C  to  help  them;  whose  rate  of  working  wm 
such,  that  if  lie  had  worked  with  them  from  the  beginning,  it  would 
have  been  finished  in  9  days.  Also,  the  times  in  which  he  could 
eovonilly  have  reaped  the  field  with  A  alone,  and  with  B  alone,  are  in 
the  ratio  of  7  to  8.    When  was  C  called  in  ?      Ans.  After  6  days. 

12.  A  vintner  has  2  casks  of  wine,  from  the  greater  of  which  he 
draws  15  i^allous,  and  from  the  less  11 ;  and  finds  the  quantities  i«^ 
maininij  to  be  in  tlie  ratio  of  8  to  3.  After  they  become  half  empty 
he  puts  1 0  gallons  of  water  into  each,  and  finds  that  the  quantities 
of  liquid  now  in  th«m  are  as  9  to  5.  How  many  gallons  will  each 
hold  ?  Am,  The  larger  79,  and  the  smaller  35  gallons. 

13.  At  an  election  for  two  members  of  parliament,  three  men  offw 
themselves  as  candidates,  and  all  the  electors  give  single  votes.    Tlie 
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number  of  voters  for  the  two  successful  ones  are  in  the  ratio  of  9  to 
8 ;  and  if  the  first  had  had  seven  more,  his  majority  over  the  second 
-would  have  been  to  the  majority  of  the  second  over  the  third  as 
12  : 7.  Now  if  the  first  and  third  had  formed  a  coalition,  and  had 
one  more  voter,  they  would  each  have  succeeded  by  a  majority  of  7. 
How  many  voted  for  each  ?     Ans.  369,  328,  and  300,  respectively. 

14.  A  wine  merchant  has  two  kinds  of  wine.  If  he  mixes  a  gal- 
lons of  the  first  with  b  gallons  of  the  second,  the  mixture  is  worth  e 
dollars  per  gallon ;  but  if  he  mixes  /  gallons  of  the  first  with  ff  gal- 
Ions  of  the  second,  the  mixture  is  worth  h  dollars  per  gallon.  What 
18  the  price  of  each  kind  of  wine  per  gallon  f 

■niepriceofthefirstkindis  i<^+'>)cff-(f+j)bh- 
'^  ag—bf 

«      "      «     secondkind  (?±^^;i(/-±^ 


Ana, 


dollars 

per 
gallon. 


15.  A  banker  has  two  kinds  of  money ;  it  takes  a  pieces  of  the 
first  to  make  a  crown,  and  h  pieces  of  the  second  to  make  the  same 
amount  Some  one  gave  him  a  crown  for  e  pieces.  How  many 
piece*  of  each  kind  did  the  person  receive? 

Ans.  — — r-  pieces  of  the  1st  kind,  and  — — ~  of  the  2d  kind. 
a-'h    '^  a—b 

16.  What  two  fractions  added  make  f,  and  the  sum  of  whose  nu- 
merators is  equal  to  the  sum  of  their  denominators  ? 

Ans.  i  and  |J. 

17.  A  purse  holds  19  crowns  and  6  guineas.  Now  4  crowns  and  5 
guineas  fill  |^<  of  it.    How  many  will  it  hold  of  each  ? 

Ans.  21  crowns,  or  63  guineas. 

18.  $500  was  to  be  lent  out  at  simple  interest  in  two  separate  sums, 
the  smaller,  at  2  per  cent,  more  than  the  other.  The  interest  of  the 
greater  sum  was  afterward  increased,  and  that  of  the  smaller 
diminished  by  1  per  cent.  By  this,  the  interest  of  the  whole  was 
augmented  by  one-fourth  of  the  former  value.  But  if  the  interest  of 
the  greater  sum  bad  been  so  increased,  without  any  diminution  of  the 
lees,  the  interest  of  the  whole  would  have  been  increased  one-third. 
What  were  the  sums  and  the  rate  per  cent,  of  each  ? 

Ans.  $100  and  $400,  and  4  and  2  per  cent  respectively. 

19.  Some  smugglers  discovered  a  cave,  which  would  exactly  hold 
tbe  cargo  of  their  boat ;  viz.  13  bales  of  cotton,  and  33  casks  of  rum^^ 
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Whilst  they  were  unloading,  a  custom-hoiue  cntter  coming  in  nglit, 
they  sailed  away  with  9  casks  and  5  bales,  leaving  the  cave  two* 
thirds  full.    How  many  bales,  or  casks  would  it  hold  ? 

Ann,  24  bales,  or  72  casks. 

20.  A  merchant  finds  that  if  he  mixes  sherxy  and  brandy  in  qiuut- 
titles  which  are  in  the  ratio  of  2  to  1,  he  can  sell  the  mixture,  at  78 
dimes  a  dozen ;  but  if  the  ratio  be  as  7  to  2,  he  must  sell  it  at  79 
dimes  a  dozen.    What  is  the  price  of  each  per  dozen  9 

Ans.  Sherry  81,  and  brandy  72  dimes  per  dozen. 

21.  Round  two  wheels,  whose  circumferences  are  as  5  to  3,  two 
ropes  are  wrapped,  whose  difference  exceeds  the  difference  of  the  ci^ 
cumferences  by  280  yards.  Now  the  longer  rope  applied  to  the 
larger  wheel  wraps  round  it  a  certain  number  of  times,  greater  by  12, 
than  the  shorter  round  the  smaller  wheel ;  and  if  the  larger  wbed 
tuiTis  round  three  times  as  quick  as  the  other,  the  ropes  will  be  dis- 
charged at  the  same  time.  What  are  the  lengths  of  the  ropes  and 
the  circumferences  of  the  wheels  ? 

Ans,  The  ropes,  360  and  72  yards ;   and  circumferences  of  thi 
wheels  20  and  12  yards. 

22.  If  A  and  B  together  can  perform  a  piece  of  work  in  8  days,  A 
and  C  together  in  9  days,  and  B  and  C  together  in  10  days,  in  how 
many  days  can  each  alone  perform  the  same  work  I 

Ans.  A  in  14 Jf  days,  B  in  17 Jf  days,  and  (7  in  23^  days. 

23.  Three  brothers  bought  a  vineyard  for  $100.  Hie  yonngeit 
says,  that  he  could  pay  for  it  alone,  if  the  second  would  give  him  |  the 
money  he  had ;  the  second  says,  that  if  the  eldest  would  give  him 
only  the  \  of  his  money,  he  could  pay  for  the  vineyard;  lastlj, 
the  eldest  asks  only  \  part  of  tlie  money  of  the  youngest  to  pay  fof 
the  vineyard  himself.     How  much  money  had  each? 

Ans,  The  oldest  had  $84,  the  2d  $72,  and  the  youngest  $64. 

24.  Three  persons,  A^  B,  and  C,  play  together.  In  the  first  game 
A  loses  to  each  of  the  other  two,  as  much  money  as  each  of  them 
had  when  they  commenced.  In  the  next  game,  B  loses  to  each  of 
the  other  two,  as  much  money  as  they  each  had  at  the  commencement 
of  the  2d  game.  In  the  third  game,  C  loses  to  each  of  the  other  twt 
as  much  as  they  each  had  at  the  commencement  of  the  dd  game.  On 
leaving  off,  they  find  that  each  has  an  equal  sum,  namely,  $24.  TOth 
how  much  money  did  each  commence  ? 

Ans.  A  $39,  Bt2t,  and  C$n. 
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25.  Three  laborers,  A^  By  and  C7,  are  employed  to  do  a  certain 

piece  of  work.    A  and  B  can  do  the  work  in  a  days ;  A  and  Gmh 

days;  and  B  and  Civlc  days.    How  long  would  it  take  each  to  do 

the  work  alone,  and  how  long  when  they  all  work  together  ? 

2abc 
^  requires  ^—^^^-^  days, 

C  requires  --z r-  days, 

^  ab+ac—bc     '' 

-.   r»       ,  ^        .           2a6c        _ 
A.  B,  and  c7 require  — r-  days. 

26.  A  cistern  containing  210  buckets,  may  be  filled  by  2  pipes. 
By  an  experiment,  in  which  the  first  was  open  4,  and  the  second  5 
hours,  90  buckets  of  water  were  obtained.  By  another  experiment, 
when  the  first  was  open  7,  and  the  other  3^  hours,  12G  buckets  were 
obtained.  How  many  buckets  does  each  pipe  discharge  in  an  hour  ? 
And  in  what  time  will  the  cistern  be  filled,  when  the  water  fiows  from 
both  pipes  at  once  ? 

Ans.  The  first  pipe  discharges  15,  and  the  second,  6  buckets  in  an 
hour,  and  it  will  require  10  hours  for  them  to  fill  the  cistern. 

27.  A  person  has  two  horses,  and  two  saddles.  The  better  saddle 
coat  $50,  the  other  $2.  If  he  places  the  better  saddle  upon  the  first 
horee,  and  the  worse  upon  the  second,  then  the  latter  is  worth  88  less 
than  the  other ;  but  if  he  puts  the  worse  saddle  upon  the  first,  and  the 
better  upon  the  second  horse,  the  latter  is  worth  3}  times  as  much 
as  the  former.    What  is  the  value  of  each  horse  ? 

Ans.  The  1st  $30,  and  the  2d  870. 
28*  A  rectangular  field  containing  100  square  rods  less  than 
another,  10  rods  longer  and  5  rods  less  in  width,  is  to  be  planted  with 
trees  in  rows  parallel  to  its  sides,  and  3  rods  apart  and  3  rods  from 
its  perimeter.  ^  of  the  number  of  trees  required  is  ^-f  J  more  than 
^  of  the  number  the  field  would  contain  if  the  rows  were  5  rods 
•part     How  many  trees  are  required  ? 

Ans,  260  trees. 

29.  A  work  is  to  be  printed  m>  that  each  page  may  contain  a  cer- 
tain nimiber  of  lines,  and  each  line  a  ceilaiii  number  of  letters.  If 
each  page  should  contain  3  lines  more,  and  each  line  4  letters  more, 
then  there  would  be  224  letters  more  on  each  page ;  but  if  there 

16 
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should  he  2  lines  less  on  a  page,  and  3  letters  leas  in  each  line,  then 
each  page  would  contain  145  letters  less.  How  maiij  lines  are  then 
on  each  page,  and  how  many  letters  in  each  line  ? 

Ana,  29  lines  in  a  page,  and  32  letters  in  a  line. 

30.  A  coach  set  out  from  Indianapolis  to  Cincinnati  with  a  certain 
number  of  passengers ;  4  more  being  on  the  outside  than  witliio. 
Seven  outside  passengers  could  travel  at  50  cents  less  expense  than  4 
inside.  The  fare  of  the  whole  amounted  to  $45.  But  at  the  end  of 
half  the  journey,  it  took  up  3  more  outside  and  1  more  inside  pa«en- 
gers ;  in  consequence  of  which,  the  whole  fare  was  increased  in  the 
ratio  of  17  to  15.  What  was  the  number  of  passengers,  and  the  &re 
of  each  ? 

Ans,  There  were  5  inside,  and  9  outside  passengers.     The  fare  of 

each  inside  passenger  was  $4.50,  and  of  each  outside  pasaeDger 

t2.50. 


INTERPRETATION  OF  NEGATIVE  RESULTS. 

THEOREM. 

(285*)  When  the  value  of  an  unknown  quantity  in  an  equitioii 
IS  found  to  be  negative,  this  result  indicates  that  an  absurdi^  is  ia> 
volved  in  the  enunciation  of  the  problem. 

DEMONSTRATION. 

Find  a  number  which,  added  to  +4,  makes  2. 

Let  X  =  the  required  number. 

Thenar+4=2 

ar=-2 

This  result  indicates  that  the  problem  was  incorrectly  enundated; 
the  words  added  to  being  used  for  subtracted  /ram.  The  problem  ii^ 
however,  worded  correctly,  if  we  consider  the  word  cuided  in  its  ex- 
tended algebraic  sense.     Let  us  word  this  problem  differently : 

Find  a  number  to  which  if  4  be  added  the  sum  will  be  2. 

The  result  x=—2  indicates  that  the  problem  is  absurd  in  iiD 
arithmetical  sense,  but  definite  in  an  algebraic  sense. 
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Let  m  take  another  problem : 

A  father  whose  age  is  42  years  has  a  son  whose  age  is  12.    In  how 

years  will  the  age  of  the  eon  be  j-  that  of  the  father  f 
This  question  giyes  the  equation 

4 

Hie  solution  of  which  gives  a'=— 2. 

This  result  shows  that  the  son's  age  will  never  be,  in  the  future^ 
\  the  father's  age ;  but  that  2  years  ago  the  son's  age  was  \  that  of 
the  Either. 

That  part  of  the  question  which  we  have  put  in  italics  should  have 
1)6en,  How  many  years  since  the  age  of  the  son  was  \  that  of  the 
father^ 

Let  US  take  still  another  example. 

.A  man  worked  7  dajrs,  and  had  his  son  with  him  8  days ;  and 
received  for  wages  $2.20.  He  afterward  worked  5  days,  and  had  his 
son  with  him  1  day,  and  received  for  wages  $1.80.  What  were  the 
fiiMlier's  daily  wages,  and  what  was  the  effect  of  the  son's  presence  t 

Letting  x  =  the  father's  daily  effect, 

and      y=    "  son's        "        " 

we  get  the  equations,     '7a?4-3y=220,  )  ,  . 
and  5x+  y=180»  i  ^  '' 
provided  the  daily  effect  of  each  is  productive  of  wages. 

Bat,  if  the  daily  effect  of  the  father  adds  to  the  amount  of  wages, 
md  the  daily  effect  of  tiie  son  diminishes  the  amount  of  wages,  the 
equations  must  be 

'7ar-3y=220,  ) 
and  5a;-  y=180.  P  '' 

If  the  reverse  were  true,  we  should  have 
-Ya;+3y=220, ) 
and  -5ar+  y=180.  f^  ^* 

Which  of  these  three  couplets  is  the  one  which  belongs  to  this 
problem !  This  question  may  be  answered  after  we  have  found  the 
Tallies  of  ar  and  y  in  each. 

The(l)  gives  «=40  and  y=— 20;  the  (2),  ar=40  and  y=20; 
and  the  (3),  a;=— 40,  y=— 20. 

Now,  the  (S)  results  can  not  be  true,  because  they  make  the  daily 
tS&d  of  each  diminish  the  amount  of  wages,  while  the  equations  from 
which  these  values  wore  derived  considered  this  to  be  true  only  of 
the  fAeA  duly  effect 
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The  (1)  results,  in  like  manner,  indicate  that  the  dailj  effect  of 
the  son  is  to  diminish  the  amount  of  wagea^  while  the  equatuma  from 
which  they  were  derived  considered  both  to  be  productive  of  wageib 

The  results  derived  from  the  (2)  couplet  are  the  only  ones  that 
jfulfill  the  arithmetical  conditions.  The  form  of  the  (2)  couplet^  abo, 
shows  how  the  question  should  be  stated ;  or,  in  other  words,  that 
the  son's  presence  diminished,  each  day,  the  fiUher'a  earnings  hj 
an  amount  equal  to  20  cents. 

We  may  suppose  the  father  had  to  allow  his  employer  20  centi 
a  day  for  his  son's  board  ;  or  that  he  was  hindered  one-half  a  day  in 
his  work  every  day  the  son  was  present ;  or  that  the  fJEUher,  ont  of  his 
own  wages,  requested  the  employer  to  allow  the  son  20  cents  ftr 
every  day  the  son  worked. 

Guided  by  such  ideas,  we  are  enabled  generally  to  give  an  arith- 
metical explanation  of  negative  results. 

QUESTIONS. 

1.  A  man,  at  the  time  of  his  marriage,  was  50  yean  old,  and  hie 
wife  40.     When  was  he  twice  as  old  as  she  ? 

Ans,  30  years  before  marriage. 

2.  What  fraction  is  that  which  becomes  J  when  1  is  added  to  ita 
numerator,  and  becomes  4  when  1  is  added  to  its  denominator ! 

3.  A  man,  when  he  was  married,  was  30  years  old,  and  his  wife  15. 
How  many  years  must  elapse  before  his  age  will  be  three  times  his 
wife's  age. 

Ans,  Ho  was  three  times  as  old  as  she  Y^  years  before  their  manisge. 

4.  What  fraction  is  that  which,  if  2  be  added  to  its  numerator,  ita 
, value  is  zero ;  but,  if  6  be  added  to  its  denominator,  its  value  is  infinite? 

Ans,  — -. 
—6 

5.  What  fraction  is  that  which,  if  3  be  added  to  its  numerator,  ita 
value  is  nothing;  but,  if  4  be  subtracted  from  its  denominator,  ita 
value  is  1  ? 

An9.  — -. 

6.  A  laborer  working  for  a  gentleman  during  12  days,  having  with 
him,  the  first  1  days,  his  wife  and  son,  who  occasion  an  expense  to 
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him,  reoeiYed  $4.60 ;  he  afterward  worked  8  days,  during  5  of  which 
hiB  wife  and  aon  were  with  him,  and  received  $3.00.  What  were  the 
wages  of  the  laborer  per  day,  and  also  the  expense,  per  day,  of  his 
wife  and  son  1 

Am.  His  daily  wages  50  cents,  and  expense  of  wife  and  son  20 
cents. 

7.  Two  men,  A  and  £,  commenced  trade  at  the  same  time ;  A  had 
8  times  as  much  money  as  B ;  A  gained  $400,  and  B  $150 ;  now, 
A  has  twice  as  much  money  as  B.    How  much  had  each  at  first? 

Ans.  A  was  in  debt  $300,  and  B  $100. 

8.  A  man  worked  10  days,  his  wife  4  days,  and  his  son  3  days, 
and  their  wages  amounted  to  $11.50  ;  at  anotiier  time,  he  worked  9 
days,  his  wife  8  days,  and  his  son  6  days,  and  their  wages  amounted  to 
$12.00 ;  a  third  time,  he  worked  7  days,  his  wife  6  days,  and  his  son 
4  dajrs,  and  their  wages  amounted  to  $9.00.  What  were  the  daily 
wages  of  each  ? 

Ans.  Husband's  daily  wages,  $1.00 ;  wife's,  0  ;  and  son's,  50  cents. 

9.  The  sum  of  two  numbers  is  120,  and  their  difference  is  160 ; 
what  are  the  numbers  ?  Ans.  140  and  —20. 

10.  What  number  is  that  whose  ^  part  exceeds  its  |  part  by  12  ? 

Ans.  —144. 


■.^♦t  »  >» » 


GENERAL  DISCUSSION  OF  CERTAIN  RESULTS  OBTAINED 
IN  THE  SOLUTION  OF  SIMPLE  EQUATIONS. 


PROBLEM. 
(286.)  To  interpret  the  result  0=0. 

SOLUTION. 
Let  us  endeavor  to  solve  the  problem  : 


Oiven  ^ 


-f+x^ac  (2), 
0=0 


to  find  the  values  of  x  and  y. 

(3)=(l)x« 
(4)=(2)-(8) 
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Hence,  we  are  unable  to  obtain  the  values  of  »  and  y. 
By  looking  at  the  second  equation^  we  see  that  it  is  not  independsBft 
of  the  first,  it  being  the  first  multiplied  by  a. 

We  have,  then,  only  ^+-=c  to  find  the  values  of  x  and  y. 

We  have  already  shown  that  when  there  are  two  unknown  qash 
tities  and  but  one  equation,  the  values  of  x  and  y  are  indeterminate, 
or,  in  other  words,  that  there  are  an  infinite  number  of  oorrespondiog 
values  of  x  and  y,  which  will  satisfy  the  equation. 

Again,  let  2a;  +  a=a:  +  ia+«+i«. 

This  equation,  also,  reduces  to  0=0.  This  ought  to  be  the  cut^ 
because  2x+a=z2x-^a,  or  2x=2a;,  or  a;=rr,  is  an  indeterminate  equa- 
tion, since  x  may  be  any  quantity  whatever. 

Hence^  the  result  0 =0 1«  a  sign  of  indetemUnation^  and  when  obiatMi 
from  ttoo  simultaneous  equations^  indicates  thai  there  is  hut  one  ctm- 
dition.    When  the  values  of  x  and  y  are  indeterminate,  it  is  customaij 

to  indicate  it  by  iP=x  and  y=^. 

PROBLEM. 

(287.)  Find  a  number  such,  that  if  9  be  added  to  8  times  tlie 
number,  and  this  sum  be  divided  by  6,  the  quotient  will  be  equal  fo 
13  augmented  by  12  times  the  number,  and  this  sum  divided  by  9. 

SOLUTION. 

Let  X  =  the  required  number. 
Then  we  have,  by  the  conditions  given, 
8^4-9  _13  + 12a? 
6     "       9 
720:  + 81  =78  +72a;  (2)=(l)x64. 

72jr— 72jr=78  —81 
81   -78  =72a:-72ar 
3  =0 
This  result  is  an  absurdity^  and  indicates  that  the  conditions  of  the 
question  are  incompatible  or  contradictory. 
The  conditions,  we  have  seen,  give 

72j;-f81  =  72j  +  78. 
This  may  assume  the  form 

72a;  +  78  +  3  =  72a;-f  78. 
This  equation  can  be  satisfied  only  on  the  condition  3=0;  but  8 
does  not  equal  0,  and  therefore  the  equation  is  impossible. 


(1) 
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PBOBLEIC. 
(288.)  To  interpret  x=:^ . 

SOLUTION. 

We  may  consider  that  oo=-  when  a=0,  and,  alao,  00=t  when 

a  '       '        '  6 

1 

5=0.    Then,  «=-,  becomes  «=5q,  when  both  a  and  b  are  both 

6 
equal  to  0. 
1 

-D  *        a     1  .  1     1     6    6 

But  a?=-=-^-=-x-=-. 

I     a     b     a     I     a 

b 
Now,  if  we  make  a  and  b  each  equal  to  0,  we  have  ^=x- 

on  0 

We  see  by  this  that  we  can  get  «=^  and  «=--  from  the  same 

1 
equation,  x=~,  by  making  both  a  and  b  equal  0  ; 

6 

0  . 

Hence,  ^  is  equivalent  to  -,  or,  in  other  words,  is  sametimes  a 

symbol  of  indetermination,  for  we  have  already  shown  that  --  is 
sometimes  a  sign  of  indetermination.  In  vanishing  fractions  the  value 
of  -  is  determinate. 

PROBLEM. 
(289.)  To  interpret  x=0 .  oo . 

SOLUTION. 
Letting  a;=ax-^,  and  making  both  a  and  b  equal  to  0,  we   get 

«=0  X  -,  or  a:=0  .  oo . 
0 

But  x=a  X  -7  is  the  same  as  ^=-7,  or,  when  a  and  h  are  both  equal 
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0 

We  see,  then,  that  0  .  oo  is  equivalent  to  -. 

PROBLEM. 
(290.)  To  iiiteqnet  jr=  oo  —  oo. 

SOLUTION, 

Let  X  — — -. 
a     0 

If,  in  this  equation,  botli  a  and  b  are  0,  wo  have 

1     1 
d-^---,  or  j-=  00-  00. 

But  x= IS  the  siinie  as 

a     0 

Wliich  equation  becomes,  when  a  and  b  are  each  equal  to  0, 
__0-0 

0 
or,  x=-. 

0 

We  see,  then,  that  oo  —  oo  is  equivalent  to  g. 

PROBLEM. 
(291.)  Two  couriers  traveled  on  the  same  road;  when  one  wm 
at  A  the  other  was  at  B,    When  were  they  together  ? 

SOLUTION. 

Let  '  represent  the 

road  and  the  given  places.  Tliis  problem  is  stated  in  very  general 
language,  and,  therefore,  embodies  many  conditions.  It  will,  however 
be  found  not  to  be  so  general  as  the  algebraic  fonnula  to  which  it 
gives  rise. 

To  obtain  this  formula  let  ns  take  one  of  the  many  cases  which 
may  occur,  viz.,  that  the  fa.ster  traveler  was  at  A  when  the  other 
was  at  By  and  that  they  were  together  at  D, 

:} "s 1 

Let  a  —  the  distance  from  Ato  B  ;  m  =  the  number  of  miles  the 
faster  traveler  went  per  hour ;  and  n  =  the  number  of  miles  the  other 
went  per  hour. 
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Let  x^AD^  and  y^BD. 
We  have  then  —  the  number  of  hours  that  it  took  the  faster  cour« 

ier  to  go  the  distance  a;,  and  ^=  the  number  of  hours  it  took  the 
other  to  go  the  distance  y.    Since  these  times  must  be  equal,  we  have 

—zJ- 

m     n 
But  x—y=za 
Hie  solution  of  these  equations  gives 

am 


x= 

m— n 

and  y= 

an 

s 

X 

or 

n 

a 

These  results  are  applicable  to  a  great  number  of  separate  supposi- 
tions, or  we  may  consider  them  as  the  solution  of  the  general 
problem. 

In  order  to  adapt  these  results  to  all  the  supposable  cases,  we  must 
first  establish  certain  conventional  signs. 

When  m  is  a  positive  quantity,  we  shall  consider  that  the  traveler 
who  went  m  miles  per  hour,  went  eastward,  or  to  the  right ;  but  when 
m  is  a  negative  quantity,  we  shall  consider  that  he  went  westward,  or 
to  the  left.  We  shall,  also,  attach  the  same  ideas  to  n.  When  x  is 
a  positive  quantity,  we  shall  consider  that  D  is  eastward,  or  to  the 
right  of  A ;  but  when  it  is  a  negative  quantity,  we  shall  consider  that 
D  is  westward,  or  to  the  left  of  A.  Also,  we  shall  consider  J) 
as  eastward  or  westward  from  B,  according  as  y  is  positive  or 
negative. 

X  V 

When  —  or  -  is  positive,  we  shall  consider  the  travelers  were 
m      n       '^ 

X 

m       n 

that  they  were  together  before  they  were  at  A  and  B.  But  how  shall 
we  establish  the  meaning  of  +a  and  —a,  since,  according  to  the 
above  ideas,  the  distance  a  would  have  a  different  sign  according  as 
we  refer  it  to  ^  or  Bt, 

We  shall  let  the  point  A  rule ;  and  shall  call  AB,  or  a,  positive 


X         y 

together  after  they  were  at  A  and  B,  but  when  —  or  -  is  negative. 
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when  ^  is  to  the  right  of  A ;  and  AB^  or  a,  negidye  when  Bm\o 
the  left  of  A.    Thus 

i * 

-t i 

We  shall  consider  AB  in  the  first  eqoal  to  +a^  bat  in  the  second 
line  equal  to  —a. 

With  conventional  ideas,  we  can  make  a  particnlar  proUem  <mt  of 
each  of  the  following  suppositions,  and  the  corresponding  Taloes  de- 
duced from  the  above  formulas  will  be  the  correct  resnlts  for  each 
particular  supposition. 

1st  When  w=4-2,  n=-fl,  and  a=-f8,  we  get  af=+6,  and 

2d.  When  m=  — 2,  n=:— 1, and  a=-f  3,  we  get  «= +6,  y=-^9t 

—=-3,  and  ?^=-3. 
m  n 

3d.  When  m=-f2,  n=— 1,  anda=+3,  we  get  af=:+2,  y=— 1, 

X  V 

—  =+1,  and  -=-fl. 
m  n 

4th.  When  m=  — 2,  n=-f  1,  and  a=-f  3,  we  get  «= +2,  y=—l, 

—=-1,  and  ^=-1. 
m  n 

6th.  When  m=-f2,n=-fl,and  a=— 3,we  get  ar^— 6,  y^^^Z^ 

-^=  —  3,  and  -=—3. 
m  n 

6th.  When  m=— 2,n=  — l,and  a=— 8,  we  get  «=— 6,  y=— 8, 

—=+3,  and -=4-3. 
m  n 

7th.  When  m=4-2,  n=  — l,and  a=— 8,we  get«=— 2,  y=+l, 

X  V 

—=-1,  and^=-l. 
m  n 

8th.  When  m=  — 2,n=  +  l,and  a= — 3,  we  get  ar=  — 2,  y=  +  l, 

X  ,  ?/ 

—=  +  1,  and^=  +  l. 
m  n 

In  the  first  four  suppositions  B  is  east  of  A,  and  in  the  last  four,  B 

is  west  of  A, 

'  '       '  ' 

A        D'    B  D 

In  the  first  two  suppositions  the  couriers  were  together  at  2>,  id  the 
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Ist  S  hours  afUt  they  were  at  A  and  B^  and  in  the  2d  3  hefore.  In  the 

next  two  suppositions  they  were  together  at  D\  in  the  3d  1  hour  afUr 

they  were  at  A  and  B^  and  in  the  4th  1  hour  before, 

I  1  III 

2)'  B    D'"        A 

In  the  next  two  suppositions,  they  were  together  at  2>',  in  the  6th 
3  hours  before  they  were  at  A  and  B,  and  in  the  6th  3  hours  after. 
In  the  next  two  suppositions  they  were  together  at  2)",  in  the  Yth  1 
hour  before  they  were  at  A  and  B^  and  in  the  8th,  1  hour  after, 

9th.  When    wi=4-c,    n=i'\-c^    and    a=-f<^,  we  get  fl:=-foo, 

y=+ 00,  — =-f  00,  and-=H-oo. 
m  n 

10th.  When  f»=— c,  w=— c,  and    a=+rf,  we  get   «=+  oo, 

y=-foo  ,  — =—  00,  and -=—00  . 
m  n 

d  d 

■  11th.  Whenf»=+c,n=— c,  and  a=+rf,  weget  a?=+-,y=— -, 

— =+:r-»«id  -=4-—-. 
m        2c'         n        2c 

12th.  When  m=:  — c,  n=  +c,  anda=  +(/,  we  get  «=  +  -,  y=  — ~, 

m~~     2c'         n"     2c' 
13th.  When  mz=-^e^  n=-{-c^   and  azzz-^d^  we  get  «=— oo, 

y=:--oo  , — =—00  ,  and  -  =  —  Oo. 
m  n 

14th.  When  w=— c,  n=— c,  and  a=z—d,  we   get  «=—  oo, 

y=—  oo,  — =  +  00, and  -=+  Oo. 
m  n 

d  d 

16th.  When  m=  -f  c,  n=  — c,  and  a=  — rf,  we  get  a?=  — -,  y=  +-, 

«  d       ^  y         d 

— =— :r-,  and  -=—--. 
m         2c  n        2c 

16th.  Whenm=— c,n=+c, and  a=—(/,  we  get  a;=—-,y=-f-, 
— =+r-,  and -=+--. 

^  J)""       B 

In  the  0th  supposition  the  couriers  will  be  together  at  a  point  in« 
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finitely  distant  to  the  east  of  A  and  i?  in  an  infinite  number  of  hovi 
from  the  time  they  were  at  A  and  B,  In  the  10th  sapposition  ihtj 
were  together  at  the  same  place  an  infinite  namber  of  houn  befim 
they  were  at  A  and  B,  Tlie  reverse  of  these  results  is  iband  in  sop 
positions  13  and  14.  To  say  that  two  couriers  were  together  an  in- 
finite number  of  hours  ago,  is  the  same  as  sajring  they  never  were 
together,  and  to  say  they  ynW  be  together  in  an  infinite  number  of 
hours,  is  tlie  same  as  saying  they  never  will  be  together. 

It  should  be  remembered  that  in  the  Idth  and  14th  that  A  is  east 
of^. 

It  will  be  fK>en  that  to  obtain  these  infinite  results,  we  have  consid- 
ered 0  at  one  time  as  +0,  and  at  another  —0.  We  started  out  with 
the  idea  that  the  position  A,  or  that  of  the  faster  traveler,  shoald  role 
the  sign  of  a.  But  when  both  travel  equally  fast,  there  seems  to  he  i 
difficulty.  To  remove  this,  we  consider  m  disregarding  its  sign  as 
gre^iter  than  n  by  an  infinitely  small  quantity.  Henoe,  m — n=z  +0 
and  — 77i-fn= — 0. 

In  suppositions  11,  12,  15,  and  16,  the  couriers  were  together  at 
D'"\  a  point  midway  between  A  and  B,  B  being  the  east  point  in  11 
and  12,  and  the  west  point  in  14  and  15.     In  these  four  suppositions, 

the  number  of  hours  was  the  same,  —  hours.  +—  indicating  that 
they  were  together  -—  hours  after  they  were  at  A  and  J9,  and  — —  that 
thev  wore  together  —  hours  before  thev  were  at  A  and  B, 

iVtli.  When  f/i=4-6, 7/=4-0,  anda=+rf,we  geta'=:-|-<f,  y=+0, 

X  rf       ,  V         0 

— =+-,  and--=:-f^. 
VI         c  n         0 

18th.  Whon  m=  — r,  n=  —  0,  and  a=  +rf,  we  get  a?=  -f-rf,  y=:  -f-0 

T         (1       ,  V        0 

-  — —   ,  and  *-=  —  -. 

tn  c  n         0 

1 9th.  When  m  =  +  c,  n  =  -- 0,  and  a  =  +  rf,  we  get  a?  =  +  c/,  y=  —0, 

— =+  ,and^=-h". 
m  c  n         0 

20th.  When  m=z  — c,  n=  +  0,  and  o=  +d,  we  get  »=  +<f,  y=  —0, 
X  ^     d       -ilf^^ 
m  "*""<:'         n"~""0' 
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2l8t.  When  »i=+c,n=+0,  and  o=— rf,  wegetaf=— rf,y=— 0, 

22d.  "When  w=:  — c,  n=:  —0,  and  o=  — rf,  we  get  «=s  — rf,  y=  —0, 
— =H — f  Mid  -=  -f--. 

23d.  When  m=  +c,  n=:  —0,  and  a=  — rf,  we  get  y=  — rf,  y=:  +0, 

«         rf       ,  y         0 
— = — ,  and  -3c  — -. 

24th.  When  m=z  —c,  n=  +  0,  and  a=  — rf,  we  get  ar=  — rf,  y=  +  0, 

flf         d       .y        0 
— =+-,  and-:^+-. 

V         0  y         0  v 

In  these  results  we  get  -=  +~,  and  -=— ~,    But-is  not  there* 
^     n         0  n         0  n 

foye  indetenninate,  because  -= — ^,  and  —  is  either  +  -  or  — . 
n    m         m  c  e 

n=z  4-0  indicates  that  the  courier  who  was  at  £  stood  still  with  his 
fiu»  to  the  east,  and  n=— 0  that  he  stood  still  with  his  &ce  to  the 
west 

86th.  When  m^  +0,  »=  +0,  ando=  +rf,  we  getar=:  +751  y=  +^, 


0  0  ,y  0 
— =  +  -,  and-=-, 
m        0'       n    0 

26th  Whenm=— 0,n=— 0,  and  a=+rf,weget«=+-,  y=+-, 


a?         0       ,y        0 

— =—-,  and-=— -, 

27th.  Whenm-=+0,n=— 0,anda=:5+rf,weget«=+-,y=— , 


— =  +  ;r,  tnd  -  =  +  r . 
m         0'         n        0 

28th.  When  m=  —0,  n=  +  0,  and a=;  +rf,  we  get  x=  +-,  y  =  — -, 

0  0 

X         0       ,y        0 
_=--,and-=-. 
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29th.  Whenm=+0,n=-f  0,anda=— i,w6get«=— -^y=— -^ 
0  0 

— =— -,  and  -=— -. 
m         0         n        0 

SOth.  Whenf?i=— 0,n=— 0,anda=— J,weget«=— -,y=  — 

0  0 

— =+-,  and-=+-. 
m         0  n        0 

Slst,  When  m=+0,n=— 0,and  o=— J,  we  get  «= ,y=+-^ 

0  0 

— =— -,  and  -=— -. 

32d.  When  m=— 0,  n=  +0,  and a=— rf,  we  get  a?=— --,  y=  +-^ 

0  0 

X         0       ,  y        0 

— =  +  -,  and-=+-. 

.  These  results  are  peculiar,  and  are  not  indeterminate  in  the  sense 
usually  attached  to  the  word  indeterminate,  since  its  technical  mean- 
ing is  that  there  is  an  infinite  number  of  vakes  which  will  satisfy  the 
given  conditions.  But  there  is  an  absurdity  in  asking  when  they 
were  together  if  there  was  a  distance  between  them 'and  each  stood 
still.  We  should  obtain  the  same  results  if  at  the  same  time  a  was 
made  +  0  or  —  0,  and  then  they  would  be  the  true  symbols  of  indet6^ 
mi  nation. 

If,  in  the  first  eight  suppositions,  we  put  +0  instead  of  -f  3,  and  —0 
instead   of   —3,  we  get  a:=+0  or  «=— 0,  y=+0  or  y=— 0, 

X  X 

— =+0  or  —  =  — 0,  which  results  are  easily  interpreted. 
m  m 

If,  in  the  second  eight  suppositions,  we  put  a=+0  ora= — 0,  we 

get  x=  +-  or  x=--,  y=+-,oTy=--,  and  -=  +-,  or-=--, 

which  are  true  symbols  of  indetermination,  showing  that  they  were 
always  together  and  always  will  be. 

If,  in  the  third  eight  suppositions,  we  put  a=  +0  or  a=:— 0,  we 
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X  X 

get:r=+0  or«=— 0,y=:+0  ory=— 0,  — =  +  0  or — =— O.and 

— =  +x  or  -=— -,  which  results  are  easily  interpreted. 

We  have  then  made  64  suppositions,  all  of  which  admit  of  a  simple 
interpretation  except  eight,  which  emhodied  an  absurdity. 

These  suppositions  and  results  show  that  algebraic  formulas  are  far 
more  extensive  than  the  particular  problem  from  which  they  may  be 
derived. 

EXAMPLES. 

1.  Given  |  Q^^i2y=36'  1   *^  ^^^  ^®  ^^^^^  of  ar  and  y. 

^n,.^=-,y=-. 

J.  Given  j       .  o  Zo'  J   ^  ^^  *®  values  of  a:  and  y. 

A  0  0 


S«  Given  - 


to  find  the  values  of  x  and  y. 


4*  Given 


to  find  the  values  of  x  and  y. 


r  2a;-  y=l, 
6a;— 2y=4, 
3ar+  y=9, 
L  3ar—  y=2,  J 

.^liM.  No  value  can  be  found  that  will  at  the  same  time  satisfy  dl 
the  equations. 

'  2a;-  y=l, 
6aj— 2y=4, 
8a;+  y=9, 
8ar—  y=3, 

Ans.  a;=2,  y=3.    Explain  these  results. 

ff«  Given  <    «—  y—  «=1,  V  to  find  the  values  of  a;  and  y. 

(2a;+2y  +  2«=:l,  ) 

.  0 

^n«.  a;=-,  v=—  oo,  «=  +  oo. 

!a;+y  +  22;=     2,^ 
a;+y  +  2z=     1,  >  to  find  the  values  of  ar,  y,  and  0. 
a;+y+2«=-l,  ) 

.  0         0        0 

^n,.ar=-,y=-,z=-. 
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Note.— The  results  in  tlie  last  two  examples  were  obtamed  by  tin 
checker-board  process,  and  show  that  -  is  not  always  a  symbol  of  in- 
determinatioD,  for  in  these  examples  the  equations  are  incompatible. 


^  it  »  ■■ ^ 


SIMPLE    INEQUATIONS. 

(292«)  An  inequation  is  that  which  denotes  that  one  algobraicex* 
pression  is  greater  or  less  than  another.  Thus  a>6,  and  c<cf  are 
inequations,  which  denote  that  a  is  greater  than  6,  and  that  c  is  lea 
than  d. 

(293.)  Two  inequations  subsist  in  the  same  sense  when  the 
sign  of  inequality  has  the  same  position  in  both.  Thus  a'^b  and 
c><f  are  inequations  in  the  same  sense  ;  so  also,  are  a<^b  and  c<if. 

(294.)  Two  inequations  subsist  in  a  contrary  sense  when  the  sign 
of  inequality  has  not  the  same  position  in  both.  Thus  a>6  and  c<rf 
are  inequations  in  a  contrary  sense ;  so  also,  are  a<6  and  c><f. 

THEOREM. 

(295.)  The  addition  or  subtraction  of  an  equation  to  or  from  an 
inequation  results  in  an  inequation  in  the  same  sense. 

THEOREM. 

(296 •)  The  addition  of  two  inequations  which  subsist  in  the 
same  sense,  results  in  an  inequation  in  the  same  sense. 

THEOREM. 

(297.)  The  subtraction  of  an  inequation  from  another  which 
exists  in  the  same  sense,  does  not  necessarily  result  in  an  ineqnatkm  in 

the  sam^  sense. 

DEMONSTRATION. 

Subtracting  4>3  from  8>5,  we  get  4>2  which  is  true. 

But  if  we  subtract  8>5  from  4>3,  we  get  —  4>— 2,  which  ii 
not  true  according  to  the  conventional  idea  sometimes  attached  to 
negative  quantities,  that  they  are  less  than  nothing. 
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Bnt  this  inequation  is  still  true  if  we  limit  the  reasoning  to  negative 
quantities,  for  —4  is  evidentiy  a  greater  negative  quantity  than 
—2.     A  debt  of  4  dollars  is  greater  than  a  debt  of  2  dollars. 

On  the  other  hand,  we  say  that  a  man  who  is  in  debt  2  dollars,  and 
has  nothing,  is  worth  more  than  the  man  who  is  in  debt  4  dollars  and 
haa  nothing* 

Hence  considered  in  the  light  of  wealth  —2  is  greater  than  —4, 
or  in  other  words,  ~2  comes  nearer  being  •  positive  quantity  than 
—4  does.  Again,  let  us  subtract  8>2  from  11  > 9,  and  we  have 
8<7,  an  inequation  which  subsists  in  a  contrary  sense.  Let  us  put 
these  inequations  in  a  different  form : 

9  +  2>9 
and     2  +  6>2 

Subtracting  we  get  —  4>0,  dropping  equal  quantities  from  both 
aides.  But  we  have  just  seen  that  this  inequation  must  subsist  in  a 
contrary  sense,  that  is  —  4<0.  This  shows  —4  roust  be  considered 
less  than  nothing. 

We  can  also  prove  this  as  follows : 

Since  8  <?      it  follows  that 

3-V<7-'r 
-4<0 

THEOREM. 
(298«)  The  multiplication  or  division  of  an  inequation  by  a  posi* 
tive  quantity,  results  in  an  inequation  in  the  same  sense. 

THEOBEM. 
(299«)  The  multiplication  or  division  of  an  inequation  by  a  nega- 
tive quantity,  results  in  an  inequation  in  a  contrary  sense. 

DEMONSTRATION. 
Let  a>6.    Now  if  we  multiply  this  by  —c,  we  get  —ac<C'-'hc, 
because  the  greater  a  negative  quantity  is  numerically  the  less  it  is 
considered. 

Thus,  4<5  gives,  by  multiplying  by  —6,  — 24>— 80. 
Since,  multiplying  by  —1  is  equivalent  to  changing  signs,  we 
derive  the 

COROLLARY. 

When  the  eigne  in  both  membere  of  an  ie^equation  are  changed^  the 
ei^  of  inegtuditg  muet  be  revereed. 

11 
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TI1U8  changing  the  signs  in  —a  +  ft— c>d— m,  we  get 

THEOREM. 

(300.)  When  both  members  of  an  inequation  aie  positiTe,  ihef 
may  be  raised  to  the  same  power,  and  the  result  will  be  an  inequatioa 
existing  in  the  same  sense. 

THEOBEM. 

(301«)  When  both  members  of  an  inequation  are  poeitiTe,the 

same  root  of  each  may  be  extracted  and  the  result  will  be  an  inequa- 
tion existing  in  the  same  sense. 

PROBLEM 

(302«)  Find  the  limit  to  the  value  of  « in  the  inequation 

"-¥>T+=  «•     • 

SOLUTION. 

21a;-23>2ar-f  15         (2)=(1)  x  3 

19jr>38  (3)=(2)  transpoeed. 

x>  2  (4)=(3)-J-19. 

EX  AMP  LE8. 

1.  Given  ar  + Jir4-ia?>ll  to  find  the  limit  of  x.         Ans,  ar>6. 

2,  Given  3x  +  '7x--30>10  to  find  the  limit  of  x.      Ans.  x>4. 

3*  Given  ~^3~>— r —  to  find  the  limit  of  x.        Ans.  ar>2dl 
ua  ox 

!•  Given  ^a:4-3jr--5>lC  to  find  the  limit  of  x.         Ans.  ar>6. 

5*  Given  7j:— 1>34  to  find  the  limit  of  x,  Ans.  «>5. 

I  4ar 6<^2^4-4     ) 

6«  Given  i  ^    .  ,  v.  T^     J    f  to  find  an  integer  value  of  x. 
f  2x-f  4>16  — 2x,  J  ® 

Ans,  ar=i. 


7.  Given  -« 


ax     .         ,  ^    a 

j^hx-ahy—, 
o  0 

j^  j«    >  to  find  the  limit  of  x. 

ax+ab<-f--y 

*  Ans.  «>a  and  «<&. 


12*  Prove  that  tH — >2  when  a  and  b  are  hoth  positiye  or  both 
0    a 
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8«  FlroYe  that  a*+6'  is  equal  to,  or  greater  than  2a5,  according  as 
a  and  h  are  equal  or  unequal. 

9*  Prove  that  a*  + 1  is  equal  to,  or  greater  than  a'  +  a,  according 
as  a  is  equal  to  1,  or  is  a  positive  quantity,  that  differs  from  1. 

10*  Prove  that  a*  +  l<a"  +  a  when  a  is  a  negative  integer,  or  an 
improper  fraction,  that  differs  from  •*-!. 

lit  Prove  that  a*  + 1  >a'  +  a  when  ci  is  a  negative  proper  fraction. 

12.  Pr 
negative. 

13.  Prove  that  t-\ — <2  when  a  and  b  are  not  both  positive  or  both 

n^;ative. 

14«  Prove  that  a—b^[Va—Vb)*  when  o>6,  and  both  are  con- 
sidered positive. 

1ft  Prove  that  -= — r,> ;-  when  o  and  b  are  unequaL 

a'  +  6*      a  +  b  ^ 

IS*  Prove  that  -?+-;> — f—  when  x  and  y  are  unequaL 

17«  Given  i    «I1  »  ,  ja  f  *^  ^^  ^®  ^^^^  oixy. 

Am.  ocy^ac  +  bd. 
18*  Prove  that  a*-\-b*-\-c*'^ab-\-ac  +  bc  when  a,  6,  and  c  are  not  all 
equal. 

19.  Prove  that  V3 +  3V2>I^6  +  VV. 

20«  Prove  that  7 — xr>^7  *^^  <T»  7^^  *^®  ^^*^*>  *^^  T  ^® 
greatest  of  the  fractions,  j,  -z^  and  r^. 

21*  Prove  that  xyz>{X'\-y-'Z){x-\-z—y){y-{'Z—x)  when  a;,  y,  and 
jT  are  not  all  equal. 

22*  A  shepherd  being  asked  the  number  of  his  sheep,  replied,  that 
double  their  number  diminished  by  7  is  greater  than  29,  and  triple 
their  number  diminished  by  5  is  less  than  double  their  number  in- 
ozeased  by  16     What  was  the  number  of  his  sheep  ? 

Am.  19  or  2Q« 
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2St  A  market  woman  has  a  number  of  oranges,  such,  that  tnple  tlie 
number  increased  bv  2,  exceiHls  double  the  number  increased  bj  61; 
and  5  times  the  number  diminished  by  70,  is  less  than  4  times  the 
number  diminished  by  9.     How  many  oranges  has  she  f 

Am,  60. 

24.  The  sum  of  two  whole  numbers  is  25 ;  if  the  greater  be 
divided  by  the  less,  the  quotient  will  be  greater  than  8 ;  and  if  tiie 
less  be  <livided  by  the  greater,  the  quotient  will  he  greater  than  \. 
What  are  the  numbers  ?  Aiks.  20  and  5. 

25.  What  whole  number  is  that  which,  if  doubled  and  diminished 
by  0,  is  greater  than  24  ;  but,  if  tripled  and  diminished  by  6,  is  lea 
than  double  the  number  increased  by  10  ? 

Ans,  Tliere  is  no  such  whole  nomber. 

26.  The  sum  of  two  whole  numbers  is  32,  and,  if  the  gieater  be 
divided  by  the  less,  the  quotient  will  be  less  than  5,  but  greater  thin 
2.     A\niat  arc  the  numbers  ?  Atm.  24  and  8. 

27 •  Twice  a  certain  numl>er,  increased  by  7,  is  not  greater  than  19; 
and  thrico  the  same  number,  diminished  by  5,  is  not  less  than  13. 
What  is  the  only  number,  whether  whole  or  fractional,  that  wiD 
satisfy  these  conditions  ?  An».  & 

28.  Four,  added  to  five  times  a  whole  number,  is  greater  than  19, 
added  to  twice  the  number ;  and  4,  subtracted  from  five  times  the 
number  is  less  than  4  added  to  4  times  the  number.  What  is  the 
number  ?  Ans.  6  or  7. 


Ans.  «=:4. 


29.  Given  \    ^     ^  j"«^  .  ,«   i    to  find  x  in  whole  numbers. 

Ans.  X 

30.  Given  iti'+2)  +  f<tJ*-j!  +  M  to  find^in  whole.™ 
bers.  *         Ana.  f =5. 


CHAPTER  XI, 
aUADBATIC  EaUATIOXS." 

(303«)  QuadraHc  Equations  are  divided  into  Pure  QuadraUei 
and  Affected  Quadratics. 

PURE    QUADRATICS. 

(304«)  A  pure  quadratic  equation  is  one  in  which  the  unknown 
qtiantitj  appears  in  hut  one  term,  and  is  affected  hy  the  exponent  2, 
or  by  a  fractional  exponent,  which,  when  reduced  to  its  lowest  terms, 

has  2  for  its  numerator;  as,  a:* =9,  a:' =4,  and  a:^=16. 

(305  •)  Every  pure  quadratic  equation  can  be  reduced  to  the 
form  a^=^a\  in  which  a*  may  represent  any  quantity,  whether  real  or 
imaginary,  positive  or  negative.  Thus,  art =4  is  the  same  as  (xi)'=:4, 
which  becomes  (a:)' =4,  or  a:* =4,  by  putting  x  for  xi, 

PROBLBH. 
(306«)  To  solve  a  pure  quadratic  equation. 

SOLUTION. 

Since  every  pure  quadratic  equation  can  be  reduced  to  x'=a\  we 
have  only  to  find  the  solution  of  this  equation. 

Taking  the  square  root  of  both  menabers,  we  have  «=  dba. 

We  do  not  place  the  double  sign  before  a;,  because  we  seek  only 
the  plus  value  of  x. 

ANOTHER    SOLUTION. 

By  transposition,  x'^za*  becomes  ar*— a'=0,  which,  being  factored, 
gives  (a?— o)(a:+a)=:0. 

It  is  evident  that  this  equation  will  be  satisfied  by  putting  either 
factor  equal  to  zero. 

*  Quadratic  equations  are  also  callod  equations  of  the  sboond  deqb£E. 
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.*.  a;— a=0 
or    x-\-a=0 
which  being  solved,  give  x=za  and  jf=— a. 

Scholium. — ^These  solutions  show  that  a  pure  quadratic  eqa«tioo 
may  be  satisfied  by  substituting  for  the  unknown  quanti^  two  vahiei 
which  are  numerically  equal  but  of  opposite  signa. 

PBOBLBM. 

(307.)  Given   «'-l7=130~2ar*  to  find  the  values  of  x. 

SOLUTION. 

ar'— 17=130— 23:*, 

3ar'=147, 

ar*=  49, 

BX  AMPLBS. 

1  •  Given  is^  +  5=2^  +  8  to  find  the  values  of  x.    Ant,  x= dbh 

2.  Given  3a;'  +  3=«'  +  6  to  find  the  values  of  «. 

Ana.  ar=±Jf6. 

3.  Given  a:'  +  a6=6x'  to  find  the  values  of  x.    Ant,  x=zdti^Vah, 

4.  Given  clc"  +rf=ftr'+c  to  find  the  values  of  x, 

7^ 


Am.  «=d:^/- — =. 

X. 

Ana.  x—dt\VU. 
Ana.  07=  lbs. 

7.  Given  4x'— 8i;*=l  to  find  the  values  of  x.        Ana.  «=:±j. 

'  X. 

AnB.  ar=±|m. 


5*  Given  -t"  +  q='q""^9  ^  ^^  ^®  values  of  x. 


2x    x^  4-3 
6«  Given  -:r=— ;r-  ^  ^^  the  values  of  x.  Ana.  or  =±8. 

3         2x 


x^  +  2 
8.  Given  3a;'— 4 =-—-7-  to  find  the  values  of  ar. 


PBOBLBM 


2a« 


(308.)  1.  Given  a;+Va»+a;"=r7==(l)  to  find  thovaluesrfft 
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SOLUTIOK. 


a?Va«-fg'4-a'4-a?'=2o«  (2)=(1)  xVa'+a*. 

a;f^o«+a:'=o*— a!«  (3)=(2)  transpoeed. 

9af'=8a'  (7). 

3«=±al^  (8)=V(7). 

PBOBLBM 


2.  Given  |/-^+*'— 1/-^-*'=*  (1)  *<>  ^^  *®  ^^^  <>' «• 


SOLUTION. 


|/^+6«=|/^-.6«  +  ft  (2)=(1)  transpofled. 

J+6«=^-6«+26|/^-6-+6«  (3)=(2)«. 

6«=  26|/^-6*  (4)=(3)  transpceed. 

|=|/^>  (5)=(4)^26. 

^=^-6-  (6)=(5)«. 


(7) =(6)  transposed,  fta 


x=±^5  (io)=m- 

BXAMPLB8. 

I,  Given  -+*^5!!z:^=*  to  find  «.  ^n«.  x=dzV2ab=^. 

X  X  0 

f.  Given         ^  — =6  to  find  a?.      AnB.  «=±^tV'26  +  1. 
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S.  Given  l/^-h  z-J—Z-J^-  to  find  x,     Atu.  x=:±9Vl. 
»    4  '4  '8 

4.  Given  f'fr+2  —  ffr— 2  =  Vjp+3  —  f'*— 8  to  find  ar. 

^n*-  ar=db5. 

ft  Given 1 =- =cu:  to  find  ar. 


Ans.  x=d:-f^a(a  +  l.) 


a 


1                     1  VS 

Si  Given = =r=— =  to  find  x.     Ans^  ar=d:4. 

7.  Given  (a;+a)^=  °"^^     to  find  x. 

8.  Given =6  to  find  x,  Ans.  x=db-- — , 

9«  Given  -=z: =-  to  find  «. 


Ans.  x^±y  2(cr4-0 


10.  Given  t^?^±^J!?_?=i/?  to  find  x.    Ans.  ar=±2f  a6-»\ 


SIMULTANEOUS   EQUATIONS. 


(309.)1.  Given  |;t!;ry  =  -  =  *'[ 


PROBLEM 

;  a:+y:i:— y::a:6,  [  to  find  the  values  of  i 
and  y. 

SOLUTION. 

From  the  proportion,  we  get  ax—at/z=bx-\-hy  which  becomes,  by 

substituting  -  for  y  as  obtained  from  xt/=c\ 

ac'     ^        he" 
ax —hx-^—  (1). 

X  X  ^    ^ 


{a-b)x'=e\a  +  b)  (2)=(1)  x«,  d^ 
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PROBLEM 

2.  Given   \     ~*^"*, „  SJ"  [  to  find  the  values  of  «  and  y. 

SOLUTION. 

Tills  problem  maj  be  solved  without  reducing  the  equations  to  the 
general  form  of  pure  quadratics. 

««-2ay+y'=  36  (3)=(l)-.(2). 

x-'yzrzd^e  (4)  =  V(3). 

x=±9  (5)=(1)^(4). 

y=±3  (6)=(2)^(4). 

XX AMPLSS . 

1.  Given  i^+y;^'--^'^' j.  to  find  the  values  of  «  and y. 

(  icy=:18,  ) 

Ana,  x=zdc6j  and  y=:d:3. 

2.  Given  •\   ,  .  /  ;' '     '      r  to  find  the  values  of  x  and  y. 

(«'+4y'=181.    ) 

Ans,  a;=d=9,  and  y=db5. 

S«  Given  •?    ,      ,"~^     '  >  to  find  the  values  of  x  and  y. 

^»«.  ic=db6,  and  y=±4. 

{x^v*x*'^*S  ) 
4«  Given  i       .   *    *  *    '   '  [  to  find  the  values  of  x  and  y. 
(  a!y+y«=126      )  ^ 

.^4iw.  a:=dbl6,  and  y=:db6. 

5«  Given  -l  "^—   >      f   ^  gj^^  ^j^^  values  of  x  and  y. 

(  «— y :  j; : :  m :  n, ) 


"   1 


m; 


na+ 71^— my 


_^c(n— m) 


1— m)    /         nc 

••  Given  \^    ^'^"    '    '  [•  to  find  the  values  of  x  and  y. 
( «y=0,  ) 

Ans.  ar=db3,  and  y=d=2. 

7*  Given  ^    ,  .  «/  f  to  find  the  values  of  x  and  y. 

(  y«+a!y=24, ) 

Ana.  ar=dr2,  and  y=±4. 
8.  Given  -j  ^^^|^?^^^^»  |  to  find  the  values  of  x  and  y. 
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9.  Given  -j    ,        >,-T-~~,Aro  r  to  find  the  values  ofarandy. 

^7i«.  ar=±8,  and  y==fc27. 

10*  Given  -j    ,,    *'     ^/ }•  to  find  the  values  of  ar  and  y. 


Ans.  ir=db6,  and  y=dbt. 


QUESTIONS   PRODUCING   PURE    QUADRATICS. 

QUE  8TI0N 

1.  There  are  two  numbers  in  the  proportion  of  4  to  5,  the  diflferenei 
of  whose  squares  is  81.     What  are  the  numbers  ? 

SOLUTION. 

Let        4a;  =one  of  the  numbers, 
then      5x  =the  other  number, 
.-.  25a;'-16jr*=81, 
9jc'=81, 

X  =db3, 
4a;  =±12,  one  of  the  nnmbers, 
5ar  =±15,  the  other  number. 

QUESTION 

2.  What  two  numbers  are  those  whose  sum  is  to  the  greater  as  10 
to  7  ;  and  whose  sum  multiplied  by  the  less  produces  2*10  t 

SOLUTION. 

Let         10a?  =  their  sum, 
then         ^x  =the  greater  number, 
and  3a?  =the  less  •* 

.-.      30ar'=270, 

a;»=9, 

X  =±3, 

7a?=±21,  the  greater  namber, 

3j:=±  9,  the  less  ** 

QUESTIONS. 

1.  What  two  numbers  are  those  whose  difference  is  to  the  s^retilbs 
as  2  to  9,  and  the  difierence  of  whose  squares  is  128  ? 

Ans.  ±18,  and  ±14. 
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2.  What  three  numbers  are  those  which  are  in  the  proportion  of  |, 
f ,  and  },  and  the  sum  of  whose  squares  is  724  ? 

Ans.  d=12,  =bl6,and  =bl8. 

8.  A  merchant  bought  a  piece  of  cloth  for  $324  ;  and  the  number 
of  dollars  he  paid  for  a  yard  was  to  the  number  of  yards,  as  4  to  0.  How 
many  yards  did  he  buy,  and  what  was  the  price  per  yard  ? 

Ans,  27  yards,  at  $12  a  yard. 

4.  A  detachment  from  an  army  was  marching  in  regular  column 
with  6  men  more  in  depth  than  in  front  The  front  was  afterwards 
increased  by  845  men,  and  by  this  movement,  the  detachment  was 
drawn  up  in  6  lines.    How  many  men  were  in  the  detachment  ? 

Ana.  4550. 

5.  Two  partners,  A  and  B,  divided  their  gain,  $60,  of  which  B 
took  $20.  ^'s  money  had  been  in  trade  4  months,  and  if  50  be 
divided  by  the  number  of  dollars  A  had  in,  the  quotient  will  give  the 
number  of  months  that  ^s  money,  which  was  $100,  had  been  in 
trade.  How  much  money  had  A  in  trade,  and  how  long  had  ^'s 
been  in  trade. 

Ans.  A  had  $50,  and  ^s  had  been  in  trade  1  month. 

6.  A  and  B  invested  some  money  in  speculation.  A  disposes  of 
his  bargain  for  $11,  and  gains  as  much  per  cent,  as  B  invested;  ^s 
gain  was  $36,  and  the  gain  upon  ^'s  investment  was  4  times  as  much 
per  cent  as  upon  ^s.    How  much  did  each  invest  ? 

Ans.  A  invested  $5,  and^  $120. 

7.  A  dog  started  in  pursuit  of  a  hare  which  was  7  rods  ahead  of 
him,  and  after  running  20  rods,  he  observed  that  the  hare  struck 
off  at  right  angles  to  her  former  course.  He  then  changed  his  course 
80  that  he  might  overtake  her  without  another  tack.  How  far  did  the 
dog  run,  provided  he  ran  10  rods  a  minute  and  the  hare  8,  in  the 
same  time  ?  Ans.  25  rods. 

8.  What  two  numbers  are  those  whose  difference  multiplied  by 
the  greater,  produces  40,  and  by  the  less  15 1      Ans,  d=8  and  ±3. 

9.  What  two  numbers  are  those  whose  difference  multiplied  by 
the  lefls  produces  42,  and  by  their  sum  133  ? 

Ans.  ±13  and  d=6. 

10.  A  man  bought  a  field  whose  length  was  to  its  breadth  as  8  to 
B*  The  number  of  dollars  that  he  paid  for  1  acre  was  equal  to  the 
number  of  rods  in  the  length  of  the  field ;  and  13  timea  iVi^  \i>xm^T 
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of  rods  round  the  field  equaled  the  numher  of  dollan  that  it  cost 
What  was  the  length  and  breadth  of  the  field  ? 

Ans.  Length,  104  rods ;  breadth,  65  rods. 

11.  A  stack  of  hay,  whose  length  is  to  its  breadth  as  5  to  4,  aad 
whose  height  is  to  its  breadth  as  7  to  8,  is  worth  as  many  cents  per 
oubic  foot  as  it  is  feet  in  breadth ;  and  its  whole  value  is  224  times  as 
many  cents  as  there  are  square  feet  upon  the  bottom.  What  are  the 
dimensions  of  the  stack  ? 

Ans.  Length,  20  feet ;  breadth,  16  feet ;  and  hei^t,  14  feet. 

12.  One  number  is  m*  times  as  much  as  another,  and  their  prodnct 

is  n*.    What  are  the  numbers  ?  ,         ,  ,    .  » 

Ans,  ±mn  and  db— . 
m 

13.  What  two  numbers  are  those  which  are  in  the  ratio  of  8  to  5, 
and  whose  product  is  360  ?  Ana.  dz24  and  dbl5. 

14.  What  two  numbers  are  those  whose  sum  is  to  their  diflerenoe 
as  8  to  1,  and  the  difference  of  whose  squares  is  128  f 

Ans.  dblS  and  d:14. 


AFFECTED    QUADRATICS. 

(310.)  An  Affected  Quadratic  Equatioit  is  one  which  ccm- 
tains  the  unknown  quantity  in  but  two  terms :  its  exponent  in  one 
being  double  that  in  the  other,  and  the  least  exponent  being  either 
one,  or  a  proper  fraction  whoso  numerator  is  one ;  as, 

*5x''^1x=z2l;  {a-b)x'-\'{c-^d)x=ei-f;  a:  +  3x*=8;  4ar*  +  5«^=18; 

x^-{-2x'^^=S;  x-\-4Vx=1\  V'i+8Vi=e,  Ac 

Remark. — Various  plans  may  be  adopted  for  ascertaining  the  ralnee  of  the 
anknown  quantity  in  an  affected  quadratic  equation. 

In  order  that  the  most  expeditious  mode  of  solution  may  be  adopted,  specal 
regard  must  be  had  to  the  peculiarities  of  the  problem.  An  aptneaa  in  obssrr* 
ing  the  elements  of  a  problem  which  indicate  its  best  solution  can  only  be  ob* 
tained  by  practice. 

The  student,  by  a  careful  study  of  the  illustrative  soliitions  which  fiiUow,  vill 
be  able,  it  is  hoped,  to  solve  all  the  problems  that  are  appended  to  them. 

*  The  student  should  bear  in  mind  that  ^x=x^ ;  \/xssa^ ;  \/ixaTi 

-,2  3  1  —  i, 

&a,  and  ^x"=as' ;  yx"=a5»=x»;  VaP=»^,  Ac. 
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PROBLEM 

1.  Giren  «•— 2x=— 1  (1)  to  find  the  values  of*. 

SOLUTION. 

ar«_2jr+l=0  (2)=(1)  transposed. 

ir-l=4iO  (8)=V(2). 

Taking  the^««  value  of  zero,  ar— 1=  +0,  or  ar=l, 
"        "    minus    "        «      «— 1  =  — 0,  ora?=l. 
This  solution  shows  that  x  has  two  values  which,  in  this  case,  are 
identical.    This  &ct  may  be  better  illustrated  by  the  following 

solution. 
.     «*-2j:+1=0  (2). 

(a:-l)(a;-l)=0  (3)=(2)  &ctored. 

This  equation  may  be  satisfied  by  placing  either  of  the  binomial 
(actors  equal  to  zero.    Whence,  we  obtain  the  two  simple  equationsi 

«-l=0 

or  «— 1=0 

Whose  solutions  give  a;=l,  or  z=l, 

PROBLXM 

2.  Given  «'~2afl;+'a*=6*  (1)  to  find  the  values  of  a?. 

SOLUTION. 

ap-a==b6  {2)=y'{l). 

x=adcb. 
Whence,  we  find  that  x  has  two  values ;  viz.,  a +&  and  a— 5. 
The  same  result  may  also  be  obtained  by  the  following 

SOLUTION. 

Since*'— 2<M?+a'=(a:— a)'.  Equation  (1)  transposed, 
becomes  (a:-a)'-6*=0  (2) 

(a?— a  +  6)(a:— a-6)r=0  (3)=(2)  factored. 

This  equation  may  be  satisfied  by  putting  either  of  the  above  fao* 
ton  eqaal  to  zero.    Whence,  we  obtain  the  two  simple  equations, 

a?— a--6=0 
or  a?— a+6=0 
.    WlioieBQlationsgive«=a+6  or  a;=ia— 6,  the  «»av^«&>Dfi&$t^ 
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EXAMPLES. 

ven  x*  —  4x-{-i=0  to  find  x, 
vena:'4-2j:  +  l=0  to  find  a:, 
ven  x*'\-4x-\-4=0  to  find  x, 
ven  x'-f  6x  +  9=0  to  find  x. 
ven  x^-'Ox-\-d=0  to  find  x. 
ven  ar'— 8jr  +  16=0  to  find  x. 
ven  a:'+8i:  +  16=0  to  find  x. 
vena;*  +  10x  +  25=0  to  find  a:, 
ven  x*— 10x4-25=0  to  find  x, 
ven  a:*— 12a:  +  36=0  to  find  x. 
ven  a:'+12x+36=0  to  find  x. 
ven  0?' +  14x  +  49=0.to  find  ar. 
ven  3:'—14x -1-49=0  to  find  x, 
ven  a:' -hlCj -1-64=81  to  find^ar. 
ven  ar'— 18a: -1-81  =  100  to  find  x. 


Ans.  «=2,  or  2. 
Ans.  «=  — 1,  or  — L 
Am.  x=  —  2,  or  —2. 
Ans.  x= — 3,  or  —3. 

Ans.  z=3,  or  8. 

Ans.  a?=4,  or  4, 
Ans.  x=  —4,  or  — i 
Ans.  ar=— 5,  or  —5. 

Ans.  x=5,  or  6. 

Ans.  ar=6,  or  6. 
Ans.  a?  =  — 6,  or  —6. 
Ans.  ar=— 7,  or  —7. 

Ans.  x=7,  or7 
Ans.  a:=l,  or  —17. 
Ans.  a:=:19,  or  —1. 


Iven  a:' +  20a: -1-100=64  to  find  x.    Ans.  a:=:  — 2,  or  — la 


ven  ar'=22a:— 121  to  find  x. 

ven  a;'— 169=24ar— 144  to  find  x. 

ven  4a:'— 4a; -1-1=4  to  find  x. 

ven  4a:'  — 8a:+4  =  9  to  find  x. 

ven  25a:'  — 20a?-p4  =  16  to  find  x. 

ven  2a:'  — 2a: -hi  =a:' -I- 9  to  find  x. 

ven  4a:'— 4a:  +  4=3a:'-f  25  to  find  x. 

ven  Ga:'— Ga:4-9=oa:'-hl  to  find  x. 

ven  9a:'— 8a: -1-16  =  8a:' +  25  to  find  x.     Ans.  ar=9,  or  -1. 

ven  5a;'—  12a:-h  9=a:'  -|-  36  to  find  x.    Ans.  a:=4J,  or  —If 

ven  100a;'— 3Ca:-|-4=19a;'  f-49  to  find  the  value  of «. 

Ans.  «=!,  or  — f 
ven  a:'— 4a;-f-l  =— 2a;  +  9  to  find  x.  Ans.  «=4,  »  — S. 
ven  4«*  +  9a!+16=4— Ya:  to  find  or.    Ans.  «=— l,or  —1. 


Ans.  af=:ll,  orll. 
Ans.  x=z25y  or  —1. 
Ans.  x=H^  or  — }. 
Ans.  a:=2J,  or  —J. 
Ans.  ar=l  J,  or  -f 

Ans.  x=z4,  or  -2. 

Ans.  a:=7,  or  —3. 
Ans.  x=4y  or  2. 
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80*  Given  6x'— 6jrH-4=4a?*— 2x  +  16  to  find  the  value  of  or. 

Ans,  ar=6,  or  —2. 
31*  Given  9a:'  +  12a:— 25  =  5ar'+4a;— 4  to  find  the  value  of  ar. 

Ans.  «=li,  or  —  8|. 
82,  Given  25a;''4-20ar— 81=9i?'  +  4a:— 4  to  find  the  value  of  a;. 

Ans.  ar=lj,  or  — 2J. 

33t  Given  x*—2ax+a*=h  to  find  x.  Ans.  x=a^Vb. 

34.  Given  ia?'  +  Aa.— o=— i  to  find  x.      Ans.  x=7j,  or  — lOf 

35t  Given  -; — =i  to  find  x,  Ans.  x=5.  or  —8. 

ar— 2x4-1     * 

36.  Given  yV^'+ar  +  16  =  16a:'  to  find  ar.    u4im.  x=l^,  or  — f |. 

37.  Given  -^+q  +  t=12  to  find  x.  Ans.  ar=— J±6f^3. 

38t  Given  — rz h^=0  to  find  ar.  -4jw.  ar=— ,  or*^— . 

r       9       9  ^9       ^9 

-                                                          V'c^ 
39j  Given  ca:*— 2ca:i^rf=(fa;'— cc?  to  find  x.         Ans.  a:=-^ -. 


40t  Given  i?ix'+>«»=2i?M:V«H-na:' to  find  ar.   -4n*.  «= 


VcqpVd 
^mn 


VmzpVn 

41.  Given  ofcr*— 2«(a+ft)/a6=(a— 6)*  to  find  the  value  of  ar. 

a4-6±f/2a»-h26' 
^W5.  ar= := . 

42.  Given  aa?'  +  6'+c*=a'+2ftc  +  2(6— c)arV'a  to  find  the  value  of  x. 

.              b—cdza 
Ans.  x= — . 

43*  Given  «*— ar=— J  to  find  the  value  of  ar.       Ans.  x=^,  or  |. 
44*  Given  a;*— 10ar=— 25  to  find  x.  Ans.  ar=5,  or  5. 

(3 II*)  In  order  to  solve  the  following  problems,  the  student 
flbould  be  familiar  with  the  modes  of  eliminating  radicals,  and  should 
also  be  able  at  sight  to  detect  the  squares  of  binomials. 

PROBLEM 

1.  Given  i/^i^H-2i/-4-=^'i/-4-  (l)tofindtheval\w»Q.^x. 
^9         ^  x+a       ^  a:+a^  ' 
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SOLUTION. 


i±f+2/f=6.         (2)=:(l)x4/'-J 


X 

The  student  might  not  bo  able  to  see  that  the  left  hand  member  of 
this  equation  is  a  perfect  square,  and  not  obsenring  this,  the  soIntioD 
ivould  be  much  more  difficult  for  him.  Let  us  endeavor  to  render 
this  fact  more  apparent. 


1  +?+2|/^=6«  (3)=(2)  divided. 

l+2|/^  +  ^=6'  (4)=(8)  arranged. 

l+|/^=±6         (5)=i^(T). 


/a 

X 

a 
'  X 
a 


'-{i^bY 


PROBLEM 


2.  Given  -= — =1H r —  to  find  the  values  of  «• 

V^x+\  2 

^TM.  37=8,  or  1% 

SOLUTION. 

Since,  3x~l  =  (^'3^+l)(l^8i-l), 

whence,    v  3ar  —  1  =  IH — ^ 

2V3i=4+V8J— 1, 
V37=3, 
3a:=9, 

ar=3.  _ 

But  how  is  the  value  \  obtained?  By  putting  f^Sz+l,  which  is 
used  in  reducing  the  fraction  in  the  first  member  of  the  equation,  eqfoil 
to  zero. 


UTSCTED  QUADRATX08.  S7S 

Thus,  V8»+l=0 

8ic=l, 

But  if  we  attempt  to  verify  the  given  equation    bj  substituting  | 

for  the  value  of  a?,  we  obtain  -=1  +-. 

z         z 

Is  this  a  true  equation  ?    It  seems  not ;  for  by  dropping  -  firom 

both  members,  we  obtain  0=1,  an  absurdity. 
Are  we  then  to  conclude  that  a;=^  is  not  true  t 
In  substituting  \  for  a;,  we  assumed  that  f^3a;=  +  1,  whereas,  we 
learn  from  the  equation 

♦^35+1=0 
that  f'sip^  — 1. 

If  we  substitute,  keeping  in  mind  the  &ct  that  1^8:?  must  be  taken 

equal  to  —1,  we  shall  obtain 

0  —2 

0  2 

0 
-=0,orO=0, 

from  which  we  learn  that  «=^  is  a  true  value  of  a^ 
From  this  solution  we  may  infer  the  following 

PRIITOIPLX. 

Any  expreuian  containing  the  unknown  quanity  that  will  divide 
both  the  numerator  and  the  denominator  of  any/raetion  t»  the  eqtta- 
Hon^  being  placed  equal  to  zero,  will  give  as  nuxAy  values  of  the  un- 
known quantity  of  the  given  equation  as  the  unknown  quantity  in  the 
equation  thus  formed  has  values. 

Since,  a  fiictor  of  the  kind  referred  to  in  this  principle  may  by  mul- 
tiplication become  common  to  both  members  of  the  equation,  we  ob- 
tain the  following 

PBINOIPLX. 

Any  expression  containing  the  unknown  quantity  that  will  divids 
hath  members  of  an  equation,  being  placed  equal  to  zero,  filiform  an 
equeUiom  of  which  every  value  of  the  unknown  quantity  will  also  be 
m  mkse  ef  the  unknown  qwmtUy  in  the  given  equaUfm. 

18 
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BZAMPLSS. 


^    ^.  6a:— 9     ,     l^6ar— 8       ^    ,   , 

!•  Given  -= — =1  + — - —  to  find  the  valaes  of  x. 

V5X  +  3  2 


Ana.  a:=:5,  Off, 


^    ^,         ax — 6*  i^ax — b 

2«  Given  -^= —  =c + to  find  the  values  of  x. 

Vax  +  b  c 


Ana,  ar=-i6H I, or  — 


4+« 


8.  Given  V64+a;*— 83;=    •  to  find  the  values  of  «. 

V4+« 

-4iM.  a?=3,  or  —4. 

It  Given  Va*+a:*— 2ax— -t=z=.  to  find  the  values  of  as. 


.  a(a— 1) 

5t  Given =6  to  find  the  values  of  x. 

Ana.  ar=-od=^^^-^f'26^* 

PROBLEM 

(312.)  1.  Given  |  "^"^^^'.jgH  to  find  the  values  of  a:  and  y. 

SOLUTION. 

4:ry=4a«  (4)=(2)x4. 

a^^^xyW^a'^W .    (5)=(3)-(4). 

ar~y=±V«*~4a'      (6)=  4^6. 
2ar=«±^^^--4a*     (7)=(6)  +  (l). 
2y=^=pyg'-4a'     (8)=(l)-(6), 
ar=^(gd:Vj?'-4a'). 
y=i(*zpi/,«-4a»). 

PROBLEM 

2.  Given  \  ^    y,~  ^  ^gv  f  to  find  the  values  of  x  a&d  y. 


AFFECTED  QUADRATICS. 

SOLUTION 

*'+ay+y'=7 

(3)=  (2)-(l). 

ar*-2«y+y'=l 

(4)=   (I)*- 

3iy=6 

(5)=   (3)-(4). 

«y=2 

(6)=  (5)-3. 

«'+2Ty+y'=9 

(7)=  (3)  +  (6). 

a!+y=±3 

(8)=y(7). 

2«=4,  or  —2 

(9)=  (8)  +  (l). 

2y=2,  or  —4 

(10)=  (8)-(l). 

ar=2,or  —1 

(11)=  (9)-2. 

y=l,or-2 

(l2)=(10)-2. 
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Rbxark. — ^Different  artifices  may  be  employed  in  eUminating  one  of  the  un- 
known quantities  in  the  following  equations.  The  student  should,  however,  be 
carefhl  not  to  find  the  value  of  one  of  the  unknown  quantities  in  one  equation, 
and  substitute  it  in  the  other,  for  an  equation  would  then  arise  which  he  is  not 
yet  prepared  to  solve. 

EXAMPLES. 

It  Given  \  ^«  ?■  to  find  the  values  of  ar,  and  y. 

I      «y=2) 

Ans.  x=2y  or  1 ;  y=l,  or  2. 

2t  Given  i  ,  ^  r  to  find  the  values  of  ar,  and  y. 

Ans,  x=5,  or  3  ;  y=3,  or  6. 

3.  Given  -j  ^«^«fto  find  the  values  of  a;  and  y. 

(      ary=266  ) 

Ans,  a?=19,  or  14  ;  y=14,  or  10. 

4t  Given  •<    .     ^Zoa  f  ^  ^^^  ^^  values  of  x  and  y. 

Ans.  a?=3,  or  —  1 ;  y=l,  or  —  8, 

5«  Given  j    .__  ,~ .  J-  to  find  the  values  of  x  and  y. 


Ans. 


a?= 


2     ^^         3a 


b--a* 


^         2         ^y  3a 


€•  Given  <  ^  .  ^— c  f  ^  ^^  ^®  values  of  x  and  y. 

Ans.  ap=r2,  or  1;  v^'^i^'^*^* 
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7i  Given   5   ,  .    ,      ,  {•  to  find  the  values  of  a?  and  y. 


8t  Given  \  ^  1  l|.Zi  o  [  ^  ^^^  ^®  values  of  0  and  y. 

.41M.  a?=27,  or  8  ;  y=8,  or  27. 

9,  Given  J    ,      ,""  ^  I  to  find  the  values  of  x  and  y. 

Am.  ir=2,  or  —1 ;  y=l,  or  —8, 

10*  Given  j    ,  ,    ,Z^  f  *^  ^^  *^®  values  of  a:  and  y. 


(y=-f»±|V26-i^ 

( a;+y=4  ) 

11,  Given  -J    ,  ,    s__/    ,    \«  f  to  find  the  values  of  a  and  y. 


^rw.  a;=2,  or  2  ;  y=2,  or  2. 

lie  values  of  x  and  y. 

^7W.  a;=4,  or  1 ;  y=l,  or  4. 


12.  Given   W  +y  -3  f   to  find  the  values  of «  and  y 
(      ariyi=2  ) 

^7W.  a;=4,  or  1 ;  y: 

i  /pj t/"i^=r2     r 

13t  Given  \         ^  >■  to  find  the  values  of  x  and  y. 

(  arf-yf =26  ) 

Am.  a?=9,  or  1 ;  y=l,  or  9. 

14*  Given  -J  ^^  r  to  find  the  values  of  a?  and  y. 

(ar  +y  =5  )  ^ 

^iw.  jr=4,  or  1 ;  y=l,  or  4. 

15.  Given  \       .       ~~  ^  ?•  to  find  the  values  of  x  and  y. 

(a:   +y   =6  )  ^ 

^iw.  «=4,  or  1 ;  y=l,  <»  4. 

\«'+y^=4  f 

16.  Given  "S    ,       ,  1     f  ^  ^°^  ^®  values  of  9  and  y. 

^fw.  a;=4,  or  4 ;  y=4,  c»  4. 


riyt=2  ) 


17i  Given  ^  *     ^         [-to  find  the  values  of  ar  and  y. 


ari^ 

^n#.  £=256,  or  1 ;  y=l,  or  256. 
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18t  Given  i         ^  >  to  find  the  values  otx  and  y. 

Ans.  a?=6561,  or  1 ;  y=l,  or  6661. 


r*-y*=26  ) 

Am 

19«  Given  •  ^  "~^  ~"    >  to.  find  the  values  of  :r  and  y. 
I  ari+y*=5  \ 

^iw.  a:=266,  or  1 ;  y=l,  or  266. 

* 

(3 1 3*)  Every  affected  quadratic  equation  can  be  reduced  to  the 
following  form : 

x'±:Ax=±:B, 
In  which  A  and  B  may  represent  any  quantities  whatever,  whether 
real  or  imaginary,  whole  or  fractional. 

PROBLEM. 
To  solve  «*±^ic=±i?. 

SOLUTION. 
First,  let  us  examine  the  case  in  wliich  ^  is  an  even  whole  number. 
Patting  A=z2(i,  and  B=bj  and  using  Septus  signs,  since  the  princi- 
ple upon  which  the  solution  depends  is  the  same  as  when  A  and  B 
are  both  minus,  or  either  one  plus  and  the  other  minus,  we  have 
x'  +  2ax=b.  (1) 

We  see  by  the  principles  of  binomial  squares  that  the  first  mem- 
ber of  (1)  would  be  a  perfect  square  if  it  were  increased  by  a\    Let 
OB  then  add  a*  to  the  first  member,  and,  to  preserve  the  equality,  we 
must  also  add  it  to  the  second  member.     We  then  have 
a:'  +  2aa;+a'=a'H-6  (2) 

Extracting  the  square  root,  g-f  g=^f^o*+6 


x=^adzVa'+b 
This  problem  may  also  be  solved  in  the  following  manner : 
By  transposition  (2)  becomes  {x + a)* — (a*  +  6) = 0  (8) 

Considering  a' +  6  as  the  square  of  Va^  +  b,  the  left  hand  member 
of  (3)  is  the  difference  of  two  squares,  and  consequently  may  be  fao- 

tored  thus:  

(x^a^Va'i-b){x  +  a+Va*-i'b)=iO 
This  equation  maybe  satisfied  by  putting  either  factor  equal  to 
lero,  whence  result  the  two  simple  equations : 

and  aj+a+f^oMTftsrO 
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The  first  of  these  simple  equations  gives 

And  the  second,       d;=  —a—  Va' +6,  the  same  as  beforaL 

BZ  AMPLES. 

1.  Given  a:'  +  8x=48  to  find  x,  Ans.  «=4,  or  —12. 

2t  Given  x*  +  4x=li0  to  find  x.  Ans,  af=10,  or  —14. 

St  Given  a:*— 6x=— 8  to  find  x.  Ans,  «=4,  or  +2. 

4.  Given  a;'  +  8jr=33  to  find  x,  Ans,  a:=3,  or  —11. 

5.  Given  a;'— 10a:=— 21  to  find  x.  Ans,  «=7,  or  8. 

6.  Given  a;'  +  8x=C5  to  find  x.  Ans.  af=6,  or  —13. 

7.  Given  x* — 2px =q  to  find  x.  Ans,  x  ==pdz  Vp* + g. 

8.  Given  ar'H-12a:=108  to  find  «.  Ans.  a:=:6,  or  —18. 

9.  Given  a;'— 14ar=61  to  find  x.  Ans.  a?=l7,  or  —8. 

10.  Given  z'— 8j;=48  to  find  x.  Ans,  a?=12,  or  —4. 

11.  Given  ar'  +  10x=— 24  to  find  x.  Ans.  a?=— 4,  or  —6. 

12.  Given  a:''  +  16x=— 55  to  find  x.  Ans.  a?=— 5,  or— 11. 

(314.)  Equations  of  the  form  a;"±2(M;»  =  db6,  n  being  integnl, 
are  aficcted  quadratics,  and  should  be  solved  as  the  preceding  ex- 
amples. 

In  such  equations,  if  we  consider,  primarily,  that  «"  is  the  unknown 
quantity,  as  we  should  do,  the  above  equation  becomes  of  the  general 

form,  which  we  have  already  discussed;  for,  putting  y=«",  y^=«", 
and  substituting  these  values,  we  get  the  equation, 

y'±2ay=db6 
which  is  the  general  form  referred  to. 

The  student  should  observe  Uiat,  in  some  of  the  following  exam- 
ples, a;"  =  dbv/a;,  when  n  is  an  even  number,  should  be  taken  with  ths 
minus  sign,  in  order  to  verify  the  equation. 

PROBLEM 

1.  Given  a;  +  8a;i=48  (1)  to  find  the  values  of  «. 
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SOLUTION. 

m+Bxi+ie=U  (2)=(1)  with  16  added  to  both  membere, 

ari  +  4==b8  (3)=f(2). 

xi=:i,  or  —12       (4)=(3)  transposed. 
a;=16,orl44       (5)=(4)\ 
The  equations  (4)  and  (6)  show,  that  in  attempting  to  verify  the 
original  equation  with  16,  that  xi  must  be  taken  equal  to  4 ;  but, 
when  attempting  to  verify  it  with  144,  xi  must  be  taken  equal  to 
—  12,  and  not  +12. 
Let  us  solve  another 

PROBLEM 

2.  Given  or— 6ari=— 8  (1)  to  find  the  values  of  a?. 

SOLUTION. 

a?— 6ari+9=l  (2)=(1)  with  9  added  to  both  members. 

ari-3=±l  (3)=V'(2). 

iti=4,  or  2  (4) =(3)  transposed. 

ar=16,  or4  (5)=(4)'. 

In  this  example,  in  verifying  the  values  of  x;  for  a;=16,  xi  must 
be  taken  equal  to  4 ;  and  for  x=4,  xi  must  be  taken  equal  to  2,  and 
this  is  just  what  the  student  would  be  likely  to  do. 

We  learn  from  these  solutions  that,  in  verifying  equations,  the 

ralues  of  2*,  (n  being  even,  as  in  the  above  problems,)  must  be  care- 
fully observed. 

SZAMPLXS. 

1.  Given  x+2xi=:B  to  find  xi.  Ans,  a:i=2,  or  —4. 

2t  Given  ar+6a?i=16  to  find  xi.  Am.  ari=2,  or  —8. 

8.  Given  a:+4ari=12  to  find  ari.  Ana.  a:i=r2,  or  —6. 

4.  Given  a;— 8ari=48  to  find  xi.  An$.  rf=12,  or  —4. 

6.  Given  ar-M0jri=3  to  find  xi.  Ana.  'xi=z^5zh2Vf. 

6.  Given  x*4-12ari=l3  to  find  xi.  Ana.  ari=l,  or  —13. 

7i  Given  xi+ 14^=16  to  find  xi.  Ana.  a:i=l,  or  —15. 

8.  Given  xi+iexi=l1  to  find  xi.  Ana.  «i=l,or  — U. 
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9t  Given  anV  +  18arTH=19  to  find  the  values  of  an-ir. 

Am,  «Ti¥=:l,  <»  —19. 

10.  Given  a:  +  20Vi=21  to  find  Vx.  Ant.  f'«=l,  or  -21. 

11.  Given  V/?+22  1/^=23  to  find  Vx.    -4fW.l/x=l,  or  —23. 

12.  Given  Vi  +  24  Vi=25  to  find  V^.      -4»w.  V«=l,  or  —25. 

(315*)    The  solution  of  these    exaoiples   may  be   aomeiriiat 
abridged  by  omitting  the  formality  of  completing  the  aqiiaie. 

PROBLEM. 

Given  ar'—6ar+ 10=13  (1)  to  find  the  values  of*. 

SOLUTION. 

ar'— Gjr=:  — 6  (2)=(1)  transposed, 

a?*— 6a:  +  9=3  (3)=(2)  with  9  added  to  both  memben. 

ar-3  =  rfcV3  (4)  =  f(3). 

ar=3±f^3  (6) =(4)  transposed. 
Equation  (5)  may  be  written  immediately  from  (2) ;  ainoe  x  k 
found  to  be  equal  to  half  the  coefficient  of  x  taken  with  a  contmry 
sign,  PLUS  or  minus  the  square  root  of  the  known  term  afUr  U  has 
been  increased  by  the  square  of  half  the  coefficient  of  x.  To  pio^e  ihb 
fact  to  be  general,  let  us  assume  the  four  general  equations : 

a:*  +  2aa:=6 
ar'— 2aa;=6 
a:'  +  2ax=— 6 
a:*— 2ar=— 6 
A  solution  of  theA  four  equations  gives  the  following  values  of  t^ 
respectively : 

X-     adbV'a'  +  ft 


X—     a±LVa^—h 
From  an  examination  of  these  four  equations  and  the  yalnes  of  ihs 
unknown  quantity  in  each,  wo  derive  the  following 

RULE. 
When  an  affected  quadratic  equation  is  reduced  to  ik§  fbrm 
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«*d:2cM?=:=b6.  the  value  of  the  unknown  quantity  may  he  found  by 
putting  it  equal  to  half  the  coefficient  of  ite  JirU  power  taken  with  .a 
contrary  sign,  plue  or  minus  the  square  root  of  the  known  term 
after  it  has  been  added  to  the  square  of  half  the  coefficient  of  the  first 
power  of  the  unknown  quantity, 

Reicare. — The  student  should  apply  this  rule  in  the  solution  of  the  fbUowing 
examples  after  they  are  reduced  to  the  proper  form. 


EXAMPLES. 

1.  Given  a;'—6a:+ 10  =  11  to  find  x. 

2.  Given  x*-{'6bx=zc*  tx>  find  x.  Ans.  ir=--36±V'96' H-c*. 


Ans,  «=2,  or  4. 


S*  Given  — I — = -  to  find  the  values  of  x.    Ans.  «= 1  d=yi  —a*. 
a    X    a 


.  ^,        3j?  .    2  2a:—2  ,    ^    , 

it  Given  --+— =:icH —  to  find  x, 

2      3x  3 

S.  Given  ar'-f  12a:— 16=02  to  find  x. 

€•  Given  a:"  +  6a: +  4=59  to  find  ar. 

7.  Given  or'— 8a:+ 10=19  to  find  a:. 

8*  Given  a^— 12a:  +  30=3  to  find  x. 

9t  Given  ar'  +  6ar=27  to  find  x. 

10.  Given  8a:'  +  32ar=360  to  find  ar. 

11«  Given  a:*— 8a:=14  to  find  x. 

IJ.  Given  20:*  + 8a:— 20=70  to  find  a:. 

IS.  Given  4ar'— 8a:  +  6=326  to  find  x. 

14*  Given  a:  +  6a:i=27  to  find  x, 

15.  Given  \^x—4  Vi=9  to  find  x. 

16,  Given  a:— 8V'i=14  to  find  x. 


Ans.  x=2dt2V2. 

Ans.  a:=6,  or  —18. 

Ans.  x=5,  or — 11. 

Ans.  a:=9,  or  —1. 

Ans.  a:=9,  or  3. 

Ans.  a:=3,  or  —9. 

Ans.  a:=6,  or  —9. 

Ans.  xz=zi±ysO. 

Ans.  a:=5,  or  —9. 

Ans.  a:=10,  or  —8. 

Ans.  a;=9,  or  81. 

Ans.  a:=497±136V'13. 

Ans.  a:=46±8i^30. 


(316*)  Every  afiected  quadratic  equation  may  be  reduced  to  the 
fiMin  00:^^=200:= ±6,  in  which  c,  a,  and  6  are  whole  numbers  or  surds. 

The  simplest  case  of  this  general  form,  which  is  when  e=l,  has  al- 
ready been  treated  o£ 

PROBLEM 

1.  Given  e«'  +  2a«=6  (1)  to  find  the  values  of  «• 
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80LUTI0H. 
(2)=(l)xe. 
(3)=(2)  witha'addedtobothmembn 


ex=  — a±iV  +  be  (5) =(4)  transposed. 
x= (6)=(5)-4-c. 


PROBLEM 

2.  Given  a:'— 3a:=40  (1)  to  find  the  values  of  ap. 

SOLUTION. 

As  the  coefficient  of  x  is  odd,  this  equation  is  not  of  the  reqasto 
form,  but  in  all  such  cases  it  may  be  made  so  by  multiplying  by  2. 


2x'—0x=80 
4x'-12ar=lC0 
4x»-12j;  +  9  =  169 
2a:— 3  =  ±13 

2x=16,  or  —10 
x=S,  or  —5 


(2)=(l)x2. 
(3)  =  (2)x2. 
(4) =(3)  with  square  completei 

(5)=f(4). 

(6) =(5)  transposed. 

(7)=(6)H-2. 


EXAMPLES. 

1.  Given  3x'  +  2a:=85  to  find  x. 

2.  Given  3a:'+4x=340  to  find  x. 

3.  Given  5a:' +  6^=03  to  find  x, 

4.  Given  3x'— 14a-=  — 15  to  find  x. 

5.  Given  4a:'— 6jr=108  to  find  x. 

6.  Given  3j:'— 2x=65  to  find  x. 

7.  Given  15a:'— 622a:=— G384  to  find 

ar'     4a: 

8.  Given  --  + 19  =  15^  to  find  x. 

3        i> 


Ans,  x=5jOT  —5 J. 

Ans.  a:=10,  or  — llj. 

Ans.  a:=3,  or  — 4J. 

Ans.  x=zSj  or  If- 

Ans.  a; =6,  or  —4 J. 

Ans.  a:=5,  or  — 4 J. 

X.   Ans.  ar=22J,  or  18|. 

Ans.  a:=9,  or  —11  J. 


9.  Given  118a-— 2^3:' =20  to  find  x.       Ans.  x= 

10.  Given  '7a:'-20a:=32  to  find  x. 

11.  Given  6a:'  +  4x=273  to  find  x. 

12.  Given  a6a;'-2a:(a  +  6)Va6=(a-6)' 


118=hf^l3724 


Ans.  a:=4,  or  — 1|. 
Ans.  ar=7,  or  —7 J. 
to  find  X. 


Ans. 
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(3 1 7  •)  The  student,  after  solving  the  examples  in  the  last  article, 
is  presumed  to  be  fully  acquainted  with  the  principles  of  their  solution, 
aod  is,  therefore,  prepared  to  omit  some  of  the  intermediate  equations. 
The  general  form, 

may  be  divided  into  the  four  following  equations ; 
cx*  +  2cu=b, 
cx^—2ax=b, 

cr*— 2gu;=— 6, 
whose  solutions  give,  respectively,  the  following  values  for  x: 


'^a±Va'-'bc 
xz= , 


a±Va'-bc 

x= . 

c 

A  comparison  of  these  values  with  the  equations  from  which  they 

are  derived,  gives  the  following 

RULE. 
TFhen  an  affected  quadratic  equation  is  reduced  to  one  of  the  four 
forms  indicated  hy  the  general  equation^  cx'dc:2ax=zzhb,  the  values  of 
the  unknown  quantity  may  be  found  by  putting  it  equal  to  half  the 
eoeffident  of  x^  taken  with  a  contrary  sign,  plus  or  minus  the  square 
root  of  the  product  of  the  known  term  by  the  coefficient  of  ar",  after 
this  product  has  been  increased  by  the  sqitare  of  half  the  coefficient 
ofx^  and  then  dividing  the  whole  by  the  coefficient  of  x^. 

Remark. — In  the  following  examples,  when  reduced  to  the  proper  form,  the 
student  should  write  immediately  the  values  of  x,  being  guided  bj  the  rule  Just 
given. 

PROBLEM. 

Given  8«*— 30=4a?+2  to  find  the  values  of  x, 

SOLUTION. 

8«"— 4a;=32 

«=— g— =4,  or  -2|. 
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BXAMPLBS. 

!•  Given  j:*— 7a;=— 3}  to  find  the  valueB  of  «.    Jim,  «=6^  orf 
J,  Given  2x'— lOar  +  7  =  — 5  to  find  x.  Ant,  «=8,  or  2. 

8*  Given  3x'4-4x— 7=88  to  find  x.  Am.  «=5,  or  — 6|. 

4.  Given  liar'— 100jr=  — 201  to  find  x.        Ant.  «=3,  ot  6xV. 

5.  Given  -— +  20jr=3j;'— 80  to  find  x.       Am.  «=10  or  —24. 

5 

6.  Given  --f- =5j  to  find  x,  Ans.  x=25,  or  1. 

7.  Given  21a;'- 1616a;= -20748  to  find  ar.  ^iw.  ar= 60|,  or  16f. 

^    ^.        18x«     18078J         ,^^^      ^   , 
8i  Given  -— --f — — — =—4728  to  find  x. 
5  Co 

Am.  d:=~25f|,  or  —52. 
9,  Given  4a?'— 9a;=5x'— 255J— 8x  to  find  the  values  of  x. 

Am.  15|,  or  —16^. 
10.  Given  (4a'- 9c(r)a:'  +  (4aV  +  4aW)ar=—(ac«  +  W)*  to  find 


the  values  of  x.  Ant.  ar=  - 


11.  Given  6j;'-f-2a;=14  to  find  x.  Am.  x= 


—  Izfcm 


6 

12.  Given  32a"-c-» +4a"»+'c'»-»(a<:'-2)ar=a'c-+"af«    to  find  the 

values  of  x.  Am.  a?=4a*~',  or — — . 

(3 1 8.)  Let  us  now  examine  the  general  equation  cx*db(»=zdb6,  in 
which  a  is  an  odd  number.  It  is  evident  that  the  rule  given  in  the 
last  article  is  also  applicable  here,  but  in  order  to  avoid  multipljiiig 
the  oqufition  by  2,  or  in  caso  this  should  not  be  done,  to  avoid  htio 
tions,  wo  seek  another  mode  of  solution. 

PROBLEM. 

Given  cx^  +  ax=b  to  find  the  values  of  x. 

SOLUTION. 

If  we  multiply  tliis  equation  by  4c,  we  shall  have 
4c'.r'+4aca?=46c, 
4c'a:'  +  4a<:ar  -f-  0.^=0^  +  46c, 

2car  +  a=zfcVa'  +  46c, 


2car=  — aifc  Vc^  +  4bc, 

-adbfa'+4ftc 

«= . 

2e 
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This  mode  of  solution  is  found  in  the  Bija  GanUa,  a  Hindoo  "nreat- 
iae  on  Algebra,  which  has  been  translated  by  iK^.  Colebrooke. 

PROBLEM. 

Given  2«*— 5iP=ll7  (1)  to  find  the  values  of  x. 

SOLUTIOH. 

16a;»-40a;=936         (2)=(l)  X  8. 
16«'—40a?  + 25=961. 
4a;-6=db31. 

4a;=6db81=86,or-26. 
ar=9,  or  —6  J. 

EXAMFLXS. 

1«  Given  «'~84=^  to  find  or.                    Ans.  «=0,  or  —5}. 
J.  Given  «'  +  8a?=72  to  find  x.  Am.  x= . 

S*  Given  5«"+«=4  to  find  x.  Am.  «=J,  or  —1. 

i«  Given  2«'— ar=21  to  find  a?.  -4im,  a:=3|,  or  —8. 

»    ^.  ^     r         .    is  J  ^  6±V6*4-4ac 

5*  Given  cur—hx=c  to  find  «.  Ans.  x=z . 

2a 


— ©i:  Vl>'  +  4(7 
6«  Given  ir*+/w?=g  to  find  «.  -4fW.  a?=-^^- — -^ ^. 

7.  Given  8iB*  +  6x=42  to  find  x.  Am.  x=:S,  or  --4|. 

8*  Given  «■  4- 6a? +  4=22— «  to  find  x.  Am.  a?=2,  or  —9. 

9«  Given  aj*— 6Jx=18  to  find  x.  Am.  «=8,or  — 2J. 

10«  Given  «"— 3aj=10  to  find  «.  -4n«.  a?=5,  or  —2. 

11.  Given  6a?*— -=78  to  find  a?.  Am.  aj=4,  or  —S^^, 

12*  Given  4a;'^+a;"  =89  to  find  ar.  Am.  a?=729,  or  (-j-)  • 

(319*)  This  mode  of  solution  may  be  abridged  by  omitting  the 
intermediate  equations.  The  relation  of  the  unknown  quantity  to  the 
known  terms  of  the  general  equation  ca?'diaa?=db5,  may  be  observed 
by  solving  the  following  equations : 

c^-\'ax^^ 

ca?'— aa;=6, 

ca!"-f-aa?=— 6, 

ear*— aap=— 6. 
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Hie  Talaes  of  x  in  the^e  four  eqaations  are 


'= 2; ' 


a±*'a*-46c 
a:= , 


— adbia'— 4Ac 
x= . 


adtSa^ — ibc 

x= . 

2c 

67  a  comparison  of  these  valacs  with  the  equations  from  vbkk 

thej  are  derived,  we  obtain  the  following 

RULE. 

When  an  affected  quadratic  equation  it  reduced  to  erne  of  the  farm 
indicated  by  the  general  equation 

cx'doax=^h, 
the  value  of  the  unknown  quantity  may  he  found  by  putting  itepd 
to  the  coefficient  of  x,  taken  xcith  a  contrary  s^n  plus  or  muwitk 
square  root  of  the  square  of  the  coefficient  of  x^  after  it  has  been  adid 
to  four  times  the  product  of  the  coefficient  of  a^  by  the  known  tern, 
and  dividing  the  whole  by  twice  the  coefficient  of  a:". 

PROBLEM. 

Given  8x*— Yxrr— 34  to  find  the  values  of  x. 

SOLUTION. 


Vdb  1^-1039 

x= . 

16 

EXAMPLES. 

1.  Given  Ox'— ar=:92  to  find  x.  Ans.  ar=4,  op  — 3f. 

2.  Given  8x'— 7j:=165  to  find  x.  Ans.  x=5,  or  — 4J. 

3.  Given  3x*— 3Jr  +  6=5J  to  find  x.  Ans.  t=^,  or  \. 

4.  Given  lljj:-3i^'=— 41^  to  find  x.  Ans.  ar=  — 2|,or  6f 

5.  Given  OJa:'— 90ijr=  — 195  to  find  x.  Ans.  x=l^,  or  3 J. 

6«  Given  adx'-acx*=b€x—bd  to  find  x.  Ans.  a:=-,  or  — . 

c  a 


1%  Given  ia-\-b)x^z=.cx-\ r  to  find  ar.  Ans.  ar=— -7 r-r — . 

^   •  a4-6  2(a+6) 
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8*  Given  V9a;  +  4=3a:to  find  x.  Ans.  a?=l J,  or  — |^ 

9«  Given  ox*— 6a:-f-c=ca:*  +  2c  to  find  the  value  of  x. 

6±f6«-h4c(a-(r) 

^n*.  a?= -7 ^^ \ 

2(a-c) 

-  1#.  Given  ^V-y-(a-ft)(2c+a(0j=(a+ft)~(a*-6V*^fi°d 

the  values  of  a?.  Ans.  x=-tz — -tt,  or 


lit  Given  oftj'H = = to  find  the  values  of  « 

c  c*  e 

.  2a— 6  8a+26 

Am,  «= ,or r . 

ac  be 

Sic*     21x 27782 

13.  Given  80a?4-^  + j^ =1869i—8«*  to  find  the  values 

€f  a.  Ans.  ar=— 46,  or  24 J. 

(320«)  It  is  frequently  advisable  to  consider  several  terms  as  one 
in  the  solution  of  affected  quadratics  involving  radicals. 

FBOBLXM. 


Given  fa;-f-12+V«+12=6  to  find  the  values  of  x. 

SOLUTION. 


If  weputy=V«+12,y*  will  equal  4/X+ 12. 
.-.     y«4.y=6, 

y= — 2~      ' ^'  "*  ' 
and    y'=  Va?+12=4,  or  9, 
«+ 12=16,  or  81, 
a:=4,  or  69. 
'     In  verifying  the  value  d;=:69,  we  must  take,  as  the  solution  indicates, 
y=V«Tl2=-3. 

XZAMFLXB. 


h  Given  4/0:+ 10— V«+ 10=2  to  find  «.  Ans.  a?=6,  or  —9. 
J.  Given  4/a;+21+V«  +  2r=12  to  find  ar.  Ans.  a:=60,or235. 
S«  Given  4/2^+6+ V2^6=6  to  find  a?.  -4n*.  a;=5,  or  87J. 
4«  Given  «+  Var  +  6=24-3t^a?  +  6  tofindx.  -4iw.  a?=10,  or  —2. 


!•  Given  «4-5=  V«+6  +  6  to  find  x.  Ans.  x=zi,  or  —1. 


rT 


t 
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.6.  Given  «+16—7Va;+16=10—4Vjr+16  to  find* 

An$.  •=r9,  or  --ll 


7.  Given  4/x  +  a+  6  Vx+a=z2b*  to  find  of  ar. 

^jM.  a:=61— a,  or  166*— e. 

(32 1.)  It  is  sometimes  advisable  to  complete  the  squaxe  witkoit 
reducing  the  equation  to  any  of  the  forms  given  above. 

PBOBLXM. 

Given  —  +—=8  to  find  the  values  of  a?. 

8OLUTI0H. 

Adding  1  to  both  membeis  of  the  equation,  and  wa  hwm 

2x 

-  +  1  =  ±8. 

2x 
y=2,or-4. 

2z=18,  or  —36. 
ar=9,  or  —18. 

EXAMPLES. 

1,  Given  —— —4-6=0  to  find  x.         Ans.  x=d{l±:2V^^ 
i.  Given  ———  +—=0  to  find  x,  Ans.  x=8,  or  1. 

3.  Given  -^1^+  _?4-4=o  to  find  x.    Am.  «=  — l^.or  — &^ 

•p'        12«D 

4.  Given  _-_-_.=  ~82  to  findar.  Ans.  «=162,  or  76. 

oul       19 

5.  Given  ^j  -  4ar  +  36'=0  to  find  ar.  Ans.  «=— ,  or  -w 

4ar' 

6.  Given  -- — 4ar=7  to  find  a:.  j4im.  af=10|,  or  — IJ. 

-    ^.       aV      86*a;     126*     ^  ^    ^  ^  ^  66}       stf 

7.  Given  -^ri- 5-  -f  -7-=0  to  find  x^    Ans.  ar=— 7-,  or  -?* 

0         a  a  a  ^ 


.19 
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8.  Given  i- +1^=61  to  find  x.  Ant.  «=7,  or  -11|. 

PROBLEM. 

(322.)  Given  x^+x=h  to  find  the  value  of  x,  h  being  the  pro- 
dnet  of  two  consecutive  whole  numbers. 

SOL  UTION. 
By  the  conditions,  we  have  by  putting  a  equal  to  the  least  of  the 
consecutive  numbers  a?'  -|-  «= 6 =a(a  + 1) 

A  bare  inspection  of  the  last  equation  shows  that  one  value  of  :r  ia 
a^  but  to  get  both,  we  complete  the  square 

«=a,  or  —(a -hi). 
From  which  we  observe  that  in  an  equation  of  the  form 

X  has  a  pomtive  and  a  negative  value,  ^e  positive  value  being  equal  to 
the  least  of  the  consecutive  numbers,  and  the  negative  one  equal  to 
the  other.  K  the  equation  were  a?'— a?=6=a(a-hl),  the  values  of  x 
would  be  found  to  be  the  same  with  opposite  signs,  namely, 
jr=— a,  or  a -hi. 
ScHOLiUK^ — Since,  a'  -h  a + J =a{a  -h  1)  +  J,  we  conclude  that  the 
product  of  any  two  positive  consecutive  numbers  increased  by  ^  is  a 
perfect  square,  therefore, 

2i=(H)'. 

6*=(2i)*. 
12J=(3i)'. 
20}=(4i)'. 
d?c.      <l?c 

PROBLXM. 

Given  «'4-»=20  to  find  x. 

SOLUTION. 

a:=4,  or  —6. 
We  might  write  immediately  the  value  of  x  thus 
«=-i±4i=4,or-6, 
or  dtoidt  ita  valaes  by  the  principle  mentioned  abov%. 

29 
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EXAMPLES. 

1«  Given  x'4-a^=2  to  find  tlie  value  of  x.     Ans,  «=1,  or  —1 

2«  Given  a:'— j:=6  to  find  the  value  of  x,       Ans.  ap=--2,  or  9, 

8«  Given  ar'  -fa:=12  to  find  the  value  of  ar.     Ans.  «=3,  or  —4. 

4«  Given  ar'— ar=20  to  find  the  value  of  or.      Ans.  x=  —4,  or  5. 

5i  Given  a:'  +  ar=30  to  find  the  value  of  ar.     Ans.  ir=6,  or  —6. 

6«  Given  ar'—a:= 42  to  find  the  value  of  x.     Am.  x=z^6^  or  7. 

7«  Given  x^-\-x=56  to  find  the  value  of  ar.     Atis.  ar=7,  or  —8. 

8*  Given  ar— a?=72  to  find  the  value  of  ar.    Ans.  a:=— 8,  or  9. 

9i  Given  a:' +  a: =90  to  find  the  value  of  a*.    Ana.  ar=:9,  or  —10. 

10*  Given  a?'— ar=110  to  find  the  value  of  ar.  Ans.  x=— 10,or  11. 

11,  Given  x'  +  x=132  tofind  the  value  of  a:.  Ans.  ap=ll,  or  —12, 

12,  Given  a:'— a?=806  to  find  the  value  of  flf.  ^»#.  ar=— 17,ot18. 

(323.)  The  student  is  not  altoays  limited  to  the  modes  of  aolih 
tion  which  have  already  been  given. 

PROBLEM, 
Given  a2:*  +  &r=c  to  find  ar. 

SOLUTION. 

Any  two  terms  can  be  made  a  square  by  adding  to  tbem  tibe  squn 
of  the  quotient  arising  from  dividing  one  <rf  the  terms  by  twice  tht 
square  root  of  the  other.     Hence,  (u^  +  bx  will  become  a  squaie,  if 

.     ,  ^    bx  b       ,.,.** 

we  add  to  it  the  square  of =,  or =:  which  is  -— . 

2x\^a         2Va  4« 

Adding  — -  to  both  sides  of  the  given  equation,  we  haTe 

h"  6'     4ac4-6* 

4a  4a         4a 

h  ViacTb^ 

Extracting  square  root,  we  have  xVa-\ ===fc = — . 

2*^a  2Va 


2aar+6=±f'4ac  +  6\ 


2aar=  — iifcV4ac4^ 
-6dbV4a4;+y 
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B»igAity. —  our' +&^  will  become  a  square  when  --=--  is  added  to  it 

■Tbat  is,  bX'{-a3^  +  --ri  or  — ^4-aa;'+&c  is  a  perfect  square.  So  also, 

Trill  aa^+hx become  a  square  when  2xyabx  is  added  to  it.  2xVabx 
is  obtained  by  considering  cut^,  and  hx  as  the  first  and  last  terra  of  the 
square,  and  finding  the  middle  term  which  is  equal  to  twice  the  pro- 
duct of  the  square  roots  of  the  other  two.  Hence,  two  terms  being 
given,  we  can  find  three  terms,  any  one  of  which  being  added  to  the 
given  terms  will  produce  a  square.  The  first  one  is  the  only  available 
one  in  the  solution  of  quadratics. 

EXAMPLES. 

!•  Given  3«'-h4a?='7  to  find  x.  Aru.  a?=l,  or  — 2|. 

2«  Given  bs^'\-x=:22  to  find  x.  Ana.  «=2,or  —2 J. 

(324*)  Problems  of  a  special  character  may  s<Hnetimes  be  solved 
by  modes  different  from  any  that  have  been  given.  A  few  are  given 
at  a  ftiatter  of  cariosity. 

PBODLEM. 

Given  3:i^+ix=—l  (1)  to  find  the  value  of  x. 

SOLUTION. 

3«'-h4«+l=0  (2)=(1)  transposed. 

If  the  coefficient  of  3^  were  4  instead  of  8,  the  first  member  of  this 
•qofttion  would  be  a  perfect  square.  In  order  to  render  it  so,  let  us 
add  «*  to  both  sides,  and  we  have 

4ir"  +  4a?-hl=«'. 
2a;+l=dba?. 
2a?qpa?=— 1. 
«or  8x=— 1. 

a?=-l,or-f 

EXAMPLES. 

It  Given  3a:*-h8a?=— 4  to  find  x.  Ans,  ar=— 2,  or  — |. 

2»  Given  15«*  +  8aj=— 1  to  find  x.  Ans.  a?=— J,  or  —J. 

S«  Given  15ir*  +  16ir=— 4   to  find  ^.  Ans,  ar=— ^,  or  — f. 

4.  Given  12iB*  +  Sx=  —  1  to  find  «,  Ans.  ar=  — i,  or  — ^. 

t.  Given  12a:"+16ar=— 4  to  find  x.  Ans.  ar=  — 1,  or  — |. 

4t  GmnaK*— 12«e=— 4  tofind«.  Ant.x^V^V 
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(325«)  The  student  should  observe  carefully  the  solution  ben 
given  of  the  equation  d;r'4-10x=— 8,  not  because  the  plan  given ii 
the  best,  but  that  he  may  be  able  to  solve  in  a  Mmil^r  manner  tlM 
examples  which  follow,  which  are  intended  to  give  him  a  ibretaste  of 
a  principle  which  is  employed  in  the  solution  of  cubic  eqoatioofl. 

PROBLEM. 

Given  3a:"-hl0j=  — 8  to  find  the  value  of  x. 

so  LUTION. 

3ar'  +  10x+8=0         (1). 
Adding  1  to  both  members  of  (1),  makes  the  last  term  of  the  lint 
member  a  square. 

Thus,     3x»  +  10j:  +  9=1         (2). 
Adding  now  x'  to  both  members  of  (2),  makes  the  first  term  of  the 
first  member  a  square. 

Thus,     4x*  +  10j  +  9=x»4-1. 
By  examining  the  first  member,  we  see  that  it  would  be  a  pezftd 
square  if  the  middle  term  were  12x  instead  of  lOx.     But  we  can  nub 
it  12j;  by  adding  2x  to  both  members,  which  being  done,  not  oolr 
renders  the  first  member  a  perfect  square,  but  also  the  second  one. 
Thus,     4x«+12j;+9=x'+2jc+1,  • 
2jr4-3=±(ar+l), 
x=-2,-lf 

EXAMPLES. 

1.  Given  3a?''  +  8a:=— 5  to  find  x.  Ans.  a?=  — 1,  or  —If. 

2.  Given  8ir'  +  10j:=  — 8  to  find  x.  Afu.  a?=— j^,  or  — }. 
3«  Given  5a:'  +  8x=— 3  to  find  x.  Arts.  ip=— J,  or  —1. 
4.  Given  3a;'  +  18j:=  — 15  to  find  x.  Ans,  a:=  — 1,  or  —5. 
5i  Given  12a;*— 32a:=— 5  to  find  x.  Am.  ir=2^,  orf 
6«  Given  7a;'— 18a:=  — 8  to  find  a?.  Ana,  a;=2,orf 

7,  Given  16a;'— 16a;=7  to  find  x.  Ans.  «=—■ i-,  or  If. 

8,  Given  15a;'  — 32x=7  to  find  ar.  Ans,  a;=2J.,  or  — f 

9,  Given  9jr'  +  22a;=  15  to  find  x.  Ana.  «=  —  8,  or  f 

10.  Given  16.r'4-8x=8  to  find  x.  Ana.  a:=— -1,  orf 

11.  Given  24a;'— 2a;=15  to  find  x.  Ana.  «=— J^  or  f 

12.  Given  21a;'  +  10a;=24  to  find  x.  Ana.  «=  — 1 


■U.o^f    I 
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MISOBLLANEOITS   EXAMPLES. 

It  Given  — — l=a:  +  ll  to  find  x.  Ana.  «=12,  or  —6. 

o 

6        2 
2»  Given  — ttH — =3  to  find  x.  Am.  «=2,  or  —1. 

«+!     X  '  • 

S«  Given  ea;H ^ =44  to  find  x.  Ans,  a?=7,  or  f. 

4»  Given --3 — =8  to  find  a?.  -4?m.  «=4,  op  2j^. 

a — X       X        b 

S»  Given 1 =-  to  find  x, 

X       a— a?     c 


^'"-  *=''(**2(27+6)/**-^*) 


2(2c+6)1 

^     ^.        V4J+2     4-^2?"      -    _  .  ^         ^^ 

6«  Given rr= =r-  to  find  x.  Ans.  a?=4,  or  AA« 

4+Vx        Vx  ^ 

7«  Given =-= =-  to  find  x. 

a+Vx         Vx  

^-H WTT) )' 

8.  Given  (i^a;  +  6)(i^a:  +  12)=12  to  find  x. 

AfU.  a:=4,  or  —21. 

8 X     2x — 11     or— 2 

9*  Given  — Zrq~~"~fl~  ^  ^^  ^'        ^^'  *=^^>  ^^  i- 

10*  Given =22|  to  find  x.  Ans.  ar=49,  or  ^^. 


21 


II.  Given  f2a;  +  l-f-2f^ar=^=  to  find  ar. 
f^2a?+l 

Ans.  it=4,  or  —26. 
It.  Givenf'«*+Vi^=6Vi  to  find  x.  Ans.  ar=2,  or  —3. 

IS*  GivenlV"— 21^5— a?=0  to  find  ar.  Ans.  jb=4,  or  1. 

14.  Given  V^^^^^x-b  to  find  x. 

Ans.  a:=^±-i.f^48a'6-126\ 
2     126 

15.  GiveE  l^^"^:==JL  to  find  x.  Ans.  «=49,  or  26. 


/ 

/ 
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16.  Given  a? +V5a;+ 10=8  to  find  «.  Jns.  «=18,  or  3. 


17.  Given  x+f  10j:  +  6=9  to  find  x.  Ans.  «=25,  or  3. 


—     *ia+5x 


18.  Given  2Va;— a  +  3V2a:=— =  to  find  x. 

Vx'-a 

Am.  x=da»  or  — a. 

19.  Given  3^-a:=140  to  find  x.  Asm.  ar=7,  or  — 6J. 

20.  Given  6^  +— ='7a:'— 51  to  find  x.         An9.  x=6,  or  — 4^. 

21.  Given  2a;'--^^^=7ar  to  find  ar.  -4jw.  a:=4,  or  J. 

3 

22.  Given  3a;'— l7ar=2x'  +  84  to  find  x.        Ans.  a:=21,  op  —4. 
28.     Given  «"— a?+3=45  to  find  x.  Ans.  x=7,  or  -6. 

24.  Given  4a?  —  ?i^^=14  to  find  x.  Ana.  x=z4,  op  —If. 

a?+l 

25.  Given  1^-11=^=?^  to  find  x.  Am.  «=8,  or  IH- 

a?  a:"  9 

26.  Given  Sa;"— 4a?+3=159  to  find  x.  Ans.  a?=6,  op  — 5J. 

1"10"l A^ 

27.  Given  3x-— =2  to  find  x.     Am.  ar=19,  or  — 19|. 

X 

28.  Given  1=^-^^='-^  to  find  *.         An,.  x=6,  or  f 

2  X — o  o 

29.  Given  5x ^^^=2a?+   ^7    ^  ^^^  *•   ^^-  *=*»  ^  ■"^• 

a:— 3  2 

1  go o^ 

30.  Given  3x ^=--29  to  find  x.       Ans.  ar=18,  op  — 4f 

31.  Given  16-?^  =^  +  7?  to  find  x.  Ans.  x=3,  op  -41. 

3        5 

32.  Given  ?^^^4-l  =  10— ^^  to  find  x.       Ans.  ar=12,  or  6. 

X — 4  2 

...    ^.        3a?  +  4     30  — 2a?     Ta-— 14 

83.  Given  -^^ __=--^^  to  find  a:. 


•  .     ^.  3a?-10     ^     6a?'-40  ^    ^    , 

84.  Given  3a:-^-2^=2  +  .^i-^  to  find  x. 


Ans.  a? =86,  op  12. 

X. 

Am.  jr=ll^  or  4. 
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SS«  Giy0n 1 = to  find  ^. 

Ana.  «=!,  or  — Jf. 
S6*  Given -= to  find  x.  Ans.  «=4,  or  — 1|. 

J7.  Given  -j2-g- +_-L_  =A  to  find  x.      Ans.  «=4,  or  -3|. 

X* lOx'  +  l 

S8t  Given  — ; — --=ra?— 3  to  find  x,        Ans.  «=!,  or  —  28, 

X       7 — X 
S9t  Given  z 1 =2/y  to  find  x.  Ans.  x=5,  or  2. 

M«  Given — =-^ = —  to  find  x. 

xi        Vx       Vx^ 

Ans.  a:=9,  or  —13. 

a — X        x        ^       /•    ,  2<ic 

41*  Given 1 =-  to  find  x.    Ans,  xz=. 

*        a-«     c  2<:  +  6=pi^6'-4c« 


2  V«' +  eOar*  +  9x  +  640  +  89 


42.  GivenVir+604-f'«"4-9= ,       __=_  tofindar. 

i^a:  +  60+f'«'  +  9 

^n«.  «=4,  or  —5. 

^,    ^.        123  +  41fip     20i^i  +  4ar                 2ar'  ^    ^  ^ 

4S*  Given = = ::: ^  to  find  a:. 

bVx-x  Z—Vx       (5i^ar-ar)(3-i^j:) 

Ans.  a;=20J,  or  3. 

X  x  h 

44*  Given  -= j — = = —  to  find  x. 

Vx-^-Va—x    Vx—Va—x    Vx  


Ans.  x=z . 

2 

45.  Given |-10a;=196  to  find  x.    Ans.  a5=7,  or  —5. 

X 

ar*     X 

46«  Given  -—— -+20i=42|  to  find  sc         Ans.  x.=z1,  or  — 6f 
2      3 

47#  Given :r=3T^— 3. r:  to  find  X.  Ans.  jb=:4,  or  3  A-, 

2a;— faj  2aj+i^a; 

.-,    ^.        64-9f'«     23a;-46i^a  ,       1x'-Sx-h4:      ^    _   , 
48*  Given == = 1 = =•  to  find  x. 

Ans.  85=5,  or  —  2/^. 
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49.  Giveu = = —  + 1 =r  to  find  s. 

8-3  Vx       4+Va;         (8-3i^sc)(4  +  f^a?) 

^n».  a=93,  ot  7. 
50*  Given =r-T= —  to  find  x,  Ans.  a!=8,  or  — f 


51.  Giveu  (v'4^  +  ii)(V7u;+l)=30tofinda;. 

An9,  05=5,  or  —  V^- 

52.  Given        ~"!.  +  -%=3i~j  to  find  x.  ^tw.  ar=4,  or  f 


53.  Given  9a*6V— 6a'6-j-=6' tofind  ar.      Ans.  x= —^ — . 


54.  Given  SVn2—Sx-ld\-^'SX'\-1  to  find  x. 

^In^.  x=6,  or  ^Yf^. 


55.  Given  4'2^+7  +V'3x— 18"=V'7x  +  l  to  find  x. 

Afu.  x=9,  or  — •}. 

56.  Given  -rz- +  -^=0  to  find  x.    Ans,  x=-' '-. 

b  c        c  a  e 

57.  Given  x-^V'x:x--\'x::S \'x  +  0  :  2 Vi  to  find  x. 

Ana.  x=9,  or  4. 


58.  Given  V{\-\-x){b—x)  =  2x—\0  to  find  x,     Ans.  x=5,  or  0. 

59.  Given  u-'—x— 40  =  170  to  find  x.  Am.  x=16,  or  —14. 

60.  (^ivon  a--f-~-P'  =8  to  find  .r.  Ans,  x=7,  or  Of 

61.  Given  21/^4- 3Vi-=2  to  find  x.  Ans,  x=|,  cr  -8. 

62.  Given  4ar=--— -4-46  to  find  x,  Ans.  x=12,  or  —J, 

X 

63.  Given    "     -  + = -7-  -^"*-  x=20  or  60, 

70  —  2-         x         10 

3jr4-5     3J-— 5      136  ^    ^    ,  . 


65.  Given  f^(x-l)(x-2")  + V^(x-3)(x-4)=  ^^2  to  find  x. 

Ana.  x=S,  or  2. 
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C6.  Given  .    ,  ...  +— r~-=     ^ to  find  ar. 

^n*.  a?=6,  or  — |. 

67.  Given  '^^/y-^-'j/l  +46=}f^l0a;  +  66  to  find  x. 

Ans.x=20,OT^^Wf^^' 

68.  Given  a6V  +  (l+c)6rfVc+c6V=[6'<;f'c  +  (ai+c]|(l+c)]a;  to 

find  X.  Ann.  x=z  or  -jrj-. 

^  '7 

69*  Given tx=;; r  to  find  a?.  -4n«.  jr=14,  or  —10. 

a;4-60     3a:— 6 

40       27 

70.  Given H =13  to  find  x.  Am,  a:=9,  or  1^. 

X — 6      X 

8^  20 

71.  Given -—6=--  to  find  x.  Ans.  ar=10,  or  — |. 

a?+2  3a?  ' 

72.  Given  — •—= rr— 5  to  find  x.  Ana,  a?=6|,  or  6. 

a;+3     a?  +  10  *' 

qi  1  a 

78*  Givdn  :r-=-,-TS — ;r-  +  l  *<>  ^^^^  ar.  Ans.  a?=67f,  or  44. 

6a:     117— 2a:  '  * 

2a?4-3         2a: 
74.  Given  ,^       =— — r-  — 6J  to  find  a?,    ^n*.  ajurlSff.,  or  8. 
10 — X    25 — Sa: 

«    r..        26a?+180       40a;       3^    .    , 

M.  Given—- st-=7 ^—- to  find  a;. 

10a;— 81      6a;— 8     6 

Ans.  a;=14|,  or  -ffy. 

»    n-  18  +  a;      20a;  +  9  66       ^    ^    , 

76.  Given  ^7- v=t:; — = — 77^ x  to  find  x. 

6(3— a;)     19— 7a;     4(3— a:) 

Ans.  a:=7-ft^,  or  2^. 
„    ^.       6a  +  10ai«       /5VaT6,(l+26*WV'c\      ci.-— — -    ^ 

to  find  a;.  Ans.  a:=     w,  .  ^^v    ,  or  — . 

aft(l+26')  6a 

^  ..  ♦  >>  #1 


AFFECTED   QUADRATICS    INVOLVING   TWO 
UNKNOWN    QUANTITIES. 

(326«)  In  solving  equations  of  this  character  the  usual  plans  of 
elimination  may  be  employed.  The  student  should  adopt  that  plan 
which  teems  to  be  best  for  the  example  under  consideration. 
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EXAMPLES. 

!•  Given   <      ^y__  i    >   to  find  the  values  of «  and  y. 

(  y— 3,  or  -f. 

2*  Given   \     xy  '    r   ^  ^^  ^®  valaes  of  x  and  y. 

(  9y-9x=18,  S 

Ans.    \  ^=2'  ^'  -*' 
( y=4,  or  f 

8.  Given  j    ,_J  —05  i   *^  ^^^  ^®  values  of  x  and  y. 

Ans.   ^=^'0'-W, 
(y=4,  or  — V- 

!•  Given  •{    ~     ""        V  r  to  find  the  values  of  x  and  y. 
(  4-«  =y-yi, )  ^ 

(  y=l,  orf. 
$•  Given  ]      ,      A-1i'a  I"  ^  ^^^  *^®  valaes  of  a?  and  y. 

(y=:(98)%  or4. 

6.  Given  |  ^  .  !^^^'*  i  to  find  the  values  of  x  and  y. 

Ans.   j*=*^<>'l. 
( y=8,  or  8 

7.  Given  j'+?:+»'r'^^+*'''}  tofindthevaluesofxand, 

|y=4,or  y. 

y*     y  ~  9' >  to  find  the  values  of*  and  y. 
«-y=2,    ) 

(y=8,or-,V 
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9*  Given  « 


ZVx+l+^      )-  to  find  X  and  y. 
Vy+2     ^^ Vx 

Vx  Vy  I 


(y=4,orY- 

!••  Given  \    .     /     ^  '    ,.1  to  find  the  values  of  a;  and  y. 
(y«  +  4ar=2y+ll  )  ^ 

(  y=15,  or  3. 
(  2<r  4-8t/  =i:118     \ 
II.  Given   j  5-j1__y  1—433*3  f  ^  ^"^^  *^®  ^^®8  o^ *  *^<^  y- 


Ans. 


( ;r=36, 
ly=16, 


=36,  or  -Af4^ 
or  -44A. 


12*  Given  ^ 


2a;  +  '3ry     „       51+2a? 
16        ^       ' 


IS*  Given 


*  to  find  the  values  of  a;  and  y. 

^^-   ly=4,orm, 
4;ry+3y— 8       _4y+3g— 2     18— ;e  "* 
5*  6  3     ' 

3*-|-y_3*— 5y 
~7  3~""^^' 

Ant. 


to  find  «  and 


•   (y=3, 


.  or  m\' 


14.  Given  |«+4«'*+4y=21  +  8fy+4*'ay,     ^find^^ay. 
(         f«4Vy=6,  ) 


^   H   »   >i  » 


827.   QUESTIONS  PRODUCING  AFFECTED  QUADRATICS. 

QUESTION. 

A  and  B  sold  130  yards  of  calico  (of  which  40  yards  were  ^'s, 
snd  90  £*8),  for  $42.  Now,  A  sold  for  $1,  ^  of  a  yard  more  than  B 
did.    How  many  yards  did  each  sell  for  $1 ! 


800  AFFECTED  QUADRATIGS. 

Let  X  =  the  No.  of  yards  B  sold  for  $1. 

-  =  what  B  got  for  1  yard. 


44           .1            it 

44 

X 

OOyarda. 

40    « 

...     42=«V  t!. 

X       JB+J 

21aj'  + '7a5P=45x+ 16 +  20aj 

21a'-58a-=16 

29db34     ^ 
^-     21      '''^'■ 

-i».. 

x+i=S^ 

a 

QUESTIONS. 

1.  A  merchant  sold  a  quantity  of  cloth  for  $30,  and  gained  ai 
much  per  cent  as  tlie  cloth  cost  him.  What  was  the  prioe  of  the 
cloth?  Ans.  $30. 

2.  There  are  two  numbers  whoso  difference  is  0,  and  their  sum 
multiplied  by  the  greater  produces  266.    What  are  the  numbers  f 

Ans.  14  and  5,  or— 0|^  and  — 18|. 

3.  It  is  required  to  find  two  numbers,  the  first  of  which  may  be  to 
the  secx>nd  as  the  second  is  to  16  ;  and  the  sum  of  the  squares  of  the 
numbers  may  be  equal  to  225.  Ans,  9  and  12. 

4.  Bought  two  sorts  of  linen  for  6  crowns.  An  ell  of  the  finer  ooit 
as  many  shillings  as  there  were  ells  of  the  finer.  Also,  28  ells  of  Ae 
coarser  (which  was  the  whole  quantity)  were  at  such  a  price  that  8 
ells  cost  as  many  shillings  as  1  ell  of  the  finer.  How  many  ells  were 
there  of  the  finer,  and  what  was  the  value  of  each  piece  ? 

Ans,  4  ells  of  the  finer;  the  value  of  the  finer  16  shillinga,  and 
of  the  coarser  14  shillings. 
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5.  Two  partners,  A  and  B,  gained  $18  by  trade,  ^'s  money  was 
in  trade  1 2  months,  and  he  received  for  his  principal  and  gain  $26. 
B*s  money,  which  was  $30,  was  in  trade  16  months.  How  muoh  did 
A  put  in  trade  ?  Ans,  $20. 

6.  A  person  bought  some  sheep  for  $72,  and  found  that  if  he  had 
bought  6  more  for  the  same  money,  he  would  have  paid  $1  less  for 
eadi.    How  many  did  he  buy,  and  what  was  the  price  of  each  ? 

Ans,  18  sheep,  at  $4  a  piece. 

7.  The  plate  of  a  looking-glnss  is  12  inches  by  18,  and  is  to  be 
framed  with  a  frame  of  equal  width,  whose  area  is  to  be  equal  to  that 
of  the  glass.     What  is  the  width*  of  the  frame  ?        Ana.  8  inches. 

8.  There  are  two  square  buildings,  that  are  paved  with  stones,  a 
foot  square  each.  The  side  of  one  building  exceeds  that  of  the  other 
by  12  feet,  and  both  their  pavements  taken  together  contain  2120 
stones.    What  are  the  lengths  of  them  separately  ? 

Ans,  26,  and  38  feet,  respectively. 
0.  A  laborer  dug  two  trenches,  one  of  which  was  6  yards  longer 
than  the  other,  for  £17  16s.,  and  the  digging  of  each  of  them  cost  as 
many  shillings  a  yard  as  they  were  yards  in  length.    What  was  the 
length  of  each  ?  Ans.  10,  and  16  yards. 

10.  A  company  at  a  tavern  had  £8  158.  to  pay ;  but  before  the 
bill  was  paid,  2  of  them  sneaked  off,  in  consequence  of  which  those 
that  remained  had  each  10  shillings  more  to  pay.  How  many  were 
in  the  company  at  first  ?  Ans.  7. 

11.  A  grazier  bought  as  many  sheep  as  cost  him  £60;  out  of 
which  he  reserved  15,  and  sold  the  remainder  for  £54,  gaining  2 
shillings  a  head  on  those  he  sold.  How  many  sheep  did  he  buy,  and 
what  was  the  price  of  each  ?     Ans.  75  sheep,  at  16  shillings  each. 

12.  What  two  numbers  are  those  whose  sum  is  10,  and  whose  dif- 
ference multiplied  by  the  greater  is  60 1  Am.  12  and  7. 

13.  If  the  square  of  a  certain  number  be  taken  from  40,  and  the 
square  root  of  this  difference  be  increased  by  10,  and  the  sum  multi- 
plied by  2,  and  the  product  divided  by  the  number  itself,  the  quotient 
will  be  4.    What  is  the  number  ?  Ans.  6. 

14.  A  person  being  asked  his  age,  answered,  if  you  add  the  square 
root  (^  it  to  ^  of  it,  and  subtract  12,  there  will  remain  nothing.  How 
old  was  he !  Ans.  16,  or  36.     (Prove  the  last  answer.) 

15.  ^  and  B  set  ont  from  two  towns  which  were  at  the  distance  of 


S02  AFFECTED  QUADRATIOa. 

247  miles,  and  traveled  the  direct  road  till  they  met.  A  went  9  nuki 
a  day ;  and  the  number  of  days,  at  the  end  of  which  they  met,  wm 
greater  by  3  than  the  number  of  miles  which  B  went  in  a  day.  Hov 
many  miles  did  each  go  ?  Atu,  ^117,  and  B  130. 

16.  ^  set  out  from  C  toward  D,  and  traveled  7  miles  a  day.  After 
he  had  gone  32  miles,  B  set  out  from  D  toward  C^  and  went  evor 
day  tV  ^^  ^^^  whole  journey ;  and  af^er  he  had  traveled  as  many  dan 
as  he  went  miles  in  one  day,  he  met  A.  What  is  the  distance  from  C 
toi)?  Ans.  152,  or  76. 

17.  Three  merchants.  A,  B^  and  C^  made  a  joint  stock,  by  which 
they  gained  a  sum  less  than  that  by  $80.  A^b  share  of  the  gain  wai 
$60  ;  and  his  contribution  to  the  stock  was  $17  more  than  ^s.  Abo^ 
B  and  C  together  contributed  $325.  How  much  did  each  contrib- 
ute ?  Ans.  A  $75,  B  (58,  C  $267. 

18.  The  joint  stock  of  two  partners,  A  and  B^  was  $416.  AH 
money  was  in  trade  0  months,  and  j^s  G  months ;  when  they  shared 
stock  and  gain,  A  received  $228,  and  B  $252.  How  much  was  each 
man*8  stock  ?  Ans.  A'b  $102,  and  B*b  $224. 

10.  A  body  of  men  were  formed  into  a  hollow  square  8  deep^ 
when  it  was  observed,  that  with  an  addition  of  25  to  their  numbei; 
a  5K)Iid  square  might  be  formed,  of  which  the  number  of  men  in  each 
side  would  be  greater  by  22  than  the  square  root  of  the  number  of 
men  in  each  side  of  the  hollow  square.  What  was  the  number  of  mea 
in  the  hollow  square  ?  Ans.  936. 

20.  A  merchant  bought  a  number  of  pieces  of  two  different  kinds 
of  silk  for  £02  3s.  There  were  as  many  pieces  bought  of  each  kind, 
and  ns  many  shillings  paid  per  yard  for  them,  as  a  piece  of  that  kind 
contained  yards.  Now  2  pieces,  one  of  each  kind,  together  measured 
19  yards,     llow  many  yards  were  there  in  each !    Ans.  11  and  8. 

21.  A  vintner  sold  7  dozen  sherry  and  12  claret,  for  £60.  He 
sold  3  dozen  more  of  sherry  for  £10  than  he  did  of  claret  for  £6. 
What  was  the  price  of  each  per  dozen  ? 

Ans.  Sherry  £2,  and  claret  £3. 
22.-4  and  B  hired  a  pasture,  into  which  A  put  4  horses,  and  B  ai 
many  as  cost  him  18  shillings  a  week.    Afterward  B  put  in  2  addi- 
tional horses,  and  found  that  he  must  pay  20  shillings  a  week.    At 
what  rate  was  the  pasture  hired  ?  Ans.  30  shillings  per  week. 

23.  A  merchant  bought  54  gallons  Cognac  brandy,  and  a 
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quantity  of  British.  For  the  former  he  gave  ^  as  many  shillings  per 
gallon  as  there  were  gallons  of  British,  and  for  the  latter  4  shillinga 
per  gallon  less.  He  sold  the  mixture  at  10  shillings  per  gallon,  and 
lost  £28  16s.  hy  his  bargain.  What  was  the  price  of  the  Cognac, 
and  the  number  of  gallons  of  British  ? 

Ans,  Cognac  ISs.  per  gallon,  and  36  gallons  of  British. 

24.  What  number  is  that,  which  being  divided  by  the  product  of 
ita  two  digits,  the  quotient  is  2,  and  if  27  be  added  to  it,  the  digits 
will  be  inverted  ?  Ans.  36. 

25.  I  have  a  certain  number  in  my  mind  ;  this  I  multiply  by  2}, 
add  7  to  the  product,  and  multiply  this  sum  by  8  times  the  number ; 
I  now  divide  by  14,  and  subtract  from  the  quotient  3  times  the  num- 
ber, and  obtain  2394.    What  number  is  it?  Ans,  42. 

26.  What  two  numbers  are  those  whose  sum  is  100,  and  the  sum 
of  whose  square  roots  is  14  ?  Am.  64  and  36. 

27.  What  number  is  that  which  if  you  subtract  from  10  and  mul- 
tiply the  remainder  by  the  nimiber  itself  the  product  shall  be  21  ? 

Am.  7,  or  3. 

28.  What  are  the  two  parts  of  24  whose  product  is  equal  to  35 
their  difference?  Ans.  10  and  14. 


29.  What  two  numbers  are  those  whose  sum  is  8,  and  the  sum  of 
whose  cubes  is  152  ?  Ans.  3  and  5. 

30.  Two  partners,  A  and  -ff,  gained  $140  by  trade ;  j4's  money 
was  8  months  in  trade,  and  his  gain  was  $60  less  than  his  stock,  and 
J^s  money,  which  was  $50  more  than  ^'s,  was  in  trade  5  months. 
What  was  A'^  stock  ?  Ans.  $100. 

31.  What  two  numbers  are  those,  the  difference  of  whose  squares 
is  ^,  and  which  being  multiplied,  respectively,  by  a  and  6,  the  differ- 
ance  of  the  products  is  «'  ?  

Ans. ^.--^, ^-. 


83*  Into  what  two  parts  can  a  and  5  each  be  divided,  such  that  tha 
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product  of  one  part  of  a  by  oiio  part  of  b  shall  be  p^  and  the  produd 
of  the  remainiDg  parts  p'  ? 

26 


Ans. 


aB  +  {p'^p)^V\ab^{p'^p)\-^^p 

^_ab-{p'^p)dzV\ab^(p'^p)l-^4abp 
2a 


^ab  +  {p'^2>)^^\^b^{p'-'P)V-4abp 

^  2^  ' 

33.  During  the  time  that  the  shadow  of  a  sandial,  which  Aon 
true  time,  moves  from  one  o*clock  to  five,  a  dock  which  is  too  fiirt  a 
certain  niimbor  of  hours  and  minutes,  strikes  a  number  of  Btrokes  = 
that  number  of  hours  and  minutes,  and  it  is  observed  that  the  number 
of  minutes  is  less  by  41  than  tlie  square  of  the  number  which  the 
clock  strikes  at  the  last  time  of  striking.  The  dock 'does  not  strib 
twelve  durins:  the  time.     How  much  is  it  too  &st  t 

An8,  3  hours  and  23  minateib 

34.  A  and  B  engage  to  reap  a  field  for  £4  10«. ;  and  as  A^  alone, 
could  reap  it  in  9  days,  they  promise  to  complete  it  in  5  days.  Thej 
found,  however,  that  tliey  were  obliged  to  call  in  C,  an  inferior  woA- 
man,  to  assist  them  for  the  2  last  days,  in  consequence  of  which  B 
received  Ss.  Qd.  less  tlian  he  otherwise  would  have  done.  In  wIuC 
time  could  i>,  or  (7,  alone,  reap  the  field  ? 

Ans.  Bin  15,  and  (7 in  18  days. 

85.  There  are  three  numbers,  the  dificrenco  of  whose  differences  is 
8 ;  their  sum  is  41 ;  and  the  sum  of  their  squares  699.  T\^at  are 
tlie  numbers?  Ans,  7,  11,  and  23. 

36.  Thore  are  three  numbei's,  the  difierence  of  whose  differences  ii 
5 ;  their  sura  is  44  ;  and  their  continued  product  is  1960.  What  an 
the  niimhors?  Ans.  6,  13,  and  25. 

37.  A  grocer  sold  80  pounds  of  mace,  and  100  pounds  of  cloves  for 
$65 ;  but  ho  sold  60  pounds  more  of  cloves  for  |20  than  he  did  of 
mace  for  $10.     What  was  the  j>rice  of  a  pound  of  each  ? 

An^.  Mace  50,  and  cloves  25  cents  a  pound. 

38.  The  fore-wheel  of  a  carriage  makes  6  revolution  niore  than  the 
hind- wheel  in  going  120  yards ;  but  if  the  periphery  of  each  wheel 
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be  increased  one  yard,  it  will  make  only  4  revolutions  more  than  the 
hind-wheel  in  the  same  space.    What  is  the  circumference  of  each  ? 

Ans.  4  and  5  yards. 

30.  ^  and  B  were  going  to  market,  the  first  with  cucumbers,  and 
the  second  with  3  times  as  many  eggs ;  and  they  find  that  if  B  gives 
all  his  eggs  for  the  cucumbers,  A  would  lose  10  pence,  according  to 
the  rate  at  which  they  were  selling.  A,  therefore,  reserves  f  of  his 
cucumbers,  by  which  B  would  lose  sixpence,  according  to  the  same 
rate.  But  B,  selling  the  cucumbers  at  sixpence  apiece,  gains  upon 
the  whole  the  price  of  6  eggs.  What  was  the  number  of  eggs,  and 
cacumbers,  and  the  price  of  one  of  each  ? 

Afu.  30  eggs  at  1  penny  a  piece,  and  10  cucumbers  at  4  pence 
apiece. 

40.  A  person  bought  a  certain  number  of  larks  and  sparrows  for 
6  shillings.  He  gave  as  many  pence  per  dozen  for  larks  as  there 
were  sparrows,  and  as  many  pence  per  score  for  sparrows  as  there 
were  lurks.  If  he  had  bought  10  more  of  each  (the  price  of  the  larks 
remaining  the  same),  and  had  given  as  much  per  dozen  for  sparrows 
as  he  gave  per  score  for  larks,  they  would  have  cost  £1  59.  5d,  What 
was  the  number  of  each  ?  Ans.  15  larks,  and  36  sparrows. 

41.  A  poulterer  bought  a  certain  number  of  ducks  and  18  turkeys 
for  (110 :  each  turkey  costing  within  1  dollar  as  much  as  three  ducks. 
He  afterwards  bought  as  many  ducks  and  5  more,  and  20  turkeys, 
giving  one  dollar  a  piece  more  for  each  duck  and  turkey  than  before ; 
and  found  that  the  value  of  his  former  purchase  was  to  the  value  of 
the  latter  one  : :  2  :  3.  What  was  the  number  of  ducks,  and  the  prices 
of  the  ducks  and  turkeys  at  the  first  purchase  ? 

Ans,  10  ducks,  and  the  price  of  a  duck  J2,  and  of  a  turkey  $5. 

42.  A  and  B  put  out  dilTorent  sums  at  interest,  amounting  together 
to  $200.  B*s  rate  of  interest  was  1'  per  cent,  more  than  A's,  At 
the  end  of  5  years,  ^s  accumulated  simple  interest  wanted  but  $4  to 
be  double  of  -4*8.  At  the  end  of  10  years,  A^s  principal  and  interest 
was  to  ^s  as  5  :  8.  Wliat  was  the  sums  put  out  by  each,  and  the 
rate  per  cent.  ? 

Ans,  A  put  out  $80  at  5  per  cent,  and  B  1120  at  6  per  cent. 

43.  When  the  price  of  brandy  was  3  times  the  price  of  British 
spirit,  a  merchant  made  two  mixtures  of  brandy  and  British  spirit, 
and  the  prices  per  gallon  were  in  the  ratio  of  0  to  10.  He  afterwards 
mixed  twice  as  much  brandy  with  the  same  quantity  of  British  spirit 

20 
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in  each  caae,  and  the  relative  prices  were  the  ume  as  before.    Whti 
was  the  ratio  of  the  quantities  mixed  f 
Ans.  The  first  mixtures  were  as  3  to  l,and  2  to  1,  and  the  aeoond 
as  3  to  2,  and  1  to  1. 

44.  A  and  B  traveled  on  the  same  road  and  at  the  same  rate  frnm 
Huntingdon  to  London.  At  the  50th  milestone  from  London,  A  o?e^ 
took  a  drove  of  geese  which  were  proceeding  at  the  rate  of  3  miks 
in  2  hours,  and  2  hours  afterwards  met  a  stage-wagon,  which  wai 
moving  at  the  rate  of  9  miles  in  4  hours.  B  overtook  the  same  drove 
of  geese  at  the  45  th  milestone,  and  met  the  same  atage-wagon  ex- 
actly 40  minutes  before  lie  c^me  to  tlie  31st  milestone.  Where  wai 
B  when  A  reached  London  ?  An*.  25  miles  from  London. 

45.  The  difference  between  the  hypothenuse  and  base  of  a  right- 
angled  triangle  is  C,  and  the  difference  between  the  hypothenuse  and 
the  perpendicular  is  3.    What  are  the  sides!     Ans.  15,  12,  and  9. 

46.  In  digging  among  some  ruins,  the  workmen  found  9  un% 
together  containing  60  gold  coins ;  the  2d  and  8th  containing  8  and 
4  respectively.  They  secreted  a  certain  number  of  these,  greater 
than  the  number  they  left ;  which  being  afterwards  recovered,  it  wm 
found  that  the  number  of  urns  secreted  was  to  the  number  left  as  the 
number  of  coins  secreted  was  to  the  number  remaining.  Now  if  in- 
stead of  takiug  the  2d  urn,  they  had  carried  offf  the  8th,  then  the 
number  of  coins  taken  away  would  have  been  to  the  number  remain- 
ing  as  the  square  of  the  number  of  urns  secreted  to  the  diffeienoe 
between  that  square  and  20  times  the  number  of  urns  remaining: 
What  number  of  each  was  secreted  ? 

Ans,  6  urns  and  40  coins. 

47.  Bacchus  caught  Silcnus  asleep  by  the  side  of  a  full  cask,  and 
seized  the  opj)ortunity  of  drinking,  which  he  continued  for  |  of  the 
time  that  Silenus  would  have  taken  to  empty  the  whole  cask.  After 
that  Sileuus  awoke,  and  drank  what  Bacchus  had  left.  Had  they 
drank  both  together,  it  would  have  been  emptied  2  hours  sooner,  and 
Bacchus  would  have  drank  only  J  what  he  left  Silenus.  How  l(Hig 
would  it  have  taken  each  to  have  emptied  the  cask  separately  ? 

A71S,  Silenus  in  3  hours,  and  Bacchus  in  6. 


CHAPTER  III. 
CUBIC  EaUATIONS. 

(328*)  OuBio  Equations  may  be  divided  into 
Pure  CubicSy 
Incomplete  Cubics,  and 
Affected  Cubics. 
(339*)  A  pure  cubic  equation  is  one  in  which  the  unknown 
quantity  is  contained  in  but  one  term,  and  whose  exponent  is  3,  or  a 
fraction  which  when  reduced  to  its  lowest  terms  the  numerator  is  3 ;  as, 

6KC*=db6;  ax^=dzb;  aa5*=dbft,  Ac 
(330.)  The  solution  of  a  pure  cubic  presents  no  difficulty. 

PROBLEM. 

Given  3«*=24  to  find  x. 

SOLUTION. 

3aj'=24, 

ir»-8=0, 
(a:-2)(a:*  +  2iF  +  4)=0. 
Whence  we  get  ar— 2=0, 
orar'+2a?  +  4=0, 
whose  solutions  give  x=2,  or  —  Idz  V— 3. 
If  but  one  value  of  the  unknown  quantity  were  required,  we  might 
in  the  equation  x'^iS  merely  take  tbe  cube  root  of  both  sidcsi^  and 
obtain  :r=2. 

EXAMPLES. 


1*  Given  0^=21  to  find  x.  Ans.  ar=3,  or 


2 


t.  Given  ia:«=32  to  find  «.  Ans.  x=4,  or  -2zfc2f'-3. 

S*  Given  d^=4  to  find  or. 

Am.  «=V4,  or  -iV4±|/-iV2. 
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4.  Given   |  ^^\'^^q    • :  3  •  M   to  find  the  values  of  «  and y. 

(y=2,  or  —  l±f^-3 

5*  Given  \      ,'««'/     '     f  to  find  the  values  of  ar  and  y. 
( xy  =384  )  ^ 

^^     (.=24,or-.12:tl2f/33 
(y=4,or  — 2=fc2f^— 3 
(331.)  An  incomplete  cubic  equation  is  one  in  which  the  unknown 
quantity  is  contained  in  but  two  tenns :  the  exponent  of  one  being  S, 
and  the  other  1  or  2  ;  or,  tlic  exponent  of  one  bein^  8  times  a  proper 
fraction  whose  numerator  is  1,  and  which  is  either  the  exponent  or 
half  the  exponent  of  the  other  term ;  as, 
ax*dz6x=dtc;  aa:'±6j*=dzc;  aj:zt6j:i=dbc;  aa:±6rl'==hc;  Ac 

Remark. — No  geDeral  practicablo  method  of  obtaining  the  valaes  of  tlw  un- 
known quantity  in  incomplete  or  affected  cnbics  has  as  yet  been  diaoovered,  and 
we  arc,  ttioreforo,  compelled  to  resort  to  what  are  called  epeeSed,  itmiatim,  or 
approxiinaiive  methods. 

Some  of  these  methods  are  hero  set  forth. 

PROBLEM. 

Given  x*4-3i;=14  to  find  the  values  of  v, 

SOLUTION. 

x*  +  Sx=U  (1). 

x*-\-3x*=Ux  (2)=(l)xa:.  [membcn. 

x*  +  1x'=4x'-{-Ux  (3)=(2)  with  4a:*  added  to  both 

x'+1x'  +  {iy=U'+Ux  +  (iy.  (4)=(3)  square  completed. 

x'  +  i=2x  +  i,  or  -2x-i,      (5)=V(4)-  ■ 
.-.     x=2\         orj:'+2i;=  — 7 

0;=  — l±f^— 6. 

EXAMPLES. 

1.  Givena;'— 7i-=  — 6  to  find  x.  Ans.  ir=l,  2,  or  —3. 

2.  Given  ar'— 32j-=— 24  to  find  x.        Ans.  j;=— 6,  or  SifcV'S. 

3.  Given  a;*— 22x=24  to  find  x,  Ans.  ir=— 4,  or  2±fTo, 

4.  Given  a:*  +  6.r=88  to  find  x.       Ans.  ir=4,  or  — 2±3V^. 


5$  Given  x*-i-6x=45  to  find  x.        Ans.  af=8,  or ^ 
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6*  Given  «"— 18*=  — 12  to  find  ar.  Ans.  aj=l,  8,  or  —4. 

7.  Given  «'  +  48x=104  to  find  x.    Ana.  jr=2,or  — IdbV— 61. 

O-4-i/  Q 

8*  Given  a?*— 6a;=9  to  find  ar.  ^iw.  a:=3,  or . 


9.  Given  x+1xi=z22  to  find  z.  Ans.  a;=8,  or  29db7V— 10. 

10*  Given  a:'+ar=14  to  find  x.  Ans.  x=2,  or  — IdbVUe. 

!!•  Given  «•——-=:  14  to  find  a?.  -4iw.  a;=: — ,  or  . 

3a?       "  3            3 

12*  Given  a?'— 2a:=— 4  to  find  x.  Ans.  a?=— 2,  or  1±|aZi. 


18.  Given  6a:'  +  2a;=44  to  find  x.     Ans.  a;=2,  or  — ^^_§?. 

5 

14.  Given  ar»4-108a;=665  to  find  x.    Ans.  xz=6,  of^^^iH*^. 

2 

15.  Given  «*— 39a;=— 70  to  find  x.  Ans.  ar=2,  5,  or  —7. 

16.  Given  a?*— 49x=120  to  find  x.  Ans.  a?=8,  —3,  or  —6. 

17.  Given  ar»+  12ar=  -63  to  find  x.    Ans.  «=  -3,  or^^^^~"^ 

18.  Given  «•— 21ar=— 344  to  find  x. 

Ans.  ar=— 8,  or  4db3/^. 

19.  Given  a:*— 6a?=40  to  find  x.  Ans.  ar=4,  or  ^2±^~^. 

20.  Given  «•— 7^=— 290^  to  find  x. 

Ans.  «=— 7,  or . 

2 

(332*)  Sometimes  tHe  factors  of  an  equation  are  very  apparent| 
and  then  the  root  may  be  obtained  as  in  the  solution  to  the  following 

PROBLEM. 

Given  je*— 8a;— 2=0  to  find  the  values  of  x, 

SOLUTION. 

«•— 3aj— 2=0 

aj"- a;=2aj-f-2 
a<««-l)=2(aj+l) 
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Since  2b+  1  is  a  &ctor  of  both  members  of  the  equation,  the  eq[QitiaD 
will  be  satisfied  by  putting       a;+ 1  =0 

Whence,         a?=— 1. 
To  get  the  other  values  of  x  divide  both  members  by  aj+1. 
And  then,     a'— a5=2 

a;=2,  or  — 1. 

EXAMPLES. 

1.  Given  «•— 6ar=— 4  to  find  x.         Ans.  ar=l,  or 

2.  Given  «•— 2x=l  to  find  x.  Ans.  «=  — 1,  or  — - — . 

2 

t 

3*  Given  a:*— 2x=  — 1  to  find  x.  Au8.  «=1,  or . 

2£ 

4.  Given  «»— 8jr=3— 8  to  find  x.  Ans.  «=2,  or  — Idbf'S. 

2 

5.  Given  a:— l=2  +  -r  ^  ^^  *•  -^***  *=!>  1|  or  ^* 

XT 

6.  Given  7^=^  *<^  ^^  ^'  -^'***  *=3,  —2,  or  —3. 

a?  +  24—- 

7.  Given  Sx*—1x*=1x-'S  to  find  ar.         Ans.  «=f,  3,  or  —1. 

8.  Given  a:*  +  a:'  +  a:  +  l  =  10x  +  10  to  find  ar. 

Ans.  x=Sy  —1,  —3. 

9.  Given  a:*— a?*— 2a?=— 2  to  find  x.  Ans.  a:=:l,  orifcl^ 

10.  Given  (aj'4-2x)(j?4-4)=2— (ar4-4)  to  find  x. 

Ans.  a?=— 2,  or  — 2=hi^3. 

11.  Given  -I  ^^"Y^^"^'  [  to  find  «  and  y. 

(     y»H.a:=4.         ) 

Ans.   j'=^^'l:,- 

(333«)  It  sometimes  happens  that  the  coefficients  of  the  oaknowii 
quantity  have  such  relations  that  the  equation  may  be  reduced  ac- 
cording to  the  method  adopted  in  the  solution  of  the  following 

PROBLEM. 

Given  a?*— 6af*  +  ll«=6  to  find  the  values  of  x. 
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80LUTI0H. 

«»-6aj"  + 1135-6=0 

aj*-6a5'  +  llaj"-6a?=0 

flj*— 6»"  +  9aj'+2a5*— 6a5=0 

(aj"-3aj)'  +  2(a5«-3a;)=0  (a) 

(«•- 3aj)»  +  2(a;' -  Sjb)  + 1  =  1 

aj"-3a+l  =  ±l 

jB»--3a;=0,  or  —2, 

.'.    a5"=3a5;      ora?— 3a5=— 2 

8=tl     «      , 
a:=3  05=— -—=2,  or  1. 

2 

In  equation  (a)  put  y=a;^— das,  and  we  shall  have 

y«  +  2y=0 

y»+2y+l=l 
y  +  l=±l 

y=0,  or  —2, 
.  • .    a^— 3aj=0 ;  or  —2,  the  same  as  before. 

RmfABy — Jndicions  sabstitution  often  sayes  flgoreSi  and  also  often  reyeola 
relations  which  might  not  otherwise  be  so  apparent 

Since  a:'^3;B  is  a  factor  of  (a),  we  have  immediately 

a:*— 3i;=0,  and  by  dividing  by  this, 
«■— 8iP+2=0,  the  same  as  before. 

BX  AMPLBS. 

1«  Given  a;'- 6a:*  +  5a? +12=0  to  find  x.  Ans.  «=— 1,  3,  or  4. 
2*  Given  «*— 2af*— a:+2-=0  to.find  x.  Am.  a?=l,  2,  or  —1. 
8«  Given  «•— 6a:*  +  124?— 0=0  to  find  a^ 

.             ^       3db  V^ 
Am.  af=3,or — . 

4.  Given  «•— 2a^— 5«+6=0  to  find  x.  Am.  af=l,  8,  or  —2. 
ff«  Given«*  +  2a:*— 6a?— 6=0  to  find  a?.  -4iw.  a?=2,  —  1,  or  —  3. 
6.  Given  a?*  +  6a:*  +  11a?  4- 6=0  to  find  a?. 

Am.  ar=— 1,  —2,  or  —3. 
7»  Given  a?"— 8a?"  +  19a:— 12=0  to  find  x.  Am.  a?=l,  3,  or  4. 
8*  Given  a?'  +  2a;c'  +  5a*a:+4a*=0  to  find  x. 

Am.  x=:  —a,  or . 

2 

(334*)  The  following  examples  may  be  solved  according  to  the 

artifioes  employed  in  quadratics. 
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PROBLEM. 

Given  «•— 8a:'  +  3x=9  to  find  the  values  of  c 

SOLUTION. 

x»-3ar"4-3jr=9         (1). 
«•— Sar'  +  Sx— 1=8         (2)=(l)_with  —1  added  to  both  memben 

ar-l  =  2  (3)  =  V(2)- 

xz=B 

To  obtain  the  other  values  find  the  other  factor  of  a:" — 8z"+3j— 9, 
85—8  being  one.    That  factor  is  a:*  4-  8 ;  hence,  we  have 

a:' 4-3=0. 

x'=— 3. 

a:=±i^11. 

The  best  method  of  solving  this  equation  is  by  fiictoring,  for  iti 
factors  are  very  apparent 

a:'— .3xH3x— 9=0. 

x»(a;-3)+8(a;-8)=0, 

whence,  (a:'4-3)(a:— 8)=0. 

ar— 8=0. 

or  ar"  +  3=0. 

whence,       a;=3,  or  ±V~3. 

Remark. — ^The  examples  which  follow  are  not  all  of  the  charactor  of  the  am 
whoso  solution  has  just  been  given,  but  embody  diflferent  prindplea  with  vfai^ 
the  student  is  supposed  to  be  familiar. 

EX  AMPLE8. 

1,  Given  a:*4-6a:'4-12ar=19  to  find  z. 


2.  Given  4/a;*4-8=V'125-6a:'--12a:  tofinda^ 

An8.  x=3,  or    """^^^^""^ 
2 

3.  Given  Va;'— a"=V3ax'— 3a'a:  +  86  to  find  x. 

.    Ans.  x=za+2\/h. 

4.  Given  ^lE+'^fjI  ^  fi,d  x.  An,.  *=-f±. 

5.  Given  a;'— 6z'+12j;=8  to  find  x.  Ana.  *=2,  2, 1 

6.  Given  x'—  IS**  +  75x=126  to  find  x.  Ant.  x=i6,  S,  S. 
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HENKLE'S  METHOD.* 
(33  5t)  The  following  tentative  process  for  solving  affected  and  in- 
complete cubics,  has  never  before  been  given  in  a  work  upon  algebra. 

PRO  BLE>M. 

1.  Given  «•— 8a:'  +  lla?  +  20=0  to  find  the  values  of  ar. 

SOLUTION. 

(«*-4x)'— 6z'4-20ar=0.         -  (A). 

ar"— 4a:— 2=a:— 2,  or  2— «, 

a;' = 6a? ;  or  re* — 30? = 4. 

x=5  x=— — =4,  or— 1. 

This  solution  will  need  some  explanation.  Every  affected  cubic 
equation  may  be  put  into  the  form  expressed  by  (A)  that  is,  made  to 
consist  of  the  square  of  a  binomial  followed  by  two  terms.  If  these  two 
terms,  contain  as  a  factor  the  first  power  of  the  binomial,  the  equation 
may  be  solved  as  in  (333);  but  if  not,  we  may  proceed  as  in  the  above 
example.    Let  us  resume  the  equation 

(a:'-4a;)'-5a:'  +  20a:=0. 

Let  us  see  whether  x'  is  not  the  first  term  of  a  binomial  square, 
which  being  added  to  both  members  of  this  equation  will  render 
them  perfect  squares.  If  a;*  is  added  to  both  members,  we  see  that 
the  coefficient  of  the  second  term  in  (B)  is  —  4 ;  considering  (a:'— 4x)" 
as  the  first  term ;  and  this  coefficient  shows  that  the  third  term  in  the 
first  member  of  {B)  must  be  4,  and  therefore,  the  third  term  in  the 
second  member  must  also  be  4  ;  but  if  the  first  and  the  last  term  of  a 
binomial  square  are  a?*  and  4,  the  middle  term  must  be  either  +  4x, 
or  —4a?.  From  which  we  see  that  the  square  of  the  binomial  of 
which  a?"  is  the  first  term  must^  in  this  case,  be  x^dz4x-{-4.  Since,  4 
is  in  both  members,  it  follows  that  if  a?'db4a?  be  added  to  —  oar*  +  20a?, 
and  the  result  should  be  — 4(a:'— 4a?),  or  — 4j?'-hl6j-,  that  .r*±:4x-h4 
is  the  proper  square  to  add.  As  we  have  already  addcl  .»',  it  only 
remains  for  us  to  see  whether  4x  added  to  or  subtrHcted  trom  +20a; 

*  This  method  of  solving  Cubic  Equations,  which  in  also  applied  to  tho  solu- 
tion  of  Biquadratics,  was  discovered  by  Prof.  W.  D.  Henklc.    I,  therefore,  have 
I  the  responsibility  of  caUing  it  the  '*  Henlde  >retlidd.'*-~.T.  F.  a 
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makes  +I6z,  It  will  be  seen  that  4x  subtracted,  or  what  ib  tlie  aim 
— 4x  added  makes  +  20x  become  +  16jr,  therefore,  «* — 4x+4  b  the 
proper  square  to  add. 

The  student  in  passing  from  (A)  to  (B)  should  pot  hia  trial  mA 
one  side. 
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The  wcx'k  upon  the  r^ht  shows  the  trial  work.  First  s^  waa  added, 
which  resulted  in  zhBSx  for  the  middle  term  for  the  second  member, 
but  since  +S3x  or  —38x  added  to  +14jf,  does  not  give  — 35«,  m 
see  that  a;"  is  not  the  proper  term  to  add  in  the  start.     So  when  ix' 
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b  added,  +60c  or  —60a;  added  to  +14x  does  not  give  —80a;;  or 
wlien  da^  is  added,  +^^^9  or  —75a;  added  to  +  14a;  does  not  give 
—26a;;  or  when  16a;'i8  added,  +'72a;,  or  —72a;  added  to  +14z  does 
not  give  —18a;;  or  when  250;*  is  added,  +  45a;,  or  —45a;  added  to 
+14j;  does  not  give  —  Oa;;  but  when  d6a;'i8  added,  —12a;  added  to 
4'14j;(2oe«give  +2a;. 

Tlie  &ilure  in  adding  a;'  is  so  much  that  the  operator  would  not 
likely  try  the  successive  squares,  but  would  immediately  pass  to 
le*",  25«"  or  86«*. 

TtMfARK. — ^The  above  is  given  to  show  the  mode  that  the  student  should  par* 
■ae  in  finding  the  proper  square.  One  who  is  skillful  in  this  mode  of  solution 
seldom  makes  more  than  three  trials,  and  f)requentl)r  but  one. 

If  the  flFBt  term  of  the  equation  is  sfi  and  the  ooefficient  of  the  second  term  is 
odd,  multiply  each  term  by  4a;. 

If  the  first  term  is  not  a  square,  it  should  be  made  one  by  multiplying  the 
equation  by  four  times  the  ooefficient  of  the  first  term.  When  the  coefficient  of 
the  second  is  even,  it  is  firequently  only  necessary  to  multiply  by  once  the  coefficient 
of  the  first  term.  It  is  not  absolutely  necessary  to  foUow  the  last  directions 
given,  but  if  they  are  followed,  the  student  will  be  saved  the  trouble  of  operat- 
ing with  firaotions  which  he  might  otherwise  encounter. 

PROBLEM 

8.  Given  a;*  +  5a;*  +  3a;— 9=0  to  find  the  valnes  of  «. 

SOLUTION. 

a;*+5a;«  +  3a;-9=:0. 
4«*+20a^+12«*-86a;=0. 
(2a;"+5ar)"- 18a;'-86ar=:0. 
(2«»+&r)»-6(2«*+5ar)  +  9=a;«  +  6a?+ 9. 

2a;*  +  5a:— 8=a:  +  8,  or  --x^S, 

aj"  +  2a;=3;  or2a;'=— 6a;, 

ar=— ldb2=l,  or  —8  ar=— 8, 

PBOBLXM 

4.  Given  8a;'— 140;*  + 21a;— 10=0  to  find  the  values  of  a;. 

SOLUTION. 

8«'- 14a:"  +  21a;— 10=0. 

9a;*-42a;*  +  68a;'-80a;=0. 

(8«»-7a;)' +  14a:'-30a;=0. 

(8a;*-7a;)«  +  5(8«'-7a;)+4P=a:"-5a:4-4r. 

8a;*— 7ap+f =a;— f ,  or  |— a;, 

8a;"— 8a:=— 5 ;  or  8a;*=6ai^ 

4dbl 
a;=— -— =1  or  1  a;=2. 
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''''  It*  Given  2x*-12a^+ 13a?- 15=0  to  find  x. 
ft    •  Am.  «=5,  or . 

lit  Given  -c*  +  10a:»-101a?~990=0  to  find  x. 

Am.  a:=10,  —9,  or  —II* 

18«  Givena:*—2j:"— 33a?+ 90=0  to  find*. 

Am.  «=3,  6,  or  —6. 

19.  Given  ^r*— 24a:'  +  21a;— 5=0  to  find  x.    Am.  fl;=^,  ^,  or  5. 

!••  Given  2«'— 33a:* +  121*+ 84=0  to  find  x.  

19±f467 
Am.  «=7,  or 2 . 

21«  Given  «•+«'— 34a;+ 66=0  to  find  x.    Am.  ar=2, 4,  or  —7. 

aa.  Given  a:»—21a:'  +  146a:-336=0  to  find  ar. 

Am.  a?=6,  7,  or  8. 

2S«  Given  a:*—-3a:*+ -004=0  to  find  x.     Am.  j?=-2,  %  or  —-1. 

24«  Given  «*—10a:*  +  10ii?— 100=0  to  find  x.  

Am.  a;=lQ,  or  d=f^— 10. 

25.  Given  «•— 2a!'+3ar— 4^=0  to  find  x. 

Am.  «=1|,  or . 

M.  Given  «*— 4x*— 28x— 32=0  to  find  ar. 

Am.  jr=8,  —2,  or  —2.. 

27.  Given  2««— 15a:*  +  25«— 6=0  to  find  x.  _ 

^       lldbf97 
Am.  a:=2,  or . 

28«  Given  «•— «•— 7a:+16=0  to  find  ar.     . 

Am.  j?=— 8,  or  2±V^. 

2f«  Given  2«"—6«*+ 4a;— 120=0  to  find  x.  

Am.  x=5,  or  -lif^-ll. 

M.  Given  «"  +  9x*-82«- 720=0  to  findt. 

Am.  aj=9,  —8,  or  —10. 
Sl«  Given  «•—«*— 10x4-6=0  to  find  a?. 

Am.  «=— 3,  or  2dbf2. 
tS.  Given  8«»-26ai»+ll«+ 10=0  to  find  x.  _ 

.  ^,         3dbf41 

Ant.  x=2i,  or  — - — . 


818  CUBIC   EQUATIQMB. 

n.  Giyen  2i'  ■♦-  12i^+48«-790=0  to  find  «.  

Am.  j?=5,  or b 

SI.  Given  2«*— 3x*+«— 30=0  to  find  «. 

Afu.  «=8,  or ^ 

85.  Giyen  «"+l7x*-140a?— 2496=0  to  find  «. 

Am.  «=12,  —18,  or  —id. 

86.  Given  «*+3aj"— 54=0  to  find  x.    Ans.  «=8,or  ^SdtV^. 
87«  Given  «•+«•— I7ar+ 16=0  to  find  x.    Am.  x=1,  3,  or  —6. 

88.  Given  4x»-48«*+46«— 11=0  to  find  J?. 

Am.  xz=^J  ^  or  11. 

89.  Given  2«*  +  3a'+af— 30=0  to  find  x.  

Am.  «=2,  or . 

40.  Given  6x*  +  7«*  +  39x+63=0  to  find  x. 

Am.  «=— H,  or  J=fcjf^^^:i26i. 

!!•  Given  «*  +  6«*— 1600=0  to  find  x.  

Am.  a?=10,  —  8db4t^-tt. 
42.  Given  2«'— 33«"  +  121«-84=0  to  find  «.  

Am.  fl:=4,  or . 

48.  Given  a^+fij:*— 3920=0  to  find  X. 

Am.  a:=14,  or  —  10±6f^^ 

44.  Given  2x*—9x*+9ar- 308=0  to  find  x.  

.             ^        -5=fcf^— 827 
Am.  «=7,  or . 

45.  Given  «*— 29a:* + 1 98a:— 860=0  to  find  «. 

Am.  dr=8,  6,  or  20. 

46.  Given  2«*  +  9a;'  +  9a;— 808=0  to  find  x. 

.           ,       -17±^=:827 
Am.  x=z4,  or . 

47.  Given4ar*— 112a:"  ■?- 109a;— 27=0  to  find*. 

Am.  «=J,  J,  or  27. 

48.  Given8x"  +  84a:"-79a:+30=0tofinda:. 

Am.  «=^,  1  J,  or  —6. 

49.  Given  4x'-162a:'+149x-87=0  to  find  x. 

Am.  «=^,  ^  or  87. 
fid.  Given  x*—15x*+74x— 120=0  to  find  a;.       Am.  4,  5,  or  8. 
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(337«)  The  solution  of  the  following  literal  equation  will  show 
that  there  always  is  a  binomial  square,  which  being  added  to  both 
members  of  a  cubio  equation,  after  it  has  been  multiplied  by  x,  that 
will  render  both  sides  perfect  squares.  The  only  difficulty  consists  in 
finding  the  binomial  square. 

It  will  be  perceived  by  looking  at  the  values  of  the  imknown  quan- 
tity in  the  preceding  examples,  that  this  mode  of  solution  is  practio- 
able  when  one  or  more  of  the  values  of  the  unknown  quantity  is  a 
whole  number,  and  also,  when  one  or  more  of  the  values  is  a  mixed 
number,  or  a  proper  fraction. 

PROBLEM. 

Given  «•— (a+6+c)a^  +  (a6+ac  +  6c)x— aftc=0  to  find  the  values 
of*. 

BOLUTION. 

4iC*— 4(a + 6 +c)ar*  +  4(a5  +  oc  +  ^«*— 4a6ca;=0, 

[2«"— (a  +  b  +  e)xY  +  2hc[2x*  —  (a  +b+c)x]  +  6V=(a^ft-c)V  + 

26c(a— 6— c)a?+6V, 
2s^'—(a+b+c)x+bc=(a-'b'—c)X'\-bc,  or  — (a— 6— c)a:— ^, 

.'.  2a:=2a;  or2a:'— 2(6+c)a:=— 26c, 

64-cdb(6-c)     _ 
ip=a  ar= ~ ^=6,  or  c. 

RwffAmr.— An  inspection  of  this  example  will  enable  the  student  to  see  what 
lelatioQ  exists  between  the  roots  of  the  equation  and  the  added  binomial  square. 

QUESTIONS. 

1.  What  number  is  it  whose  third  part  multiplied  by  its  square 
gives  1944  f  Ans.  18. 

2.  What  number  is  it  whose  ^,  |,  and  |,  multiplied  together,  and 
the  product  increased  by  32,  gives  4640  ?  Ans.  48. 

8.  There  is  a  number  such,  that  its  4th  p»wer  divided  by  the  8th 
part  of  the  number,  and  167  subtracted  from  the  quotient,  the  re- 
mainder is  12000.    What  number  is  it  9  Ans,  11|. 

4.  Some  merchants  engage  in  business  ;  each  gives  to  it  1000 
times  as  many  dollars  as  there  are  partners.  They  gain  in  the  busi- 
21088  $2560 ;  and  it  is  found  that  they  have  gained  exactly  half  their 
own  niimber  per  cent    How  many  merchants  are  there  9    Ana,  8. 
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6.  A  capitalist  puts  out  1 10000  at  interest,  and  adds  the  ntonat 
yearly  to  the  capital.  At  the  end  of  the  third  jear  he  finds  hk  cipi- 
tal  increased  to  $11576^.    How  much  per  cent  did  he  reodve  f 

An$.  5  percent 

6.  There  are  two  numbers  whose  difference  is  4,  and,  moreover,  are 
such  that  their  product  multiplied  by  their  sum  gives  1986.  What 
numbers  are  they  ?  Ans.  7  and  11. 

I,  Some  officers  were  in  a  field  with  a  detachment,  partly  in£yitiy 
and  partly  cavaliy.  Each  officer  had  under  his  command  3  times  as 
many  cavalry  and  7  times  as  many  foot  as  there  are  oflSoeis.  Eadi 
cavalry  soldier  has  2,  and  each  foot  soldier  22  cartridges  more  thin 
there  are  officers.  They  had  altogether  15360  cartridges.  How 
many  officers  were  there  ?  Ans.    8. 

8.  A  person  being  asked  how  much  he  had  expended  that  daj, 
answered,  *^  I  have  spent  $4  more,  and  yesterday  twice  as  much  as  J 
did  the  day  before  yesterday  ;  if  I  multiply  together  the  smns  whidi 
I  expended  in  dollars  during  these  three  days,  and  add  156  to  the 
product,  I  obtain  exactly  134  times  as  much  as  I  have  expended  Uh 
day.*^     How  much  did  he  expend  that  day  ?      Ant,  6  or  9  dollars 

9.  Some  merchants  jointly  form  a  certain  capital,  in  such  a  waj 
that  each  contributes  10  times  as  many  dollars  as  t!iey  are  in  number; 
they  trade  with  this  capital,  and  gain  as  many  dollars  per  cent  as 
exceed  the  number  of  merchants  by  8.  Their  profit  amounts  to  $288. 
How  many  were  there  of  them  ?  Ans,  12. 

10.  Some  merchants  collect  a  capital  of  $8240.  To  this  each  con- 
tributes 40  times  as  many  dollars  as  there  are  of  them.  With  this 
whole  sum  ihoy  gain  as  many  dollars  per  cent  as  there  are  persons. 
They  then  divide  the  profit ;  and  each  takes  10  times  as  many  dollars 
as  there  are  persons ;  but  at^r  this  there  remains  $224. .  How  many 
merchants  were  there  ?  Ans.  £ither  7,  8,  or  10. 

II.  The  3d  [)ower  of  a  number  added  to  9  times  its  2d  power,  27 
times  the  number  and  27  more,  is  equal  to  125.  What  is  the  nom- 
ber?  Am.  2. 

12.  If  the  difference  of  two  numbers  be  multiplied  by  the  2d 
power  of  the  greater,  and  the  sum  of  the  two  numbers  by  the  2d 
power  of  the  greater,  the  sum  of  the  two  products  will  be  432  ;  and 
the  difference  of  the  products  280.     What  are  the  numbers  f 

Am.  6  and  3|. 
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18.  A  and  B  commenced  to  speculate,  each  with  the  same  sum 
of  money ;  after  a  certain  number  of  months,  A  had  the  dd  power  of 
the  number  of  dollars  which  he  had  at  first,  wanting  36  times  its  2d 
power.  B  had  432  times  as  much  as  he  had  at  first,  wanting  $1728 ; 
then  the  sum  of  what  A  and  B  had  was  equal  to  $343.  What  sum 
had  A  and  B  at  first  ?  Ans.  $19. 

14.  There  are  three  numbers ;  the  second  is  2,  and  the  third  3 
more  than  the  first,  and  their  continued  product  is  40.  What  are 
the  numbers  f  Am.  2,  4,  and  5. 

15.  A  has  $4  more  than  B  ;  but,  if  the  number  A  has  be  multi- 
plied by  the  2d  power  of  the  number  B  has,  the  product  fnll  be  225. 
What  number  of  dollars  has  each !  Ans.  A  $0  and  B  $5. 

16.  *  The  sum  of  two  numbers  is  10,  and  the  difference  of  their  4th 
powers  is  1040.    What  are  the  numbers  f  Am.  6  and  4. 

17.  The  difference  of  2  numbers  is  8,  and  the  difference  of  their 
4th  powers  is  14560.    What  are  the  numbers?      Am.  11  and  3. 

18.  The  joint  capital  of  three  partners,  A^  B^  and  (7,  was  $1340. 
J^%  money  was  in  trade  4  months,  ^s  6  months^  and  C7's  9  months. 
When  they  shared  stock  and  gun,  B  recdved  $736,  C7$1216,  and 
A^%  gain  was  $96.    How  much  was  each  partner's  stock  ? 

(  ^'s  stock  $240. 

Am.  \  B*s  stock  $460. 

(  Cb  stock  $640. 

19.  The  joint  capital  of  three  partners  was  $65000.  A*8  money 
was  in  trade  8  months,  B'b  4  months,  and  Cs  5  months.  When 
they  shared  stock  and  gain  A  received  $3900,  B  received  $2700,  and 
(Ta  gain  was  $750.    What  was  each  partDBi's  share  of  the  stock  ? 

(-4's  stock    $3870.21+. 

-4fw.  ^  ^'s  stock    $2672.57  +  . 

(  CT's  stock  $58457.21+. 

*  Non — ^Let  « + y  and  x—y  represent  the  nnmbers.  This  mode  of  represen- 
tation freqaentlj  produces  equations  simpler  than  those  produced  by  the  usual 
representation. 


CHAPTER   nil. 

BXaUADSATIC   EaUATIONS. 

(338«)  BiQUADRATio    EQUATIONS  Diaj  be  divided    into   three 
ckases;  namely, 

Pure  Biquadratics; 
Incomplete  Biquadratics;  and 
Affected  Biquadratics. 

339«)  A  Pure  Biquadratic  is  an  equation  in  which  the  unlmowB 
quantity  is  contained  in  but  one  term,  and  its  exponent  is  4,  or  a 
fraction  whose  numerator  is  4  and  whose  denominaUY  is  an  odd 
number;  as, 

aa?*=db6;  ca?»=±6;  6ar*=dcc,  Ac 

PROBLEM. 

(340.)  Given  «*=!  to  find  the  value  of  or. 

BOLUTIOK     1. 

.-.    a?=l, -l,V3T,or-4^^. 

BOLUTIOH     2. 

whence,    a?'— 1=0, 
or    ar'  +  l=0, 
.-.     a:»=l, 
or    a:*=-l, 
whence,    af=l,  or  —1, 

or    Of  =1^—1,  or  -V— 1. 
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SOLUTION     3. 
0^  =  1, 

a:*- 1=0, 

(a:~l)(«*+«'+a:4-l)=0, 

whence,    af— 1=0, 

or    ar»  +  a;'+a:  +  l=0  (a) 

x=l. 

Equation  (a)  is  a  cubic,  and  is  solved  thus, 

4ar*+4«*  +  4x'  +  4«=0  (6)=(a)x4jf. 

{2x'+xy+Bx*  +  4x=0, 
(2af+xy+2{2x'+x)  +  l=x^'-2x+l, 

2a:*+a?+l=«—l,  or  1— «, 
.  • .     2j:"=  — 2  ;  or  2x'=  — 2a^ 
«'=— 1  2a;=-2, 

ir=dbt/^      «=— 1. 

SOLUTION     4. 

a:*+«'+«+l=0, 
«*(a:+l)  +  («+l)=0, 
(a?+l)(a:'  +  l)=0, 
whence,    ic+l=0, 
or    «•  4-1=0, 
,-.    ip=— 1, 
or    a:*=— 1, 
ar=±f/3i. 

BZAMPLX8. 

]•  CBven  aJ*=16  to  find  a:.  -4n«.  a?=dc2,  do2V^. 

J.  Given  8iC*=243  to  find  x.  Atis.  a;=dc3,  ±SV^. 

8.  Given  iP*=256  to  find  x.  Am.  ar=±4,  db4V"^. 

4«  Given  a^:=^a^  to  find  x.  Am,  x=:±ia^  doaV—l. 

S.  Given  a^=6"to  find  a?.  Am.  ar=±|/±ft. 

6*  Given  aV=c'  to  find  a:.  -4im.  a:=±i/db-. 
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AFFECTED  AND  INCOMPLETE  BIQUADRATICS. 

(341«)  An  Affected  Biquadratic  is  an  equation  in  which  the  un- 
known quantity  occurs  in  but  four  terms,  the  le^  exponent  of  tlie 
unknown  quantity  being  1,  or  a  proper  fraction  \^o9e  nmnentor  ii 
1,  and  the  exponents  of  the  unknown  quantity  in  the  other  terms 
being  respectively  two,  three,  and  four  times  as  large ;  as, 

x*-hax*  +  bx*+cx=d;  ic'  +  ax}4-6a!+cari=rf,  &c 

(342«)  An  affected  biquadratic  becomes  an  incomplete  biquadntk 
by  omitting  any  one  or  two  of  the  terms  which  contain  the  unknown 
quantity,  after  the  first  term,  considering  the  equation  to  be  arranged 
so  that  the  exponents  form  a  descending  series,  and  the  first  term  to 
be  that  which  has  the  greatest  exponent,  and  provided  that  when  the 
exponents  of  the  unknown  quantity  in  the  second  and  fourth  tenns 
are  fractions  whose  denominators  are  even  numbersy  these  terms  shall 
not  be  omitted.     Thus, 

x*-\'ax*-hbx'=d;  x*+ax!*+cx=d ;  x^+hj^+ex^d;   x*+a^=d; 
x*-hcx=d;  x^-hbx'^d; 

x*-\-ax^'hbx=d;  x^-\-ax^ -hcx^^zd;  x'+bx+cx^zizd;  a^-hax^=d; 

x"+c:r*=rf;  x^-{-bx^=d, 
are  incomplete  biquadratics. 

(343*)  An  incomplete  equation  of  the  form  ax*±bj^=^dzCf  or 

ar>»d=6i;V=dbc,  n  being  an  odd  number,  is  susceptible  of  a 
solution. 

PROBLEM. 

Given  ax*  +  6x*=c  to  find  the  values  of  x. 

SOLUTION. 

ax*-\-bx^=e, 
4a  V  4-  4a6x'=4ac, 
4aV  4-  4a5jr'  4-  6'=6"+4a«, 

2ax^-\-b=dbVb*'}-4ac. 

2ax^=-bdzV^T^, 
.     -6db|/6'H-4ac 

Ja '_ 

2a 


t=±^± 


BIQUADBATIC  EQUATIONS.  826 

(344«)  It  is  sometimes  advisable  to  consider  two  or  more  terms 
I  one. 

PROBLEM. 


Given  9«--4«*+  V4a:*— 9a;+ll=5  to  find  the  values  of  x. 

SOLUTION. 


4a^--9a.— 4/4^«--9£+ll=:--5, 
4«*-9a?+ll  — V4x»— 9a?+ll=6. 
Considering  4/42;"— 9x+ll  as  one  term,  and  patting  it  equal  to  y, 
the  equation  becomes 

y=-^=3,or-2, 

•  •.    4»*-92?+ll=y"=9,or4, 

4«*  -  9ar= — 2,  or  —7,     

9±7        9^1^-81 

9±V-31 
a?=2,  or  J;  or -^ . 

BZAMPLBS. 

]•  Given  »*  ■♦-4«'=117  to  find  ar.  Ans.  iF=3. 

2.  Given  iP*  +  7a;^=44  to  find  ar.  ^n*.  a?=d:8,  or  (—11)*. 
S«  Given  «*— 74a:*=— 1226  to  find  x.  Am.  ar=db5,  or  ±7. 
4i  Given  a:*— 6«*=27  to  find  x.  Ana.  «=db3,  or  ifc  ^'^^. 


5.  Given«*  +  ll  +  Var»4-ll=42  tofinda:. 

Ana.  ar=±6,  or  ±/38. 


6.  Given  «*--7«+  V'«'-7ar+ 18=24  to  find  x.  

7dbf^l78 


Am.  ar=9,  —2,  or 


2 


7t  Given  «'+f^5a?+«*=42—5ar  to  find  ar. 

^««.  af=4,  —9,  or . 

8.  Given  («"  +  5)'-4«»=160  to  find  x. 


Am.  a;=db3,  or  dbi^— 15. 
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1  2 

10*  Given**— 2a;  +  6V'x"— 2j?+6=11  to  find  j?.  __ 

jIiw.  s=:1,  1  or  l=t2f  15. 

11.  Given  2«'  +  8a?—6V'2a?"  +  3a;  +  9=— 8  to  find  «.  

^             o       ^/      _3d=t^-55 
^n*.  z=8,  —4 J,  or . 

12.  Given  0*+  f'16«»  +  36«*=15a:*-4   to  find  or,  

.  ,^        ,         9=h  1^481 

Ans,  x=l|,  — 1^  or 


4—1  +«=42 —  to  find  ar. 


(8\*  8 

a;4—l +«=42 —  to  find  i 


-AH*.  ar=2,  4,  or . 

II.  Given  ir(f^«+l)'=102(ir+f^«)— 2576  to  find  a:.  

Ans.  «=49,  64,  or . 


15.  Given  6«*+2V9«*-24a;=16ar+12  to  find  «.  _ 

.             ^       ,        4±2i^lS 
Am.  ar=3,  -J,  or . 


,6.  Given  ^^:±^=H:ia^:±^ 
8  4/«*  +  «  +  6 

Ans,  x=5y  —6,  or . 

17.  Given  (a:»-i)(a^-2)  +  (a:'-8)(««-4)=a:*  +  5  to  find  x. 

Ans.  «==hl,  or  ±3. 

^iM.  «=:=hl,  or  dbS. 
The  resulting  equation  in  this  problem  after  reduction  is 

a:*— 66a;'=— 64. 
In    solving    this,  to   avoid    large   numbers    put    65=:2a^    thai 
— 64 = —  2a  4- 1 .    The  equation  after  substituting  becomes : 
a*— 2aa;'=—2a  +  l, 
«*— 2ox"+a'=a"— 2a4-l, 

{B*--a=a— 1,  or  1— a. 
aj'=2a— 1;    ora^=l, 
aj'=64  aj=±l, 

«=±8. 
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(346«)  Biquadratio  eqaations  may  be  reduced  to  ampler  forms 
when  both  sides  are  perfect  powers,  zero  being  considered  a  perfect 
power,  by  extracting  the  root.  Sometimes  artifice  is  necessary  to  get 
the  equation  in  a  proper  form  for  reducing.  The  artifices  that  may 
be  employed  are  numerous ;  particular  ones  being  applicable  onlr  to 
particular  problem! 

PROBLEM 

1.  Given  jt*— 4x*  +  6^— 4a;+l=0  to  find  the  values  of  x. 

SOLUTION    1  . 

«*— 4a:*  +  6«'— 4aj+l=0. 
Taking  square  root  twice,  or  the  4th  root,  we  have 

«-l=±Vdbb=0,  —0,  4/~0,  or  -  VlIo=0,  0,  0,or  0. 
«=!,  1, 1,  or  1. 

SOLUTION    2. 

a;*— 4a:» + 6a:*— 4« + 1 =0, 
(a?-l)(^-l)(*-l)(a;-l)=0, 
far-l=0, 
af~l=0, 
a;-l=0, 
^ar-l=0, 

ip=l,  1, 1,  or  1. 

PROBLEM 

2.  Given  d^— 4«'+6«'— 4a:'  +  1=6  to  find  the  values  of  tc. 

SOLUTION. 

ic*— 4x*+6«*— 4aj+l=:6. 
«-l  =  =fcV±6^ 

iF=l±Vdb6,  . 

iCzzzlifcV'e,  orldci^— 6. 
Or, 
«"—2af+ 1=^1^6, 

a:=l±V'±6. 

PROBLEM 

a.  CKyen  ^  +-3-49=9+'  to  find  the  values  of  9. 

4       »  X 


whence,   " 
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80LUTI0V. 

_+_-49=94-- 
49a?     ,^  .  48     ^     6 


49a!'     ,„    49     „  .  6     1 

4  X  XX 

2     X         d;  as 


7aj    ^    8  Ya?         ^6 

-—=3  +  -;  or  — -=— 3+-J 

2          x'  2            ^a^ 

7a;'=6a5+16  7a5"=— 6aj+12, 

To*— 6a;=:16  7«"+6x=12, 

3±11  ^Siti'M 

aJ=-y-=2,  or  -1|  r= ;^ . 

PROBLEM 


4.  Given  |(a:-2)*-a:)y-(ir-2)'=88-(«— 2)  tofindx. 


SOLUTION. 


/(ar-2)*-ar)V-(ar-2y=88-(ar-.2,) 

^(^_2)'-:rj'-((a:-2y-x)J=90, 

ldbl9 
(a:-2)'-ar=  -g— =10,  or  -0, 

a:*— 6a:=6              ;  or,  «■— 6ar=— IS, 
^=-^r— =6,or— 1  «= 

PBOBLBM 

^   ^.  12  +  8rJ       ^   , 

5.  Given  a;= to  find  x, 

r— 5 

SOLUTIOV. 

_12Hh8^ 
^"~    ar— 6  "' 
a?— 5a;=12  +  8xi, 
a;*— 4ar=:12  4-8x*+ar, 
«'-4a:+4=16+8ari.far. 

a— 2=4+ar*,  or  -4-a*,  pbrwnd. 


HIQUABBATIO  EQUATION.  8S9 

.•.    «— ari=6;  or  «+«*==— 2 

art=-^=3,  or  -2  «*= ^ 

a:=9,  or  4  «= ^ 

EXAMPLES. 

1.  Given  ar*-8a:"+24a;*—32«+ 16=81  to  fixid  of .  

Ans.  a?=6,  —1,  or  2±3i^— 1. 

2,  Given  a:*— 8«'+24a?'—32a?=240  to  find  x. 

Ans.  a;=6,  -2,  or  2±4y^. 

X*      17z* 

8«  Given  —  H — 170:=  8  to  find  x, 

2  4 

Ans.  rc=db2,  or  — i,  or  —8. 

4    A.        ^^_.     841     17     232      1       ,  ,    ^   , 

4.  Given  27a!* — __+_--=-- —,  +  5  to  find  x. 

3x*      3       Sz      3x*  

«       ,.        -2d=  1^-266 
Am.  a?=2,  —If,  or . 

ff«  Given  ar — ^+15=-7s i  ^  ^^^  *• 

2  lo        X 


^       ^       -2d=2V-7l 
Ans.  af=4,  —8,  or r . 

6.  Given  7-5 — Tr,+-3— -7=-7rz:5  to  find  x, 

(z*— 4)'     «*— 4      25ar  

Ans.  a:=d=3,ordbv'}}. 

7.  Given  or +4-2i/^ii=--^  ^  ^^  ^• 

"  a?— 4     a:— 4  

Ans.  a;=db6,  or  =bf^l7. 

8.  Given  3((a?-l)'-a:V  +  2a:=341  +  2(aj-l)'  to  find  x. 

Ans.  a:=6,  —2,  or 


2f^3 


^      r^.  «  4  21  ^     ^ 

9»  Given -H — = —  to  find  x. 

*+4    l^a;+4      « 


,0       o        49db  1^3185 
uljw.  af=12,  —3,  or • 


!••  Given  «*-2=2V'5—4af  to  find*.  
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11.  Given    ^    -=(3^-2)'  to  find  «. 


uln*.  ar=S,  6,  or  . 


12.  Given         ^^     H — = —  to  find  x. 

f5a:>_a:*        25x         a:  •     

Ans.  ar=±2,  or  =hf^— 72079e. 

13.  Given  (j:+6)»4-2xi(a;  +  6)=138+rf  to  find  x. 

Am.  ar=:4,  9,  or ^ . 

2 

14.  Given  (a;— 2)'— 6rJ(ar— 2)=24— 14ar+15rf  to  find  x. 

Am.  ar=l,  16,  or  ~^=^^^"^\ 
2 

15.  Given  (4i:  +  l)*  +  4xi(4a:+l)= 1912 -(10ar+ Sri)  to  find*; 

Am.  r=9,  12J,  OP  -^Q=F^^=^ 

27*  — 

16.  Given  a:' — — +25=7far(6— ar)  tofind  ar. 

.8 

17.  GivenSjc'-lSz::— +*^6i;*+62x"tofinda?. 

Am.  x=2,^li,  or  ^^"""^ 


64 


4ar« 


18.  Given  4a!'4-21a:+8x*f^Va?'-6j'=20V to  find  «. 


19.  Given  ar*— 8ar'— 12a:'  +  84j;=C3  to  find  a?. 


^7W.  x=2dtV1±:j^lldb^. 


8-?- 
«A    n-        ^'  +  8     4j?  +  6  ar*       ^    , 

20.  Given  — -— =  —-—  to  find  x. 

6  ar'  3 

Am.  ar=:4,  —2,  or  — lii'I!?. 

21.  Givenar*— 12ar=5tofindar.   uirw.  ar=ldbf^2,or  — 1^24^"^. 

22.  Given  af= — — —  to  find  x.       Am.  a?=4. 16,  or  8=p3Vf. 
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8       2         /       2\ 

tS«  Given  ar = =6|l  +  -)to  find  rr. 

Vx      ^        \       ^/  

Ans.  or =4,  9,  or . 

24.  Givena;*—25i:*4-60x— 36=0  to  find  ar. 

Ans,  «=!,  2,  3,  or  —6. 

25.  Given  a;*— 36«*  +  '72x— 36=0  to  find  «.       _  _ 

Ans.  ar=3±f^3,  or  — 3d=*^16. 

26*  Given  a:*— 6x'— Sa?— 3=0  to  find  ar. 

Ans.  aj=8,  —1,-1,  or  —1. 

27.  Given  ar*— 9ar*+4ar+12=0  to  find  x. 

Ans.  x=2,  2,  —1,  or  —3. 

28.  Given  a?*— 6ar»  +  24a?— 16=0  to  fiaid  ar. 

Ans.  a:=db2,  or  3dbf^5. 

29.  Givenar*— 7ar" +69  Ja:— 72^  =  0  to  find  a:. 

Ans.  ar=dbjf34,  orSJi^^is. 

80.  Given  «*-l7ar*—20a:-6=0  to  find  ar. 

Ans.  a?=2dbV'7,  or  -2±i^2. 

81.  Given  a^— 55a:*— 30ar+504=0  to  find  x. 

Ans.  a?=3,  7,  —4,  or  —6. 

82*  Givena:*— S*"— 4a?— 3=0tofindar.         

ldbfl3        -l=ty-3 

Ans.  x=z  — - — ,  or . 

2      *  2 

88*  Givena^— 27«*  +  14aj+ 120=0  to  find  ar. 

Ans.  a;=3,  4,  — 2,  or  —5, 

84.  Given  a?*+6a;*— 24aj— 16=0  to  find  x. 

Ans.  ar=2,  —2,  or  — 3±i^5. 

85*  Givenar*-46«"-40a?+84=0tofinda?. 

Ans.  aj=l,  7,  —2,  or  —6 

86.  Given  \/\  +  i/l=^""'^^  to  find  «. 


^n».  ar=±l,  or  ^-^' 

o 


87.  Given  x'll  +^  -(3«"+ar)=70  to  fiaid  i 


-ldbf-251 
Ans.  a?=8,  —8^,  or . 
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88.  Given  ^      +— ;; =~  to  find  «. 


Vx*  —92^         7x         2x 


Am.  «=±5,  or  ±^K1566L 


»•  Given  j;'-2a?  +  4=21^x*  — 1  to  find  *•  _  

^/M.  x=4=fc>^6,  or  ±1^-2. 


40.  Given  a-2f^a5  +  2  =  l+ViB*— 3ar+2  to  find  ac  _ 

4jm.  a!=9±4f^7y  or  — - — . 

(346.)  An  equation  of  the  fonn  ax^=h6a:'d:ea^dbte+a=0,  b 
called  a  recurring  equation  of  the  fourth  degree,  or  a  hifumintit 
recurring  equation. 

PROBLSM. 

(347.)  Given  ax'+&j;'+cx'  +  &.r+a=0  (1)  to  find  the  filnei 
of  ar. 

SOL  UTION. 
By  multiplying  by  4a  we  get 
4aV  +  4a6x>  +  4aci:»  +  ^ahx  +  4a»=0  (^) =(1)  X  4fc 

(2aa;"+6j:)'  +  (4ac- 6')j:'  +  4a6j:  4-  4a'=0  {B) 

(2(u;*+6x)*  +  4a(2aar'  +  6z)  +4a'=(8a»+6'— 4€ic)jf»  (C7) 
2flrx*  +  6x4-  2a= ±x  V'8a*  +  6"— 4ac 


2ax'  +  (6  If  V^Sa' + &'  -  4ac)T=--2a 


±V8aH6-4ac-6± ^'  -8a*-f-26'-4ac:F2&V8o"+6*-4iC 

4a 

It  mny  Ixi  perceived  that  the  coefficient  of  a:*  in  the  tenn  that  b 
added  to  both  members  of  (A),  and  which  makes  the  first  member  a 
perfect  sqimre,  is  a  function  of  known  terms. 

This  coefficient  is  equal  to  the  coefficient  of  «"  in  (J?)  subtracted 
from  twic«'  the  coefficient  x*  in  (/I),  or  confining  the  explanation  to 
the  primitive  equation,  is  equal  to  8  times  the  square  of  the  ooeffident 
of  x\  plus  the  square  of  the  coefficient  of  s^,  minus  4  times  the  pro- 
duct of  the  coefficient  of  x*  by  the  coefficient  of  x*. 

If  the  primitive  equation  had  been  multiplied  by  a  instead  of  U^ 
the  coefficient  of  x*  in  the  term  added  would  have  been  just  ^  as  mneh, 

or  |dr2a'  +  T— flcl. 
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Non. — ^This  mode  of  treating  recurring,  equations  of  the  fourth  degree  Is 
original.  The  method,  it  will  be  perceived,  is  a  general  one.  The  disooverj 
was  afterward  independentlj  made  bj  M.  C.  Stevens,  who,  at  our  request,  has 
Ihmished  the  following  condsely  written  rule.  In  applying  it,  the  original 
equation  must  not  be  multiplied  by  4^  as  was  done  in  our  solution,  in  order  to 
ftToid  fractions. 

fiULB. 

IHvide  by  the  coefficieni  of  x*  and  transpose  (he  term  eoniaining  o^ ;  (Ken  add  to 
each  fMmber2sfi+  the  aqwxre  ofkaJf  the  term  eonkuning  x^  or  — 2a^+  Ihe  aamst 
aeeording aa iheeecondand  (he/burth  term  have  Uke  or  unlike  eigne.  Extract  (he 
tqpare  root  and  the  eqwaHon  reduces  to  Ihe  second  degree, 

(348*)  The  following  is  the  plan  nsoallj  given  for  the  solution  of 
a  lecmring  equation  of  ^e  fourth  degree : 

PBOBLEIC. 
Given  at*+&c»+<»»  +  &r+a=0  to  find  «. 

SOLUTION. 
h    a 
m    a     ,      b 


a(i*-+ 

■IH- 

.;)..=. 

ISTow 

put 

-i=' 

Then 

-4=^- 

-2 

Substituting  a(y*— 2) +6y+c=0 

ay'  +  6y=2a— c 


^= 2i 


1     -6dbi/8a«+6*-4ac 

a?i — = 

X  2a 


^oaf +(6q:V8a'+6'-4ac)ar= -2a 

±l^8a*  +  ft'-4ac-6±i/-8a"-f-26*-4acT26i^8aH6"-^4ai 
•= Ji . 
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PROBLEM. 

Given  lOx*— 9a?"— 20jr*— 9x  +  10=0  to  find  the  Ytlum  of  «• 

SOLUTION     1. 

10a?*— 9a:*— 20x'— 9ar+10=0, 

400a;*— 360ar»—  800a:*— 360a; +  400=0, 

(20x*— 9a:)*— 881a;*— 360x+400=0, 

(20a:*-9a:)*+40(20x*-9a;)+400=1681a!». 

20a;*— 9x+20=±41«, 

.•.     20«*— 60x=  — 20;       or  20«'  +  S2x=— 20, 

2x*— 5a:=-2  5i*  +  to=— 6,        

5db3     ^        ,                      _4=fc3»^-l 
af=-j-=2,ori  «= . 

SOLUTION     2. 

10a:*— 9a:*— 20a:*— 9a; +  10=0, 
10a;*-9a;  — 20--  +  ~=0, 

X      SET 

10(a:»4-^J-9(a:+l)=20, 

put    ^+-=y, 

then    a;*  +  -,=y*— 2, 
a;*     ^ 

substituting  lOy*— 20— 9y=20, 

10y*-9y=40, 

9db41 


y=-20-=T'^^-? 


15  8 


and     2a:*— 5a;=— 2;  or  6a;*  +  8a:=— 5, 

6db3     ^        ,                          -.4±3f3i 
a:=-j-=2,  or  J  «= . 

EXAMPLES. 

1.  Given  a:*  +  24a:*— 114a;*— 24a:+ 1=0  to  find  x. 

Ana.  a;=2dbV'6,  or  —14=4:1^197. 

2,  Givena:*+5a:*  +  2a:*+6a:  +  l=0tofinda:.  •    ^ 

.4iM.  a?=dbK  — 1,  or , 
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<•  Given  «*+«»+«*+«+l=0  to  find  ar.  

Am.  «= ^- . 

4«  Given  2i;*— 4a;»— 6i*— 4a:+2=0  to  find  x. 


.             l±V'6dbV8±2V'6 
^n.,  *= 2 ^. 

5.  Given  8aj*+2«»+4«*+2«+8=0  to  find  a?.  

— l=tf'7*±|^-28=F2V'7 
iliw.  a?= -T . 

6*  Given  4a^+8«'— 8«"— 3af+4=0  to  find  a:.  ^ 


Am.  a:=±l,  or 


8 


7.  Given  jj^,=i  to  find  «. 


^jw.  «=ldb|^3d:f3i/v'3db2. 


(349*)  There  are  other  biqnadraticB  that  are  not  recurring  which 
are  suseeptible  of  a  similar  aolnticMi,  bat  the  coefiScient  of  t^  must  be 
decided  by  trial 

BXAMPLB8. 

I,  Given**— 2«*—7«*—8x+ 16=0  to  find  «.  

Asm.  «=1,  4,  or . 

2«  Given  «*+«•—«■+ 2a? +4=0  to  find  x. 


.             -ld:/21dbt^-10::T=2V'21 
Am.  «= -^- . 

%.  Given  4«*+8af-80«'+28a:+49=0  to  find  a?.  

Am.  a?=l,  8^^,  or . 

4.  Given  2a^+24a5»-815a;«+216«+162=0  to  find  x^ 

Am.  af=-3±jm±8f^V-=Fi^^- 
H.  Given  a:*-.12a!*+47«*-.72i+86=0  to  find  x. 

Am.  a;=l,  2,  3,  or  6. 
••  Girai  «•— 0a!*+16««— 27a?+0=O  to  find  x.         . 

9±3f^6d:/78±544^5 
Am.  «= : . 
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7.  Given  ar*  +  36x*-400a!'—3168ar+ 7744=0  to  find 


Aru.  ar=-9db:V'137dbf^306:^18/l37. 

_     8         V                                                       1±3/^ 
8t  Given  Vx — =-= to  find  ar.   Ans,  «:=1, 16,  or  . 

(350«)  There  is  a  class  of  problems  which  may  be  solved  tfts 
the  manner  given  in  the  solution  to  the  following 

PROBLEM. 

Given  a;*  +  2«'— 73?*— 8x=  — 12  to  find  the  valne  of*. 

SOLUTIOH. 

«*4-2x'-7x'-8x=:-12, 
(i»  +  a-)' -  8x*- 8ar=  - 12, 
(x«+ar)«-8(x»+ar)  =  -12, 
(««+x)«-8(x*+ar)  +  16=4, 

x«+ar— 4=db2, 
a?»4-a:=6,  or  2, 

«=2,  —8,  1,  or  —a. 

KXAMPLB8. 

!•  Given  x*  +  2a?'— 3ar*— 4a:-f-4=0  to  find  x. 

Am.  ar=l,  1,  —2,  or  -2. 
2,  Given  ar*  — 12a;' +  50a;'  — 84x+ 49=0  to  find  x. 

Ans.  x=SitV2,  or  3±f5. 
8.  Given  a;*— 10a;' +  36a;'— 60a; +24=0  to  find  x. 

Ans.  a?=l,  2,  3,  or  4. 

4,  Givenar*4-2a;'-13a;'-14a;  +  24=0tofinda;. 

Ans.  a;=l,  3,  —2,  or  -4. 

5.  Given  a;*  + 1 2a;'  4-  64x'  4- 1 08a; 4-  81  =0  to  find  x. 

Ans.  a:=— 3j  —3,  —3,  or  -3. 
6*  Given  a;*-h2^a;'4-35''a;'  +  25''a;=r*  to  find  ar. 

An,.  ,_-g±V-8g'±4t^FT? 
2 

7.  Given  a;*— 14a;' +  6  la;'— 84a; +  36=0  to  find  x. 

Ans.  af=l,  1,6,  ore. 

8.  Given  4a;*+|=4a;"  1-33  to  find  x. 

Am.  a?=2,  — 1|,  or . 
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Ana.  «=4,  —3,  or . 


lOt  Given**— 2«»+«=30tofiiida?. 


Am.  «=3,  —2,  or . 

11.  Given**— e«*+6«*  +  12«=60tofinda;. 

Am.  a?=6,  —2,  or j^II — . 

Vt.  Given**— 8«*+10«"+24aj+5=0tofinda?. 

Am.  «=5,  —1,  or  2±Vb. 
18.  Given  «*— 2aj'+a?=132  to  find  «• 

Am.  Of =4,  —3,  or ^ — . 

2 

II.  Given  «*— 2a«»+(a'— 2)a:*+2ar=a'  to  find  ar. 


Am.  a:z=^± jZ-J+ldh^l  +a\ 


15.  Given  «*— 8a«»+8aV+32a»ar=9a*  to  find  a:. 

^11*.  x=z2adtaVZ^  or  2a±af^l3. 

16.  Given -5+-^—=-^^  to  find  :i:. 

.4jw,  aj=9,  —9,  —4,  or  —4, 

17.  Givena^— 2«*— 25«"+26a:+120=0tofinda?. 

Am.  x=iS,  5,  —2,  or  —4. 

18.  Givai  a:*-12a^  +  44«»-48«=9009  to  find  x. 

Am.  ar=13,  — 7,  or  3db3i^— 10. 

19.  Given  ar*— 2a?*  +  2a?— V'rrire  to  find  x. 

A         ,  .      -5dbi/irTi 

^n*.  a:=l,  4,  or . 

2 

St.  Given  a^— Ba^  +  lSar*— 12aj=5  to  find  x.       _^ 

,  3db^T3       3±4/^Tl 

.4iw.  x= — - — ,  or . 

2      '  2 

21.  Given  a:*— So**  +  8aV  +  82a"ar=rf  to  find  x. 


Am.  aj=2a±f8a'dbf^l6a*+rf. 
S2«  Given  «*— 4a:"+8aj'— 8a:r=x21  to  find  x. 

Am.  x=S^  —1,  or  l±y^. 
22 
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2S.  Given  4rr'  +  240^"  -f  52x'  +  4ar=480  to  find  x. 


Ans.  x=: . 

2 

24.  Giveiix*4-12jr*  +  40a:*  +  24iP=837lofind  X. 

Ans.  ar=3,  —9,  or  — -Sdbf^^Ili 

25.  Givena:*  +  6x*  +  80x*  +  213a:=2128tofiiid^j^ 

Ans.  x=z , 

2 

(35 1  •)  The  following  examples  are  best  solved  by  fiftctoring^  sinoe 
the  factors  are  readily  obtained.  The  solution  of  the  following  proih 
lem  will  serve  as  an  illustration. 

PROBLEM. 

Given  «*  +  3x*— 3a:=9  to  find  the  values  of «. 

SOLUTION. 

«*  +  3x*=8j:+9, 
(x+3y=3(a:4-3), 

Dividing  «•— 3  bya:— V3,  we  get  «■  + V3x+V9=0, 

x*  +  V3x=— V9,       

— V3dbf'-3VS 

x= 2 ^ 

or     a:+3=0, 

«=— 3. 

EX  AMPLKS. 

13:r* 

I,  Given  ar*  +  -- 39x=81  to  find  x. 

3 


^n*.  2-=  ±3,  or . 

6 

2.  Given  25x*— 624a:'=25  to  find  x.  

Ans.  x=:db5,  or  dc^V—l. 

3.  Given  a;*— a;'— 2a:=4  to  find  ar. 

Ans.  x=2,  —1,  or  dbf^ 
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BIQUADRATIC  EQUATIONS  CONTAINING 
TWO  UNKNOWN  QUANTITIES. 
(352»)  In  eliminatiDg  one  of  the  unknown  quantities,  the  student 
must  be  guided  bj  the  methods  used  in  equations  of  the  lower  de- 
grees, adopting  that  mode  which  seems  to  be  best  suited  to  the  par- 
ticular problem  imder  consideration.  In  the  following  examples  there 
are  some  which  belong  to  what  are  called 

HOMOGENEOUS    EQUATIONS. 

(353*)  JBomogeneotu  Uquations  of  the  fourth  degree  are  those 
in  which  each  of  the  literal  terms  contains  two  literal  hcton ;  as 

for  these  equations  are  the  same  as  when  they  are  written  xz-i-xy^za 
and  yi/+xx=bf  in  which  it  is  seen  that  each  literal  term  contains 
two  literal  factors.  Homogeneous  equations  of  the  fourth  degree  are 
aosceptible  of  a  complete  solution,  according  to  the  plan  exhibited  in 
the  solution  of  the  following 

PBOBLBM. 

Given  i    '^."^'J^.^f  J  t  to  find  ar  and  y. 

SOLUTION. 

xy-\-2f=Q0, 
Puty=n«    ar*+na;*=56, 

and    i«c'+2nV=60, 
,_    60 

56  60 

l-hn""n  +  2»'' 

14  15 

l+n"~n  +  2»" 
28»*+14»=15  4-15n, 
28n»— n=15, 

n=-^=J,or^4. 


Whence,    ^=±41^2,  or  dbl4, 
and         y=db8|^2,  or  ipiO. 
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RmcARK. — Some  of  the  following  examples  are  oompooed  cf  homogeneoBi 
eqnatioDS,  and  may,  therefore,  be  solved  after  the  manimr  cf  tlM  ooe  jiot  pn^ 
The  others  are  miscellaneous  in  their  character,  and  Tmricna  are  the  ardflca  to 
be  employed  in  reducing  them.  The  student,  as  a  general  role,  ahonld  so  man^ 
the  equation  as  to  obtain  a  perfect  square  in  the  left  liaiid  membsi;  md  tUi 
may  be  obtained  frequently  before  eliTnifiatfon. 

BZAMPLB8. 

1.  Given  i(«+y)':(«-y)-::«*:l.l  tofind,«d  y. 

Ans.  aj==fc9,  or  ±7,  y=db7,  or  dbp. 

2.  Given  \  ?',t^^!lo  i  to  find  «  and  y. 

(ay+y"=333,  J  ^ 

Ans.    i«^=f2,or±^ 
( y=3,  or  18. 


••"""ir/X'^'U"'^-"-'- 


Am. 


=  ±9,  or  ±4, 
or±». 


U==b9, 

(y=±4. 


4.  Given  { ''■*"^'^  ^f^/CiJ  |  to  find*  and  y. 


Ans, 


«=1,  3,  or 


y=3,  1,  or 


9it:|/— 61 


9=p|/-61 
2 


5*  Given 


V^+y. 


11 


(^+y)^ 


y         4f^j;+y, 
ar=y'  +  2, 


to  find  X  and  y. 


^n«. 


a;=3,  6,  or 


9T8i^-llP, 
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y=l,  2,  or 

6.  Given  P^'  +  ^  =^^»    I  to  find  «  and  y. 

7.  Given  i  ^'+^+^=18-5^  [  to  find  *  and  y. 

(  ay=6,  ) 


— 3±_f^-119 
8 


(ir=db4,*c 
(y==fc5,Ac 


(y=2,3,or  — 8qpf3. 


I 


8.  GiTen  {^■''^■'^t!^^'-''''}  tofind,«dy. 

An,,   i  *=«.».  or -0:f«^1. 
]y=4,l,  or -ail's 

•.  Ghen  i'^+^7"7^"!M  to  find  brandy. 


illM.    • 


«=».3,or   -^»f -»». 
y=8.».or^ii£^!?. 


10.  Givm  i    ^=9«-^«'/.l  to  find*  and  y. 

(y=2,  4,or8:p>'21. 

11.  Given  ^     *  a»-y=12     J   *ofi"d«andy. 

.        (  z=S,  4,  or  — ~^^       . 

Cy=3, -l«,or-6±K-2. 
tt,  GiTOB  r  ■*'^~J'  !•  to  find  «  and  y. 

( y=l,  2,  -1,  or  -2. 
18.  Given  \  *'+y'=*|'  I  to  find  *  and  y. 


j  a;=i(db  iV+^d:  »'«'-2a'), 

(i/_!f_+4/5±y=2  ? 
14.  Given  •(  »^  as+y*    3a!       '>tofindxandy. 

(ay-(x+y)=64,  ) 

Jns.   5«=«.-n,6,or-4J. 

(  y=12,  -9, 12,  or  -9. 

11    _       >  to  find  a;  and  y. 
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«• ,  y  ,  «   „,    y* 


17.  Giren  J  y«^«^y-"*     a"  [  to 
i         »-y=2,  ^ 


find  «  and  y. 


,  «=4,  -2,  or  l±*/^_ 
"*•   ty=2,-4,or-l±«^A. 

f  a?=ll,  -1,  or  eidbt^— 8716, 
•    (  y=l,  -11,  or  — 61dbi^-87ie. 

lA    n-         j~8l^«*-9ay«=9y-16ay,  f  ^    ^    . 

19«  Given  -(  y  ^       ^  ^*  >  to  find  x  and  y. 

(  6a;=4  +  25y",    ) 

20.Gi.en|^+^+^^Zj^^^^ 


21.  Given 


a?=6,  4,  or  8=hjK-JL|f, 


g*       a;  _64 
3      2f^y     y'^ 


^  to  find  :i;  and  y. 


22.  Given  JSi|;;^=T+^f'    I  to  find  ^  and  y. 
(  («*  +  l)y=ajy-V44,  )  ^ 


.<!ln«.  •< 


a?=6,  f  or 


-97ifcK6045 


y=6, 150,  or 


58 
1682 


97:fV6045* 


2S.  Given  |  y,^2=9000ot  ^^^^'  }  ^^  ^^  ""  *^^  ^• 


r  ar=400,  225,  or  12i(-lq:6f — 23, 
^'"'      y=500. -876,  o,  ^^^^f  ^. 
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24.  GiTen  |  /^y^^'^^  }  to  find  x  and  y. 


848 


Am. 


„  ,   3±f-66 
a:=2, 1, 5 , 


,-1  »j  8=F«^-5fi 


«.  Given  I  ,!rt.'frf.ii{'  ^o.    i  tofind.«>dy. 


.^ilM. 


^       181        55zpVUU 


o    34 
y=2'l33'"' 


-9db8Vlll4 
26 


(354*)  Biquadratio  equations  wbich  do  not  admit  of  solution  by 
any  of  the  previous  methods  may  frequently  be  solved  as  cubics  by 
the  addition  of  a  binomial  squared  to  both  members. 

PROBLEM. 

Qiven  «*+4«*— «•— 16aj=12  to  find  the  values  of  x. 

BOLUTIOK. 

aj*  +  4««-««-16ar=12 
(«*  +  2x)*-5«'-16«=12 
(«»+2ar)*-4(«*  +  2a:)  +  4=«*  +  8a:+16. 

«*  +  2af— 2=a:+4,  or  — a:— 4, 

.•.    a^+x=6  ;  or«*  +  3a;=— 2 

-=2,-3      ar=— -— =-1,  -9 


x=- 


2 


XXAMPLXB. 

h  Given**— 6«»  +  12a:'—10a:+3=0  to  find  «. 

Ans.  «=1,  1, 1,  or  3. 

2.  Given  ar*— 4ic'— 19a:*  +  46a:+120=0  to  find  x.    ' 

Ans,  x=4j  6,  —2,  or  —3. 
S.  Given  a:*+3a:»+«*— 3a:=2  to  find  x. 

Ans.  x=lj  —1,  —1,  or  —2. 

4.  Given**— e«*+6«*+ 2a;  =  10  to  find*.  

Ans.  a?=6,  —1,  or  IdzV—l. 
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f  •  Given  «*— 4«*— ar+82=0  to  find  ». 

Am.  ar=2,  4,  or  —  l±f^ 

••  Given  «*— 9**  +  30«*— 46ar+24=0  to  find  «. 

7.  Given**— «*+2«"+«=:3  tofinda:. 

.«•#.  «=  ±  1,  or w 

8.  Given  6«*— 48«'+107«*— 108a:+86=0  to  find  «. 

.4iw.  «=|,  IJ,  2,  or  9. 

9.  Given  «*+«■— ie««—4a:+48=0  to  find*. 

Ans.  a:=2,  8,  —2,  or  —4. 

10«  Given**— «*—ll«*+9«+ 18=0  to  find*. 

Am,  *=2,  8,  —1,  or  —8. 

11.  Given  **-8**  +  14«'+4*=8  to  find*. 

Am.  x=zZ±V6,  or  l±f^8. 

12.  Given  **-12**  +  48*"—68*+16=0tofind*. 

Am.  *=8,  5,  OT  2±Vh. 

13.  Given  2**-2*»-2«*+^+?=0  to  find  *. 

2      8 

^ijw.  *=±|f^8,ori^. 

14.  Given  **+*•— 29«»—9*+180=0  to  fina*. 

Am,  *=3,  4,  —8,  or  —5. 

15.  Given  **— 4*»— 29*'  +  166a:=180  to  find  *. 

Am.  *=2,  8,  6,  or  — 6w 

16.  Given  **  + 29** +  287** +  1147* +  1660=0  to  find*. 

Am.  *=— 8,  —6,  —8,  or  —13. 

17.  Given  **-9*'  +  i^V^=?i  to  find*. 

4  2         4 

Am.  *=1^,  IJ,  <w  8±3Vi 

18.  Given  **-8*»  +  23**-64*+120=0  to  find  *. 

Am.  *=8,  6,  or  ±2V^2. 

19.  Given  **-16*'  +  79*'—140*+68=0  to  find  «._ 

Am.  *=2±f2,or6±f^. 
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20«  Given  «*-6«"-6«"+45a?=8«  to  find  «. 

Ans,  a:=l,  8,  4,  or  —8. 

21,  Given  a?*-8«»— 16a?* +49a?= 12  to  find  x. 

Ans.  «=8,  — 4,  or2±V8, 

22.  Given  ««+a;«-«»-5«+4=0  to  find  a?.  

^n«.  flf=l,  1,  or 5 . 

25.  Given  «*+«■— «"+10ar+ 4=0  to  find  a;. 

Ana.  «= r J  or  Idbi^— 8. 

24.  Given  «*-Y«*+9«'  +  27ar=64  to  find  «. 

An8.  «=3,  8,  8,  or  —2. 

25t  Given  *•  +  8j:'— Y«*— 27ar=18  to  find  x. 

Ans.  «=8,  —1,  —2,  or  —8. 

26.  Given6**—26a!*+26«*+4jj=8tofinda?. 

Am.  »=!,  2,  2,or  -f 

27.  Given  Sa?*— 88a!'+49«*-22ar+8=0  to  find  r. 

^ntf.  «=^,  1, 1,  or  8. 

28«  Givena;*— 9«*  +  lY«*  +  2Ya:=60tofinda:. 

Ans.  a?=4,  5,  or  ±V3. 

2*.  Given  »*+«■— 24a?'+48a:=21  to  find  a:.  _ 

Ans.  ar=l,  8,  or . 

10.  GiTBD  «*+«•+«•— 120a:=100  to  find*.  

^«..  «=2±2I'2,  or  Z£±ii^. 
SL  Given«*+a:'+«'  +  141a:=100tofinda:.   _ 
#  u4jw.  ar=""^^^^\  or  2±  V^=^. 

32.  Givena:*+«'— 10«"— 49a:=80tofindaf. 

^fw.  a:=6,  —1,  —2,  or  —3. 

SS.  Given**— «■— 19a?*  +  49ar=30tofinda:. 

Ans.  a:=l,  2,  3,  or  —6, 

S4,  Given  **— V«* +¥*"-¥«?+ *=0  to  find  «. 

Ans.  a;= j^,  ^,  1,  or  8. 

IS*  Given  «*— 88s' +  210ap'+638ar+ 289=0  to  find  ar.         

Ans.  a:=-l,  -1,  or  20±  i^llL 
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8C«  Given4d^— Ux*— Sx'+dljp+C^Otofindff. 

An9.  «=2,  a,  or  -—j • 

87.  Given  a?*-6«»-58«'-114ar=ll  to  find  x. 

Am.  x=i±j^S±j/l7±^i. 

(3  5  5.)  Thia  method  of  solution  is  applicable  to  all  afieciad 
biquadratic  equations,  as  is  shown  by  the  solution  of  the  foUowing 
literal  equation.  But  it  is  not  always  practicable,  as  the  q[iiaDtity  to 
be  added  is  frequently  of  such  a  character  that  it  can  not  be  eaolj 
found. 

PBOBLEM. 

Given  a?*— (a+6+c+rf)x»  +  (a5+a<;+arf+6c+W+«Qj^— (aJe+ 
abd  +  a€d  +  hcd)x+ahedz=0  to  find  x. 

SOLUTION. 
4z*'-4{a  +  b+e'hd)x'+4{ab+ac  +  oJ  +  be+  hd  +  ec^—  4(a&e+ 
abd  +  aed-\-bcd)x  +  4abcd=:0^ 

e*—2ed+(Py''4{abc-\-abd+acd-{-bed)x-\-4abed=zO, 

[2x'-{a  +  b  +  c+d)xY+  2{ab+cd)  (2a:*  -  (a  +6+c+rf)x)  +a*6'+ 

2a6c(f  +  cV=(a+6— c~rf)V— 2(a+6— c— rf)(a6— «/)«+ 
a'b^'-2abcd+e^d\     .-. 

2a^—  {a+b-hc+d)x  +  ab  +  cd  =  {a+b'-e—d)x—  {(tb^cd),  or 
a5— cc?-— (a  +  5— c— rf)x, 

24;'— 2(a+6)a;=— 2a6;     or  2a?'— 2(c  +  rf)a?=— 2c(f, 

a  +  b±(a-b)  .  c+rf±(c— rf\  _ 

x= -^ ^'=a,oro      a?— -^ '=c,ordL 

2  2 

A  close  inspection  of  this  solution  will  enable,  the  student  to  see 
what  relation  the  coefficient  of  x\  in  the  added  square,  bears  to  tfts 
values  of  a;,  as  finally  ascertained. 


MISCELLANEOUS    QUESTIONS.* 

1.  A  vintner  draws  a  certain  quantity  of  wine  out  of  a  full ' 
that  holds  256  gallons ;  and  then  filling  the  vessel  with  water,  draws 

*  These  questions  should  be  solved  without  resorting  to  the  method  Joik 
given. 
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off  the  same  quantity  of  liquor  as  before,  and  so  on,  for  four  draughts, 
'when  there  were  only  81  gallons  of  pure  wine  left  How  much  wine 
did  he  draw  each  time  ?  Aru.  64,  48,  36,  and  27  gallons. 

2.  An  upholsterer  has  2  square  carpets  divided  into  square  yards 
ly  the  lines  of  the  pattern.  Now,  he  observes  that  if  he  subtracts 
from  the  number  of  squares  in  the  smaller  carpet,  the  number  of 
yards  in  the  side  of  the  other,  the  square  of  the  remainder  will  exceed 
the  difference  of  the  number  of  squares  in  the  smaller  carpet,  and  the 
number  of  yards  in  its  side,  by  88.  Also,  the  difference  of  the  lengths 
of  the  sides  of  the  carpets  is  6  feet    What  is  the  size  of  each  carpet  f 

Am.  16  and  86  square  yards. 

8.  A  man,  playing  at  hazard,  won  at  the  first  throw  as  much 
money  as  he  had  in  his  pocket ;  at  the  second  throw  he  won  5  shil- 
lings more  than  the  square  root  of  lyhat  he  then  had ;  at  the  third 
throw  he  won  the  square  of  all  he  then  had,  and  then  he  had 
X112  168.    How  much  had  he  at  first  f 

Ana.  18,  or  24^  shillings. 


CHAPTER  XI?. 
HIGHER  EQUATIOHS. 

(356.)  Equations  of  the  fflh  degree^  foimerly  called  MwnoM 
equations  and  equations  of  higher  degrees,  have  not  as  yet  been  femid 
to  be  susceptible  of  any  general  solution.  Pkurtioiilar  ejaunpleB,  hoir- 
ever,  frequently  occur  that  may  be  reduced  by.  Imown  metbodk 
It  is  the  object  of  this  chapter  to  present  some  of  them. 

PROBLEM 

1.    Given  2^=a*  to  find  the  values  of  «. 

SOLUTION    z. 

(««+a»)(j:«-a')=0. 

(«+a)(x»— cLr+a')=:0, 

«•— cLr+a'=0,         

a'±aV^Z 
«^=— 2— 
ar+o=0, 

(«— a)(«»+aar+a')=0, 

^= 2 

«— a=0, 

adbaV'^        — adbal^I^ 
ar=o,  — o, ,  or . 
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f«-a)(«'+a«*+aV+aV+a*aj+a»)=0, 

(j:+a)«*+aV(ar+a)+a*(«+a)=0, 

(i?4-a)(«*+aV+a*)=0, 

«+a=0, 

*•= 2 • 

Applying  the  roles  for  findiiig  tbe  square  root  of  surds,  we  get 
adbaf— 8         — adbaV'^ 

*=— 2— .«  2 • 

It  is  easier,  howerer,  to  get  these  values  of  x  by  oonsideriiig 
iif*+aV+a*=(«»+a*)*-aV 
(a:«+a')«-aV=0, 
(a:»+a*— «»)(«»+a'4-cKr)=0, 

or    «*+a«+a*=0,        


or  jj=- 


2     _ 


2 

PBOBLXM 

2.  Given  «*=a*  to  find  «. 

SOLUTION. 

(«— a)(a;* +air* +aV +a'j:+a*)=0. 
Placing  s^ -^-cu^+aV +a'x+a*=zO^  we  have  a  biquadratic  equa* 
tion  in  which  the  coefficients  are  literal.    To  solve  this  equation  re* 
^  quires  an  artifice. 

Patting  x=zay,  and  we  have 
••y*  +ay +ay +aV+a*=0, 

y*+y*+y'+y+i=o, 

y'+y+y+i+lrzO,  putting  y+i=s,andy-+-i=s«-«, 
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we  hare        s:«-2+«+l=0, 

1     —1±V6 

y+y=— 2— • 

2y'  +  (lq=V6)y=-2,         


-l±V5±V-l(i^2V5 
y= J 


«= : . 


«=a. 


-a-\-aV5-\-aV-'lO-'2V5 
x= : , 


-a-aV6+aV'— 10+21^5 
«= : ^f 


— a+a  V6— a  V'- 10-2  i^S 

*=: .  — • 


—0-0^6—0^—10+21^5 

«= : . 


EXAMPLES. 

!•  Given  x*z=l  to  find  x.  

IdzV'-a        — l±f-S 


Ans.  x=:l,  —1, ,  or 

2 


2t  Given  rc*=l  to  find  a:. 


-ldbV6±/-10=F2«^« 

.iljM.  «=1,  or ^i 

4 

3«  Given  a?*=a*  to  find  x. 

Ans.  x=±a,  ±av/^,  ±aV— 1,  or  ±aV—V'^. 

I.  Given  «*=1  to  find  x.  

Ans.  x=±l,  ±x/^,  ±V-^,or  ±V-'V^ 
5t  Given  ir*+a*=0  to  find  x. 

a±oV6±ai^— 10±2f'6     * 
^rw.  x='—a,  or . 

6t  Given  x*+l  =0  to  find  x. 


l±i^5±V'-10±2V'-5 
^IW.  «=r  — 1,  or J . 
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Ans,   -i 


x=:a^  aby  ab\  ab\  ab\  ab\ 
oi*,  ah'' J  or  ah\  in  whioh 


8t  Giren  «**=a"  to  find  «. 


Ans, 


«=«!  -«i 


«= 


—a±aV5±aV-'l0^^zV5 


x= 


a±ay5±aV-'lO±2V5 


(357«)  The  following  examples  may  be  solved  by  a  combination 
of  the  principles  already  learned.  Some  of  them  aie  inserted  for  the 
first  time  in  an  American  work,  and  will  be  found  to  be  the  most  diffi- 
cnlt  algebraic  problems  that  have  ever  been  published  in  any  work  upon 
this  subject.  Many  of  them,  however,  will  be  found  to  be  easy  of 
tQlntion.    Some  of  the  values  in  some  of  the  examples  are  omitted. 

PBOBLBM. 


Given  2VV"+6y— 2y*— 46y*— 6y  +^"=0  to  find  four  values 
of  X. 

SOLUTION. 


2fy»+dV-2y*-46y^-6V+y=0, 

2yVy'+y+y=2y*+46y*+6y, 
y*+2y*V'p+^+yM^=4y*4-46y*+6y, 

y'+f^/+6^=±(2y*+5y)  (A), 

=y*+25y*+6y, 


y-  +  6*= 

26y*+6y= 

2y*+6y'= 

16y*+86y«= 

iey*+86y"+6'= 

4y'+6= 

4y»= 

2y= 


:86«, 
:9b\ 
:±36, 

:26,  or  — 46, 
:±V26,  ±2f^^ 
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By  taking  the  minus  yalue  in  {A)  we  ihoald  obUdn  an 
of  the  nzthdegieaytliareforo,  the  given  equation  is  of  the  tenth  degiM 

BXAMPLB8. 

h  Given  2z*(aj*+a«)*=2«*(a?+2a)+a*(«— a)  to  find  two  of  A 
five  values  of  x.  Ans.  x=^  or  —a. 

2.  Given  a;*— 4«'=621  to  find  all  the  valuee  of  dP. 

Jns.  ar=3,  -^28, ,  op ±-^ . 

S.  Given  «*— 6«'=16  to  find  all  the  values  of  x. 

Jn..  .=2.  - V2.  =:^^,  or  ^«>^^^. 
«  2 

4«  Given  «* +a;^=756  to  find  all  the  values  of  «. 
Jns.  ar=243,  -28^784, 248(^1^^^),  or  281^784(1^3. 

5.  Given  rr*— x"=56  to  find  all  the  values  of  J^ 

Am.  «=4,  V49,  -.2T2f^'=3,or  V49^^^^^^^\ 

6.  Given  cur*  +  6^;* =c  to  find  two  values  of  x. 

7.  Given  d;r*+42a;*=:dd21  to  find  all  the  values  of  «. 

An.  *=3,  -ViT,  ^i^iE!,  or  ^'^±^^»B, 
2  2 
40 

8*  Given  Vx* — ==3*  to  find  all  the  values  of*. 

Vx  _ 

Ana.  x=4,  V25,  -2 ±2*^^,  or  V2E^~^^^\ 
9.  Given  (a;—6)*—3(ar— 6)^=40  to  find  all  the  values  of  r. 

Ans.  a?=9,  5  +  1/25,  3±2^^,  or  5+V25f""^^^""^). 

8  17 

lOt  Given  -r+2=--  to  find  all  the  values  of  ar. 
or  xf 

Ans.  «=4,  Vh  -2±2f^^,  or  Vi(''^^^'^\ 
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II*  Giyen  x^'\ =—=•+«*  to  find  all  the  values  of  x. 

Ans.  «=4, 1/49,  -2qF2V^'^,  or  Vi9("~'^^         ). 

«*     «*  1 

I2«  Given  — r-=  ——  to  find  all  the  values  of  x. 

A^.  .=vl  v\  n(:=lf^).  or  vi(:il^). 

IS*  Given  «*+272:'=:2224  +  9^^  to  find  all  the  values  of  ar. 


u4jw.  «=±4,  or  ±r  =^r . 


2 

14.  Given  («*  +  l)(^  +  l)(2;+l)=d0a;*  to  find  all  the  values  of  a;. 

Am.  «=^^,  or  -l±iV'^±|/-liT*'^. 

15.  Given  («-4V-— = ^^'"'"*  to  find  all  the  valuea 

^                                         ^             «       ,  4±2V'18         ,  2  .— - 
of*.  ^iM.  «=3,  — i, ^ ^,  or  ±^-8. 


16.  Given  (l-ar)i/a/l+^j-.2=l^ar+l+V'3jr?-l  to  find  the  five 
values  of  «.  Aia,  «=1,  or = — . 

17«  Given  drr'  — ^=  —592  to  find  the  eight  values  of  x. 
z 

Ans.  a:=±8,  ±8f^^,  ±V^=(Vy,or  ±|/Iy3^. 
18*  Given  (^— A)  +K"~'^)  =~  to  find  Uw  eight  values  of  Jt; 

,4iM.  a;=±ar  ,or  ±aT  — ^ — • 

I8«  Given  2xVT^=a{l  +«*)  to  find  the  values  of  x. 

S8 
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30«  Given  8:e' +as«=dl04  to  find  the  ten  yalnes  of  ds. 

Ans.  a;=64,  (Y)*,  16  (-1  ±f^6  if"— 10q:2*^5,)  or 

21«  Given  ^ ^+^ —= —  to  find  x. 


a  X      "  € 


Ans.  «=- 


OM-l  — ^+1 


a.  Given  ^^"  '=^^   '   to  find  a.         Ans.  x=(J^\'^ 
n  s  \ms/ 

28,  Given  x'*'-mar=p  to  find  x.         Ans.  ar=(^^^?^^!±i?f . 


24t  Given  ir"—2aa:^^6  to  find  «.  -4jw.  a?=(a±4^a'+6)^. 

25.  Given-3x»"-2ic-=25  to  find  ar.  ^iw.  x=\l±^^\ 

—   4ar 

26.  Given  Sx"  VoT ==4  to  find  a; 

Ans.  a;=(8)'iV,  or  (— /r)lF. 

27.  Given  a:*"— 2a;*"+2f =6  to  find  x. 

Ans.  x=V^,  or  f^l^ 

28.  Givenir*— 2a;'+a:=a  to  find  a; 

.  I=t^3db2i^^+! 

Ans.  x=z 1— V 

2 

29.  Given  a'6*a:>»~4(a6)^a:2««=(a— 6)'ar»  to  find  x. 


'■'-F'^rM=^^^r- 


30.  Given  •'VaJ^=i  •  V-T5(V« + V^r)  to  find  ar. 


^  •=e^r- 
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SIMULTANEOUS    EQUATIONS. 


(358.)  Giyen 


PRO  BLSM. 

-i+ ^=20— i^-^  I  to  find  the  values 

^         ^y  y      f      ofirandy. 

SOLUTION. 

y^     Vy  y 

?4-f^y=4,  or  -6, 

«+yVy=4y,  or  — 5y, 

xz^^y—yVy^  or  —^y—yVy^ 
^=:4y— 8.       Second  eq.  transposed. 
.  • .    4y— 8=4y— y Vy,  or  —^y—yVy^ 
yVy=:8;  oryV'y  +  9y=8, 

yi-8=0  y}  +  9y=8, 

(y*-2)(y+2yi+4)=0  yi  +  l  =  -9y+9,    [yi  +  1. 

,*.    yi=2  yf  +  l  =—9(y—l)  dividing 

y=4  y_yi  +  i  =  -9(yi-l), 

y+2yi=-4  y+8yi=8, 

yi=-ld=*/:=3,  y*=-4db2V'6, 

y=-2±2V^  y=40±16V'6', 

y=-2(l±V'-.3)Butyi+l=0, 

y*=-i, 
y=l. 

11ir«nlwh-t«hW  wA«.f  i*=®»  -*»  -8{2±f^-3),orl52:F64f^6; 
^siibrtitatmg,wegetjy^^^      1, -2(l±f^3s),or  40:Fl6i^6. 
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1.  Giyen  •• 


«•+/= 


EXAMPLBB. 
13 

to  find  the  nz  valneB  of  x  and  f. 


«y= 


6 


«-y 


An9. 


«=8,  —2,  3€^  OP  —2a, 
y=2,  —8,  fa,  »  -So^ 

in  whioih  a= = b 


*.  Given  I  '^J'^Zlll'^ }  to  And  the  dx  ndneB  of  «  ud  y. 

07=5,  4,  50,  or  4a, 
y=4,  5,  4«,  or  5a,    

in  which  a=:=i^^. 


^n«. 


S«  Given 


«*y-4=4ariy— ^,        I  to  find  two  of  the  az  Tabs 
J  L  L    1      1     I      of«andy. 


( y=4,  —2. 


16a:— yt=:6yjxf, 
4«  Given  -{    «*    12     « 

y""""?'^i^ 

[  «=±4,  ±16,  ±2V^  or  ±81^^ 


>*  to  find  the  valaes  of  x  and  f, 

.^   j  a;=±4,  ±16,  ±2V^  or  ±81^^ 
^"'-   ( y=256,  {ie)\   -192,  or  -3(64)'. 


r  2«+y=26-7V2ar+y+4,  ] 
f.  Given   I  2x^y     16     2:r-V'y  I  ^^^  the  valuea  of  f 

(^2a:-f^y     15     2ar-ff^y'         J 

r      n     ,^-lTV^l,^       n^         — 1^*^6145 
ar=2,— 10, ^^ ,  16,  —24,  or         ^ 

Ans, 


y=l,  25, 


64 
161±V32i 


32 


,64, 144,  or 


64        ' 
8073  ±^6145 


82 
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6«  Giyen 


Ans. 


Vx 


-+V4y»-16V'a;=if^ar, 


*=-*»  i, 3 ,  A.  4,  or 

8  +  24^—89 
y=3,li   ^    ;       %  If, -^1,01 


to  find  the  values 
of  X  and  y. 

Y88±24m4 

26 ' 

S1±VQ44 


7.  Given  {!!"«^^,"^.^r*!;.  ^    ,,  f    to   find   the   sixteen 
(  «•— 2ai"y'+y*— ai"+y»=20,  J 

▼aloes  of  X  and  y. 


^n«. 


y=A  —ij ::. 1  — r — .  or 


2        '        2       '  2 

«+y+a5y+«*y+ay-^-«*y+2a:"y'+«y"+a:"y' 
+a:"y*=ll, 
8,  Given   {  «*y  -f  8rc»y«  +  8«»y«  +  2a?*/  +  isd'y'  +  2«*y* 
+  4a;y +4««y* +a!y* +«y +«y  +  2i?*y* 
[  +a:*y»  +  a:«y»=:80 

to  find  the  edzteen  values  of  x  and  y. 

(«+y=i±im,i±jV^,2orl,orl  ±V^, 
^'**'   "j      «y=|TiV'21,iTii^-19,  lor2,orl  :?  ♦^-2. 
KoTB.— The  Bolatioii  of  these  eight  simultaneotis  equations  will  give  the  six- 
tae&  values  of  a;  and  y. 

9«  Given  a^yVxy=a^  xs^Vxz^b,  ^»Vzffz=ze  to  find  a:^  y,  and  «. 
10*  Given  j  Z^     |  to  find  the  values  of  x  and  y. 


^IM. 


y= , 


CHAPTER   XV. 
ABITHMETICAL  FBOOBESSION. 

(359.)  Af(  Arithmetical  Profession  is  a  serieB  of  qoantitiii ii 
which  the  difference  of  the  consecutive  quantities  is  constant^  as 
-i-a  •  a±d  •  a±2d  •  a±Sd  •  a±^^  Ac 

PROBLEM. 

(360,)  To  find  a  general  expression  for  any  term  of  an  orit*- 

metical  progression, 

SOLUTION. 

In  the  progression  a,  o±tf,  a±2a,  a±3a,  a±4a,  adb^cf,  &c^w« 
see  that  any  term  is  equal  to  a  pluSy  pr  minus  cf,  affected  bj  a  coeffi- 
cient which  is  one  less  than  the  number  of  the  term  ;  therefore,  if  w« 
let  n  represent  the  number  of  any  term,  we  have  the  general  expro- 
sion 

nth  term  =a±(»— l)(f. 

If  we  suppose  the  progression  to  terminate,  we  have 

in  which  /  represents  the  last  term,  n  the  whole  number  of  tensm,  i 
the  common  difference,  and  a  the  first  term. 

PROBLEM. 

(36 1  •)  To  find  a  general  expression  for  the  sum  of  all  the  terms 

of  an  arithmetical  progression, 

SOLUTION. 

Putting  S  equal  to  the  sum  of  all  the  terms  in  a  progressioD,  ire 
have 

S=a-\-a±d-\-a±2d  +  a±3d Z,  ton  terms,  (1). 

or,  S=l-\-l^d-{-lT2d  +  l:fSd o,     "       "       (2). 

2S={a-hl)  +  (a+l)  +  {a  +  l)-{-ia  +  l) (/+a)    (3)=(l)+(«). 
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Since,  2S  equals  (a+Q  taken  n  times,  the  ezpreasion  becomes 
2iS=:(a+/)n, 

^=(-^)»or(a+Oj 
wliich  is  the  expression  required. 

Remark. — By  the  aid  of  the  two  formulas  Z=a±(n— ly,  and 

_    /a  +  /\ 

io=(— r— In,  we  are  enabled  to  find  any  two  of  the  terms  a,  d,  n,  I,  S^ 

when  three  of  them  are  given  since  we  shall  have  two  equations  and 
two  unknown  quantities.  We  append  a  few  simple  propositions  for  the 
student  to  demonstrate. 

PROPOSITION 

1.  In  an  arithmetical  progression  consisting  of  three  terms,  the 
sum  of  the  first  and  the  third  term  is  twice  the  second. 

PROPOSITION 

2.  In  an  arithmetical  progression  consisting  of  four  terms,  the  sum 
of  the  first  and  the  fourth  is  equal  to  the  sum  of  the  second  and  the 
third. 

PROPOSITION 

8.  In  an  arithmetical  progression  consisting  of  any  number  of 
terms,  the  sum  of  any  two  terms  equally  distant  from  the  extremes  is 
equal  to  the  sum  of  the  extremes. 

PROPOSITION 

4.  In  an  arithmetical  progression  consisting  of  an  odd  number  of 
terms,  twice  the  middle  term  is  equal  to  the  sum  of  the  extremes. 

RxMABK. — ^In  the  following  examples  the  known  terms  should  be 
substituted  instead  of  the  letters  representing  them,  and  there  will  thus 
arise  one  or  two  equations,  according  as  one  or  both  of  the  formulie, 

Z=:a±(n— l)(f  and  5=1— ^  In,  are  involyed. 

QUX8TI0NB. 

1.  The  first  term  of  an  arithmetical  progression  is  2,  the  common 
difference  3,  and  the  number  of  terms  8.    What  is  the  last  term  f 

Ans.  23. 

2.  The  first  term  of  an  arithmetical  progression  is  3,  the  common 
difference  2,  and  the  last  term  99.    What  is  the  number  of  terms  ? 

Ans.  49. 
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3.  Hie  last  term  of  an  arithmetical  progreasion  ia  100,  the  oamafli 
didcrenoe  4,  and  the  number  of  terma  30.     What  ia  the  first  tenn  f 

Ans.  -16. 

4.  The  first  term  of  an  arithmetical  progreasion  ia  — 20,  the  Dum- 
ber of  terms  01,  and  the  last  term  230.  What  ia  the  oommoa  Wa- 
ence  f  Am,  5. 

5.  The  first  term  of  an  arithmetical  progieflsion  ia  — 7,  the  oon- 
men  difference  —7,  and  the  number  of  terms  101.  What  is  the  na 
of  the  series  \  Ans.  —36057. 

6.  Insert  8  arithmetical  means  between  3  and  21. 

Ans.  -r6- 7-9 -11  •13-  15- 17*  19. 

7.  Insert  3  arithmetical  means  between  |-  and  ^. 

Ans.  -4-J./J.H. 

8.  The  sum  of  an  arithmetical  series  is  120,  the  first  tenn  S,  ai 
the  common  difference  2.    What  is  the  nmnber  of  terma  ?  "^ 

Am  la 

0.  What  is  the  sum  off!  terms  of  the  progression  -^1  *2*3-4*  Aal 

10.  The  first  term  of  an  arithmetical  progression  ia  14,  and  tke 
sum  of  eight  terms  is  28.    What  is  the  common  difl!erenoe  f 

Ana.  —3. 

11.  The  first  term  of  an  arithmetical  progression  ia  12,  and  tbe 
comraon  differen(*e  —  ^.  What  is  the  som  of  the  aeiiea,  aupposing  iD 
its  terms  to  be  positive  f  Afu.  15Q. 

1*2.  What  is  the  sum  of  the  series  -^l*3'5*7-0-  to  100  km\ 

Ams.  10000. 

13.  The  first  term  of  an  arithmetical  progreasion  ia  ^  the  oomoMi 
difference  |,  and  the  number  of  terras  25.  What  ia  die  aom  of  tlw 
serit^  \  Ans.  162}. 

14.  Tlie  first  tenn  of  an  arithmetical  progression  ia  1,  the  nmnber 
of  terms  23,  and  the  sum  of  the  series  is  149^.  What  ia  the  oonBDOa 
difference  :'  Ans.  |. 

15.  What  is  the  nth  term  of  the  series  -=-1 '  3  •  5  •  7  •  Ac.  I 

Ans.  2a— 1. 

16.  What  is  the  sum  of  a  terms  of  the  aeriaa  -i-l*3-5-7-4&l 

Ams.n\ 
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17.  If  a  body  falliDg  to  the  earth  descends  a  feet  the  first  second, 
8a  the  second,  6a  the  third,  and  so  on.  How  far  will  it  fall  during 
the  fth  second?  Ans,  {2i—l)a. 

18.  If  a  body  fidling  to  the  earth  descends  a  feet  the  first  second, 
da  the  second,  5a  the  third,  and  so  on.  How  far  will  it  fall  in  t 
seconds?  Ans,  af, 

10.  The  first  term  of  an  arithmetical  progression  is  |,  the  conmion 
difference  is  If,  and  the  nmnber  of  terms  13.  What  is  the  sum  of 
the  series  ?  Ans,  130if. 

20.  The  first  term  of  an  arithmetical  progression  is  —J,  the  com- 
mon difference  ^},  and  the  number  of  terms  25.  What  is  the  sum 
of  the  series?  Ans, —2%\\. 

(36 2.)  There  are  problems  in  arithmetical  progression  to  which 
the  fundamental  formulae  are  not  inmiediately  applicable,  since  three 
of  the  quantities  a,  if ,  n,  /,  «  are  not  given  to  find  the  other  two,  but, 
in  every  case,  the  number  of  terms  being  given  together  with  other 
conditions  to  find  the  terms. 

It  is  necessary  for  the  student  to  know  how  to  represent  in  the 
best  manner  a  series  of  numbers  in  arithmetical  progression.  One 
mode  has  already  been  given,  namely,  -?-« 'a:±ya?±2ya:±3y  <fec., 
in  which  x  represents  the  first  term  and  y  the  common  difference. 
This  mode  of  representation,  however,  is  seldom  the  most  expedient. 

When  the  number  of  terms  is  odd,  assume  the  middle  one  to  be 
equal  to  X,  and  y  the  common  difference ;  thus, 
-r-x—y  •  X  •  x+y  •  when  there  are  three  terms. 

••^x-'2y'x^y'X'x-\-yx+2y  "         "      five        " 

When  the  terms  are  even,  put  x-^y  and  x+y  equal  to  the  middle 
terms,  2y  being  equal  to  the  common  difference  ;  thus, 
-?-«— 3y  • «— y  •  a: +y  • «  +  3y  when  there  are  four  terms. 

-5-ar— 6y«— Sya:— y«+ya:  +  3y«  +  5y      "        "      six      " 

It  may  be  seen  that  in  this  mode  of  representation  the  common 
difference  disappears.  The  formula  for  the  sum  of  the  series  may  also 
be  easily  deduced  from  this  method  of  representation. 

Thus,         -T- a;— 2y or— y ar*ar  +  yar-f  2// ton  terms. 

and  thus,  -i- «— 3yx— y  r-fy  r4-3y    to  n  terms. 

It  is  evident  that  in  either  of  these  cases  the  sum  of  tht*  stries  is  n 
times  Xy  or  nx.    But  x  may  be  considered  equal  lo  half  tiio  sum  of 

the  first  and  last  tenn,  or  =— — ,  therefore  S=zn  ar=|— —  In. 


862  ABITHMETICAL  PROGRESSIOX. 

QUESTIO  N. 

What  four  numbers  are  there  in  arithmetical  pn^rearion,  of  wHA 
the  sum  of  the  squares  of  the  extremes  is  200,  and  the  lam  of  thi 
squares  of  the  means  is  136  ? 

SOLUTION. 

Let  x+^y^x+y,  x—y^  x—Sy  represent  the  nmnban : 
then     2x'  +  18y'=200, 
and       2x*4-2y*  =  136, 
16y"=64, 
4y=±8, 
y=ih2, 
whence,  2j:"=136-2y'=128, 
x=±8, 
.  *.  the  numbers  are  ±14,  ±10,  =t6,  and  ±2. 

QU  ESTIO  NS. 

1.  Four  numbers  are  in  arithmetical  progression.  The  sum  of  their 
squares  is  equal  to  270,  and  the  sum  of  the  numbers  themselres  ii 
32.     What  are  tlie  numbers?  Ans.   11,  9,  7,  and  5. 

2.  A  number  consists  of  3  digits,  which  are  in  arithmetical  pto- 
gression ;  and  this  number  divided  by  the  sum  of  its  digits  is  ^Jal 
to  26  ;  but  if  198  l>e  added  to  it,  the  digits  will  be  inYOTted.  WaiL 
is  the  number  ?  AfU.  234. 

3.  Tl)(*  sum  of  four  integral  numbers  iu  arithmetical  progreauon  ii 
20,  and  the  sum  of  their  reciprocals  is  |f .     What  are  the  numbers! 

Ans.  2,  4,  6,  and  8. 

4.  Tlie  sum  of  $21  was  to  be  raised  by  subscription  by  three  po^ 
sons,  ^'1,  JDy  and  C;  the  sums  to  be  subscribed  bj  them  respeetiTelj 
fonnin^  nn  nrithmotioal  progression.  But  C7,  dying  before  the  moMf 
was  paid,  the  wliole  fell  to  A  and  B ;  and  (7's  share  was  raised  betweeo 
them  in  the  proportion  of  3  :  2,  when  it  appeared  that  the  whole  iobi 
subscribed  by  A  was  to  the  whole  sum  sub6cri1>ed  by  B:iii9, 
What  were  the  original  subscriptioiLs  of  A,  B,  and  C  ? 

A7i9.  A'a  $3,  ^6  $0,  and  Cs  $1& 

5.  Afler  A,  who  went  at  the  rate  of  4  miles  an  hour,  had  trarcM 
2}  hours,  B  set  out  to  overtake  him,  and  in  order  thereto  wnt  4) 
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miles  the  first  hour,  4}  the  second,  5  the  third,  and  so  on,  gaining  ^ 
of  a  mile  every  hour.    In  how  many  hours  would  he  overtake  A  ? 

Aim,  8  hours. 

6.  The  base  of  a  right-angled  triangle  is  6,  and  the  sides  are  in 
arithmetical  progression.    What  are  the  other  two  sides  F 

Ans.  6,  8,  and  10,  or  4^,  6,  and  7|. 

7.  A  and  B  set  out  from  London  at  the  same  time,  to  go  round 
the  world  (23661  miles) ;  one  going  east,  the  other  west  A  goes  1 
mile  the  first  day,  2  the  second,  and  so  on.  £  goes  20  miles  a  day. 
In  how  many  days  will  they  meet,  and  how  many  miles  will  each 
bave  traveled  ? 

Ans.  198  days.    A  goes  19701,  and  B  3960  miles. 

8.  A  traveler  sets  out  for  a  certain  place,  and  travels  1  mile  the 
first  day,  2  the  second,  and  so  on.  In  5  days  afterwards  another  sets 
out,  and  travels  12  miles  a  day.  How  long  must  the  second  travel  to 
overtake  the  first? 

Ans,  3,  or  10  days.    Explain  this  result 

9.  A  and  Bj  165  miles  distant  from  each  other,  set  out  with  a 
design  to  meet ;  A  travels  1  mile  the  first  day,  2  the  second,  3  the 
third,  and  so  on;  ^  travels  20  miles  the  first  day,  18  the  second,  16 
the  third,  and  so  on.    How  soon  will  they  be  together  ? 

Ans,  In  10  or  33  days.    Explain  the  last  result 

10.  There  are  four  numbers  in  arithmetical  progression  whose  con- 
tinued product  is  1680,  and  conmion  difierence  4.  What  are  the 
numbers!  Ans.  ±14,  ±10,  ±6,  and  ±2. 

11.  The  product  of  five  numbers  in  arithmetica]  progression  is  945, 
and  their  sum  is  25.  What  are  the  numbers  ?    Ans.  9, 1,  5,  8,  and  1. 

12.  There  are  three  numbers  in  arithmetical  progression,  and  the 
square  of  the  first  added  to  the  product  of  the  other  two  is  16 ;  the 
square  of  the  second  added  to  the  product  of  the  other  two  is  14. 
What  are  the  numbers  ? 

Ans.  1,  3,  and  5 ;  or  —5,  —3,  and  —1. 

13.  There  are  two  casks,  A  and  B,  of  which,  A  the  greater,  holds 
812  gallons.  Into  A  a  certain  quantity  of  wine  is  put,  aud  B  is  filled 
with  water ;  then  water  is  conveyed  out  of  B  into  ^  in  the  following 
manner.  First,  a  number  of  gallons  is  taken,  which  is  less  by  2  than 
the  aquaie  root  of  the  number  of  gallons  in  A ;  then  a  quantity  leas 
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than  the  fonnor  by  2  gallons,  and  so  on.  Now  when  j8  is  in  da 
manner  exactly  emptied,  A  is  exactly  full ;  and  it  is  known  thit  % 
gallons  were  taken  out  of  B  at  one  time,  after  which  the  qnantirr  Idc 
in  B  was  12  gallons.    What  is  the  number  of  gallons  of  wine  in  A ! 

Am,  256. 

14.  From  two  towns  which  were  168  miles  distanti  two  penons,  J 
and  B^  set  out  to  meet  each  other ;  A  went  3  miles  the  first  dir,  5 
the  next,  7  the  third,  and  so  on ;  jS  went  4  miles  the  first  day,  6  ike 
next,  and  so  on.    In  how  many  days  did  they  meet !  Aia.  8. 

15.  A  man  borrowed  $00 ;  what  sum  shall  he  pay  daily,  to  canod 
the  debt,  principal  and  interest,  in  60  days ;  interest  at  10  per  oeoL 
for  12  months,  of  SO  days  each  1  Ann.  %\  and  f  ^  of  a  cent 


CHAPTER   IVL 

GEOMETRICAL  FBOGBESSIOV. 

(36 3.)  A  Geomstbioal  Progrsssioh  is  a  series  in  which  the 
SQCcesdve  quantities  are  formed  by  multiplying  the  preceding  one  by 
a  constant  quantity,  which  is  called  the  ratio  of  the  progression  ;  as, 

4f  2  :  4  :  8  :  16  :  32  :  64  in  which  the  ratio  is  2. 
-fr  27  : 9  :  3  : 1 :  ^  :  I  in  which  the  ratio  is  |. 
-^a:ar:ar*:  ar* :  ar*  in  which  the  ratio  is  r. 

Remabk. — ^The  ratio  of  a  geometrieal  progression  is  the  constant  multiplier, 
and  it  would  be  more  philosophical  to  use  another  term,  as  the  French  do.  We 
suggest  the  word  rate.  Some  English  writers  saj  that  the  ratio  of  a  geometrical 
progression  is  the  inverse  ratio  of  its  consecutiye  terms.  Briot^  a  French  writer, 
■ays,  that  "  The  (bappoet)  batxo  of  each  term  to  the  preceding  ia  caUed  the 
(baison)  rate.''  a  few  eaj  that  the  direct  ratio  of  two  consecutiye  numbers  is 
equal  to  the  second  divided  bj  the  first  This  is  not  only  unphilosophical  but 
18  not  consistent  with  the  symbol  used  to  express  ratio.  Thus,  a:b=  e:d  is 
read  the  ratio  of  a  to  6  equals  the  ratio  of  e  to  d  Now,  the  symbol :  is  a  sign 
of  diyision,  and  is  generally  used  as  such  by  the  Germans  in  preference  to  the 
wfmhdt  -$-  introduced  by  Dr.  Pell  Seyeral  American  writers  erroneously  call 
the  method  of  dividing  consequent  by  antecedent  to  express  the  ratio  of  the  latter 
to  the  former,  the  I^ench  method,  Lacroix  is  the  only  French  author  that  we 
have  noticed  who  has  adopted  this  plan. 

PROBLEM. 

(36  4«)  To  find  an  expression  for  the  nth  term  of  a  geometrieal 
progression. 

SOLUTION. 

ft*       9<     S^'t      4(A,       fli,      6'^ 

In  the  series  -^^  lariar^:  ar* :  ar* :  ar* :  d^c,  it  may  be  seen  that 
any  term  is  equal  to  the  first  multiplied  by  the  ratio  affected  by  an 
exponent  which  is  one  less  than  the  number  of  the  term. 
Therefore,  the  nth  term  =zaf^\ 
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In  a  series  which  termioates,  if  we  represent  the  number  of  tflm 
bj  n,  and  the  last  term  hj  /,  we  have 

PBOBLEK. 
(365*)  To  find  an  expression  for  the  sum  of  the  tezms  of  a  geo- 
metrical progression. 

SOLUTION. 
Representing  the  sum  by  S,  we  have 

iS=a4«r+ar'-Kir*+ar* ar'~*44ir*"*-Kif*~',  (1). 

rS=ar-^r*-^r^-^r*-^r* ar*^H4ir'^"-for*  (2)=(l)  xr, 

then  r5-/Sr=ar»-a  (3)=(2)-{1)l 

Since  af*=ar^*  xr,  and  or^*=/,  we  have  ar^=lr; 

becomes  rS—S=lr—a 
(r-l)S=lr^a 

which  is  the  expression  required.    When  r  is  less  than  1  it  it  bat 

to  put  S=- ,  although  the  same  result  will  be  obtained  from 

both  forms. 

PROBLEM. 
(366.)  To  find  an  expression  for  the  sum  of  the  terms  of  ad^ 
creasing  geometrical  progression  when  the  number  of  terms  is  infinitaL 

SOLUTION. 

It  may  be  seen  from  the  formula  S=^ that    the    sum  of 

1— r 

the    series    depends    upon    the    first    term,   last   term,   and  rstia 

In  a   decreasing    geometrical   series   the    terms    must    oontinuallj 

approach    zero    as    a    limit.      Therefore,    when    the    number  of 

terms  is  infinite,   wo  are  compelled  to  consider  sero   as   the  list 

term ;    since  there  is  no   quantity,  however    small,    greater  thsn 

zero  that  may  not  be  reached  or  passed  by  a  finite  number  of 

terms.      If,  then,   /=0,   Ir  must  also   =   0,  and  the   above  (ax^ 

mula  becomes,  for  a  decreasing  geometrical  progression  having  an  in- 

finite  number  of  terms,  jS=-— -,  which  is  the  basis  of  the  IbUowing 
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RULE. 

Divide  the  first  term  of  an  infinitely  decreasing  geometrical  prO" 
gression  hy  the  differejice  between  unity  and  the  ratioj  and  the  result 
will  he  the  sum  of  the  series. 

The  above  formula  may  also  be  deduced  in  the  following  manner : 
Let  iS^=a-Hir+ar'+ar*,  &<%,  ad  infinitum,  r  being  less  than  1(1) 

rS=  4^r+ar'+or',&c.,         u  u  a  «(2)=(l)xr 

;S--rS=a  (3)=(l)-(2) 

/S= ,  the  same  as  before. 

A  few  simple  propositions  are  here  appended  for  the  student  to 
demonstrate. 

PROPOSITION 

(367.)  1,  Ina  geometrical  progression  consisting  of  three  terms 
the  product  of  the  extremes  is  equal  to  the  square  of  the  mean, 

PROPOSITION 

(368*)  2.  In  a  geometrical  progression  consisting  of  four  terms 
the  product  of  the  extremes  is  equal  to  the  product  of  the  means. 

PROPOSITION 

(369*)  3.  In  a  geometrical  progression  consisting  of  any  number 
cf  terms  the  product  of  the  extremes  is  equal  to  the  product  of  any  txoo 
terms  equally  distant  from  them, 

EXAMPLES. 

!•  Find  He  11th  term  of  -::-3  :  0  :  12  :  <kc  Ans.  3072. 

2.  Find  the  sum  of  9  terms  of  -:^1 :  2  :  4  :  <Spc.  Ans.  511. 

St  Find  the  ratio  when  the  first  term  is  3,  last  term  TG8,  and  * 
number  of  terms  9.  Ans.  2. 

!•  Find  the  11th  term  of  4f  J  :  f  :  || :  <feo.  Ans.  TtH?T- 

6.  Find  three  geometric  means  between  4  and  324. 

Ans.  12,  36,  and  108. 

6.  Find  three  geometric  means  between  \  and  }. 

Ans.  ^V6, -l,and|V'6. 
7«  Find  the  sum  of  -frl  i\'.\\  kc  to  infinity.  Ans.  2. 
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8«  Find  the  value  of  .3333,  <bc.,  or  ^^  +  ^f  ^  +  ,  ^^^  Ae^  to  iofiiutf. 

Ant.  I. 

9.  Fiud  tbe  value  of  9.99999,  <l:c,  or  9  +  ^ +yf^,  Ae^  to  infinity. 

Ans.  10. 

lOt  Find  the  value  of  41- j  :  — -^y :  ^fj  :  —gVy  :  Ac.  to  infinitj. 

Ans.  f . 

11*  Find  the  sum  of  -Irl  :  -  :  — :  <fec.,  to  infinity.        Ans.    — . 

12.  Find  the  value  of  .2333,  (be,  to  infinity.  Ajm.  ^. 

13*  Find  the  value  of  .3411111,  <S:c.,  to  infinity.  An».  \\\, 

14.  Find  the  value  of  .323232,  <kc.,  to  infinity.  Ans.  |}. 

15.  Find  the  value  of  .20414141,  ko^  to  infinity.  Ans.  \\\\. 

16«  Find  the  sum  of  the  series  40,  10,  &C.,  to  infinity. 

A-M.  66}. 

a*  .       .  ^ 

17.  Find  the  sum  of  I.'x' :  «j; :  —  :  Ac,  to  infinity.     Atim.  -.  — . 

18.  Find  the  sum  of  \rx\  :  — -,,  <ke.,  to  infinity.      Ans. 


x''     ^'  '  xY^a 

19.  SujijMxse  a  l>ody  to  move  eternally  in  this  manner,  viz^  20  miles 
the  tii-st  iiiinute,  10  miles  the  second  minute,  I85V  the  third,  and  so 
on  in  jjfoometrioal  ]>rogressiou.  What  is  the  utmost  distance  it  can 
reach  i  .  Ans.  400  miles. 

20.  Wljat  is  tlio  di.st:in(!o  passed  through  by  a  ball,  before  it  comes 
to  rest,  \vlii<'li  falls  from  the  height  of  oO  fi^Qt,  and  at  every  M  re- 
bounds lialf  the  distance  1  Ans.  150. 

21.  In  the  preceding  ])roblcm,  supposing  that  a  body  fiills  16^^^ 
the  Inst  isX'coiid,  .3  times  as  far  the  next  second,  and  5  times  as  &r  tbe 
third  s<'coii(l,  and  so  on,  how  long  ^^ilI  it  bo  before  it  comes  to  rest! 

Ans.  yVj  ^'•V7^9'(4  +  3  V'2)  =  1 0-2T85222  seconds. 

(37  O.)  There  are  many  interesting  problems  in  geometrical  pro- 
gression to  which  the  fundamental  formulae  do  not  immediately  apply. 
In  their  sohition  a  great  deal  frequently  depends  upon  the  notation 
used. 

~'~  X  :  xy  :  ry*  is  a  progression  of  three  terms,  y  being  the  ratia 

-.rx\  Vxy :  y  is  a  progression  of  three  terms,  y  ?  being  the  ratia 
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This  last  meihod,  however,  may  be  best  explained  by  the  principle 

inProp.  1,(367.) 

-Tirx  :  xy  :  xy* :  on/*  is  a  progression  of  four  terms,  y  being  the  ratio. 

ar'  y'  .  .         -  i.  y  i    .        i  . 

— :  ar :  y :  -^  IS  a  progression  of  four  terms,  -  being  the  ratio. 
y  X  X 

x:xy:xy^:xy*:xy*\aa.  progression  of  five  terms,  y  being  the 

ratio. 

-H- — :  ic* :  ary :  y* :  —  is  a  progression  of  five  terms,  *-  being  the  ratio. 
y  X  X 

•^x:xy:xy*:xy':xy*:xy*ia  a  progression  of  six  terms,  y  being 

the  ratio. 

,,  X*    3^  y*    y* .  .        -   .  y  1   .       , 

-^—i :  —  :a;:y:-=^'— jisa  progression  of  six  terms,  -  being  the 
y      y  X      X  X 

ratio. 

(371«)  It  is  sometimes  expedient  to  employ  substitution  in  the 
•olution  of  geometrical  problems.    For  example,  if  we  put 

and    xy=:p, 
we  get    ir'+y'=«'— 2p, 
and    ic*+y*=«"— 3/w, 
and     ar*+y*=<*— 4«'p  +  2y, 
and    «• +y*=«*— 5«"j9  +  6«p'. 

Rev ABK. — ^It  would  be  a  good  exercise  for  the  student  to  ascertain  how  these 
results  are  obtained. 

QUESTION. 

(372*)  What  six  numbers  in  geometrical  progression  are  those 
of  which  tbe  sum  of  the  extremes  is  99  and  the  sum  of  the  other  four 
terms  90  f  * 

SOLUTIOir. 

The  conditions  show  that  the  sum  of  the  six  numbers  is  189. 
Let  a;,  ay,  ay*,  ay*,  ay*,  ay*,  represent  the  numbers. 

The  formula  S= —  becomes  by  substitution 

189=^=?(?^, 
y-1        y-i 


P=      A^^  -,  [forward 


24 
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But    xy*-\-x=99, 
99 


•   •  /  +  !' 

189(y~l)_    99 
y*-l     "/  +  !' 
21  11 


y*+y'+i    y^-y'+jf*— y  +  1' 
21y*-21y'+21y*-21y  +  21  =  lly*  +  lly»4-ll, 

10y*  +  10y«  +  10=21y«+21y  (C), 

10(y*  +  y'  +  l)=21y(y»+l), 
Patting  y*  +  l=«,  we  have  10(z'— y*)=21yz, 
102;*-21y2=10y«, 

_21ydi29y_5y 
^""       20       ~T' 

2y'-6y=-2, 

6=fc3     ^ 
y=— =2, 

_    99      _99_ 

Therefore,  the  progression  is  -rr3  :  6  :  12  :  24  :  48  :  96. 

Note. — Equation  (C)  is  recurring,  and  might  be  solved  acooidiii^ 
to  either  of  the  methods  given  in  biquadratics.  Equation  (O)  miriit 
have  been  obtained  without  using  the  general  formula  for  Uie  sun  of 

the  series. 

ANOTHER    SOLUTION. 
X*     X*  V*     V*  * 

Let  — r,  — ,  X,  y,  -^,  — r  represent  the  numbers. 
y^'  y'    '  ^'  X     or     ^ 

.-.    ^  +  ^=99  (1), 

y'      x^  ^  '' 

X*  v' 

and     — +  ar+y  +  — =90  (2), 

x*-\-y'=9dxy         (3)=(l)xa;y.     Putting  «+y=« 
and  xj/=Pj  we  have  »* — 5s*p  +  5sp^ = 99;>*  (4), 

a^ + xy{x + y)  4-  y* = 90j^  (5) = (2),  x  ay 

a;*H-y'=90a:y-a^(a;+y)     (6)=(5)  transposed. 
«'— 3«p=90p— «p,  [fbrwaid 
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5s*  5s^  QQs* 

58  58*       __       99« 

-90+  2«'^(90+  2<)»'"(90  +2<)" 

8100  +  360«+4»"— 460<-10»"+6»'=99«, 

J«  +  189«=8100, 

-189=b261     ^^ 
,= =36, 

«'  36*36-36 

»=-— ==--—— =18-4-4=12-24, 

^     90+ 2«        2-9-9  * 

«  +  y=36, 

ay  =12-24.     Whence,  it  is  obvious  without 

solution,  that    a; =12, 

and    y=24. 

Therefore,  the  series  is  -vr3  :  6  :  12  :  24  :  48  :  96. 

Bkiuiul— This  problem  is  one  of  the  most  difflcalt  of  those  generally  pro- 
posed in  geometrical  progression,  and  the  solutions  given  should  be  careftillj 
studied  by  the  student  that  he  may  be  able  to  solve  others  of  like  character. 

QUESTIONS. 

1.  The  sum  of  the  first  and  third  of  four  numbers  in  geometrical 
progression  is  148,  and  the  sum  of  the  second  and  fourth  is  888. 
What  are  the  numbers  ?  Ans.  4,  24,  144,  and  864. 

2.  There  are  three  numbers  in  geometrical  progression,  the  sum  of 
the  first  and  second  is  15,  and  the  difierence  of  the  second  and  third 
is  36.    What  are  the  numbers  ?  An8,  3,  12,  and  48. 

3.  What  three  numbers  are  there  in  geometrical  progression  whose 
sum  is  14,  and  the  sum  of  whose  squares  is  84  ?   Aru.  2,  4,  and  8. 

4.  What  three  numbers  are  those  in  geometrical  progression,  whose 
sum  is  52,  and  the  sum  of  whose  extremes  is  to  the  mean  as  10  to  3  ? 

Ans.  4,  12,  and  36. 

5.  What  three  numbers  are  those  in  geometrical  progression,  whose 
sum  is  13,  and  the  sum  of  whose  extremes  multiplied  by  the  mean  is 
80  f  Ans.  1,  3,  and  9. 

6.  Tbe  sum  of  the  fint  and  second  of  four  numbers  in  geometrical 
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progression  is  15,  and  the  sum  of  the  third  and  fourth  is  60.    Whtt 
are  the  numbers  ? 

Ans.  5,  10,  20,  and  40 ;  or  —15,  30,  —60,  aod  120. 

7.  The  sum  of  four  numbers  in  f^oinetrical  progression  is  equal  to 
the  common  ratio  + 1 ;  and  the  first  term  =^-fif.  What  are  the  nam- 
bers?  Ans.  ^V,  A,  H.and^f 

8.  A  gentleman  divided  $210  among  three  servants;  the  sanu 
n>C('ived  were  in  geometrical  progression,  and  the  first  received  (90 
more  than  the  last.     How  many  dollars  did  each  receive  1 

Ans.  $120,  $G0,  and  $30. 

0.  The  sum  of  three  numbers  in  geometrical  progression  is  35,  and 
the  mean  term  is  to  the  dit!erencc  of  the  extremes  as  2  to  3.  What 
are  the  numbers?  Ans.  6,  10,  and  20. 

10.  There  arc  three  numbers  in  geometrical  progression,  the 
greatest  of  which  exceeds  the  least  by  16.  Also,  the  difference  of 
the  squares  of  the  greatest  and  the  least,  is  to  the  sum  of  the  squares  of 
all  the  three  numbei-s  as  o  :  7.     What  are  the  numbers  ? 

Am.  5,  10,  and  20. 

11.  The  sum  of  three  numbers  in  geometrical  progression  is  IS, 
and  the  product  of  the  mean  and  sum  of  the  extremes  is  30.  VThai 
are  the  numl>ers  ?  Ans.  1,  3,  and  9. 

12.  The  diagonals  of  4  squares  are  in  an  incrcnsinsr  geometrical 
progivssion,  and  the  product  of  tlie  squares  of  the  diagonals  of  the 
extii'ines  is  to  the  produ(?t  of  the  diagonals  of  the  means  as  a  side  of 
the  thiril  is  to  the  square  root  of  the  common  ratio  divided  by  41 :?. 
What  is  the  diagonal  of  the  third  square,  and  the  common  ratio,  sup 
])Osiiig  their  dillerence  equal  to  45  i 

Ai}s.  81  the  ratio,  and  3G  the  diagonal  of  the  3d  square. 

l.^.  The  dilFerence  ]>etween  the  first  and  second  of  four  nimibersin 
geometrical  progression  is  HO,  antl  the  difference  between  the  third 
and  fourth  is  4.     What  are  the  numbers  ?     An.^.  54,  18,  6,  and  2. 

14.  There  are  three  numlwrs  in  geometrical  progression,  the  sum  of 
the  first  and  second  of  which  is  0,  and  tlie  sum  of  the  first  and  third 
is  15.     What  are  the  numbers  ?  Ans.  3,  6,  and  12. 

15.  Tliere  are  three  numbers  in  geometrical  progression,  whose  sum 
is  14 ;  and  the  sum  of  the  first  and  second  is  to  the  sum  of  the 
second  and  third  as  1  to  2.     What  are  the  numbers  ? 

Ans.  2,  4,  and  8. 
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10.  There  are  three  numbers  in  geometrical  progression,  whose  con- 
tinued product  is  64,  and  the  sum  of  their  cubes  is  584.  What  are 
the  numbers  ?  Ans.  2,  4,  and  8. 

17.  There  are  four  numbers  in  geometrical  progression,  the  second 
of  which  is  less  than  the  fourth  by  24  ;  and  the  sum  of  the  extremes 
is  to  the  sum  of  the  means  as  7  to  3.    What  are  the  numbers  ? 

Ans.  1,  3,  9,  and  27. 

18.  The  sum  of  $700  was  divided  among  four  persons,  whose 
shares  were  in  geometrical  progression ;  and  the  difference  between 
the  greatest  and  least  was  to  the  difference  between  the  means  as  37 
to  12.    What  were  their  respective  shares  ? 

Ans.  $108,  $144,  $192,  and  $256. 

19.  A  company  of  merchants  fitted  out  a  privateer,  each  merchant 
subscribing  $100.  The  captain  subscribed  nothing,  but  was  entitled 
to  a  $100  share,  at  the  end  of  every  certain  number  of  months.  In 
the  course  of  25  months  he  captured  three  prizes,  wHich  were  in 
geometrical  progression,  the  middle  term  being  }  the  cost  of  the 
equipment,  the  common  ratio  the  number  of  months  which  entitled  the 
captain  to  his  $100  share,  and  their  sum  $1375  more  than  the  cost  of 
the  equipment  After  deducting  $875  for  prize  money  to  the  crew, 
the  captain's  share  of  the  remainder  amounted  to  ^  of  that  of  the 
company.  What  was  the  number  of  merchants,  and  the  captain's  pay  ? 

Ans.^  25  merchants,  and  captain's  pay  $100  at  the  end  of  every  5 
months. 

20.  There  are  four  numbers  in  geometrical  progression,  the  differ-* 
ance  of  whose  means  is  3,  and  the  difference  of  whose  extremes  is 
10^.    What  are  the  numbers  f  Ans.  1|,  3,  6,  and  12. 

21.  The  sum  of  three  numbers  in  geometrical  progression  is  31, 
and  the  sum  of  their  square  is  651.    What  are  the  numbers  ? 

Ans.  1,  5,  and  25. 

22.  The  sum  of  four  numbers  in  geometrical  progression  is  15,  and 
the  sum  of  their  squares  is  85.    What  are  the  numbers  ? 

Ans.  1,  2,  4,  and  8. 

23.  The  sum  of  five  numbers  in  geometrical  progression  is  31,  and 
the  sum  of  their  squares  is  341.    What  are  the  numbers  ? 

Ans.  1,  2,  4,  8,  and  16. 

24.  The  sum  of  six  numbers  in  geometrical  progression  is  63,  an4 
the  sum  of  the  second  and  fifth  is  18.    What  are  the  numbers  ? 

-4iw.l,2,  4,  8,  16,  and32. 
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25.  The  smn  of  six  numbers  in  geometrical  progieanon  k  63,  nil 
the  sum  of  the  means  is  12.    What  are  the  nmnbeFs  f 

Ans.  1,  2,  4,  8,  16,  and  32. 

26.  The  sum  of  six  numbers  in  geometrical  piogreasion  is  1365, 
and  the  sum  of  the  extremes  is  1025.    What  are  the  niimbexs! 

Ans.  1,  4,  16,  64,  256,  and  1024. 

27.  What  six  numbers  are  those  in  geometrical  progreasion  whose 
sum  is  315,  and  the  sum  of  whose  extremes  is  165  ? 

Ans.  5,  10,  20,  40,  80,  and  160. 

28.  What  number  is  that  which  being  severaUj  added  to  3, 10, 
and  51,  shall  make  the  results  in  geometrical  progressioii  1 

Afu,  18. 

29.  $120  are  divided  between  four  persons,  in  such  a  waj,  thit 
their  shares  may  be  in  arithmetical  progresaon ;  bat  if  the  aeooiid 
and  third  had  received  $12  less  each,  and  the  foorth  ^4  more,  the 
shares  would  have  been  in  geometrical  progreasion.  Wliat  was  tha 
share  of  each !  Ans.  $3,  $21,  $39,  and  (57  respectivelf. 

30.  The  sum  of  three  numbers  in  geometrical  progrcasion  la  7,  and 
the  difference  of  whose  difference  is  1.    What  are  the  nmnbersf 

An9.  1,  2,  and  4. 


CHAPTER  XTII. 
PROPORTION. 

(373.)  Proportion  is  an  equality  of  ratios. 

(37  4*)  If  the  ratio  of  a  to  6  is  equal  to  the  ratio  of  e  tod,  these 
four  tenns  constitute  a  proportion  which  is  usually  written  a:b::e:d, 
and  is  read  a  is  to  6  as  c  is  to  (f.  Sometimes  the  sign  of  equality  is 
used  instead  of  the  four  dots,  as  a :  b=c :  d,  which  may  he  read,  the 
ratio  of  a  to  6  is  equal  to  the  ratio  of  cto  d. 

We  may  consider  the  symhol :  as  an  ahhreviation  of  the  sign  H-  ; 
whence,  we  infer  that  a:b::e:d  ia  only  another  mode  <^  writing 

a-^6=c-T-(f,which  is  the  same  as  7=;>  This  shows  that  every  pro- 
portion is  essentially  an  equation. 

(375*)  The  four  quantities  of  a  proportion  are  called  its  terms. 

(376*)  The  first  and  the  fourth  term  are  called  the  extremes,  and 
the  second  and  the  third  term,  the  means. 

(377*)  The  first  two  terms  of  a  proportion  are  the  first  couplet, 
and  the  other  two,  the  second  couplet. 

(378.)  The  first  term  of  a  couplet  is  called  the  antecedent,  and 
the  second  term  the  consequent. 

(379*)  Three  quantities  are  in  proportion  when  the  ratio  of  the 
first  to  the  second  is  equal  to  the  ratio  of  the  second  to  the  third. 

(380«)  The  second  quantity  is  called  a  mean  proportional  be- 
tween the  other  two,  and  the  third  quantity  a  third  proportional  to 
the  other  two. 

Hius,  in  the  proportion  a :  6 : :  6 :  c,  6  is  the  mean  proportional,  and 
e  the  third  proportional. 

(381.)  The  equality  of  more  than  two  ratios  maybe  thus  written, 
a:b::c:d::e:f::ff:h,  &c,,  which  may  be  read  aisto6ascisto 
cf,  as  e  is  to/,  as  ^  is  to  A,  &c 

•RyvAftg^ — The  student  should  obsenre  that  the  demonstratioiis  of  the  follow- 
ing propofiitionB  in  regard  to  proportion  are  based  upon  the  ikct  that  ereiy 
proportion  is  essentiallj  an  equation. 
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PRO  P  O  SITIO  K 

(382.)  1.  In  every  proportion  the  product  of  the  extremes  is  eqwd 

to  the  product  of  the  means, 

DEMONSTBAtlOK. 

Let  a :  6 : :  c :  <f  represent  any  proportion.     We  are  to  prore  tint 
ad=bc.    This  proportion  expressed  as  an  equation  is 

H     » 

ad=be  (2)=(l)xW.   Q.B.1>. 

Or, 

Put  a=rh,  then  by  the  nature  of  a  proportion  c=rd.     The  propor- 
tion will  then  stand rb:b::rd:d. 

Multiplying  the  extremes  together,  we  have  rbd. 
Multiplying  the  means  together,  we  have  rbd. 
These  results  are  identical,  therefore,  the  proposition  is  true. 
Remark. — ^This  proposition  furnishes  the  test  of  a  proportion. 

QUESTION. 

Are  2,  4,  3,  V,  in  proportion  ? 

SOLUTION. 

Multiplying  2  by  7,  wo  get  14,  and  4  by  3,  we  get  12,  which  aw 
not  equal,  therefore,  by  the  foregoing  proposition  they  are  not  in  pro- 
portion. 

QUE  STIONS. 

1.  Are  3,  7,  8,  11  in  proportion  ? 

2.  Arc  8,  16,  4,  2  in  proportion  ? 

3.  Are  2.r,  Sx,  4a?,  Qx  in  proportion  ? 
4*  Are  -},  J,  y'g->  i  ^^  proportion  ? 

5.  Are  ^,  J^,  |,  ^  in  proportion  ? 

Remark. — If  auy  term  of  a  proportion  is  unknown,  pat  it  equal  to  a^  nd 
form  an  equation  bv  placing  the  product  of  the  extremes  equal  to  the  prodnot 
of  the  means,  and  then  solve  the  equation  to  obtain  the  Talue  of  x»  When  OM 
of  the  means  is  unknown,  it  is  most  convenient  to  put  the  product  of  the  means 
equal  to  the  product  of  the  extremes. 

PROPOSITION 

(383«)  2.  When  three  wumhers  arc  in  proportion^  the  product  of 
the  extremes  is  equal  to  the  square  of  the  mean^ 
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QUESTIONS. 

!•  Are  8,  4,  5  in  proportion  ? 

2>  Are  8,  6,  12  in  proportion? 

3.  Are  a:,  fjcy,  y  in  proportion  f  ^ 

4.  Are  ox,  a5^,  6a;  in  proportion  f 

5.  Are  cu?,  a?V^a6,  6a;  in  proportion  % 

PBOPO  SITION 

(384.)  3.  When  the  product  of  two  quantities  is  equal  to  theprfh 
duct  of  two  other  quantities^  the  four  quantities  may  he  expressed  in 
the  form  of  three  different  proportions, 

DSMONSTBATION. 

Let  ad=bc.  We  are  then  to  prove  that  all  of  the  following  pro 
portions  are  true, 

a:b;:<c:d^ 
a;c::h:dy 
b:a::d:cj 
The  equation  ad=bc  may  be  put  in  the  following  forms ; 

a__c 
6""? 
a_b 
c'-iT 
b_d 
a^c' 

and  these  three  equations  respectively  give 

a :  6 : :  c :  <f , 
a:c::b:d, 
b:a::d:c,   Q.  K  D. 

CoROLLABT. — Siuce,  on  the  supposition  that  ad^hc^  we  get  the 
proportions 

aiciibid 

biawdiCy 

we  infer  that  these  proportions  are  also  true  on  the  supposition  that 

a :  6  : :  c :  (f  , 
because  this  proportion  gives 

ad=bc. 
From  this  fact  we  obtain  the  two  foUowing  prcqKwitions : 
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PB0P08ITI0  BT 

(385.)  4.   When  four  quantitus  are  in  proparHon^  ike  Jbni  is  |i 

the  third  as  the  second  is  to  the  fourth 

If  a :  6  : :  c :  rf, 
then  a:c  ::  bid. 
This  is  called  proportion  by  Alternation, 

PROPOSITION 

(386,)  5.   WTien  four  quantities  are  in  proportion^  the  second  if 

to  the  first  as  the  fourth  is  to  the  third. 
If  a :  6  : :  c :  (f  , 
then  h'.a:\  die. 
This  is  called  proportion  by  Inversion, 

PROPOSITION 

(387  •)  6.  When  a  couplet  is  common  to  two  prcporUons^  the  other 

two  couplets  toill  constitute  a  proportion. 

If  a:b  iimin, 

and  cid  i:  min, 

then  a:b  I  I  c  i  d. 

Let  the  student  prove  this. 


(388.)  l.lU'.b 


PROPOSITION 

;  c  :  rf,  then  are  the  following  proportioiis  tme: 
m^imbiimci  md 
ma imbii  c  id. 
ai  b  i\  mci  md 
fTuz:  b  i:m4:id 

aimbi:  c  :  md 

mu  I  mb  II  ru:  I  nd 

ma:  nb  iim^ind 

a  ^    bed 

m    m     m     m 

a      b 


m 

a 

a 
m 


m 
b 

b 

b_ 
m 


c 

'  m 
c 

'  m 


c  id 

d^ 

m 

d 
d 


PBOPOKnoK.  879 

Let  the  student  prove  these  proportions  to  be  true  by  an  applica- 
tion of  Prop.  1,  (383.) 

PROPOSITION 

(389.)  8.  When  four  quantities  are  in  prapartiony  the  sum  of 
the  first  and  second  is  to  the  second  as  the  sum  of  the  third  and  fourth 
is  to  the  fourth, 

DEMONSTRATION. 

Let  a'.hwcid  (1).    We  are  to  prove  that 

a-{-h\h:\e+d\d 

ad=:bc  (2)=(1)  by  Prop.  1,  (382.) 

ad  +  bd=bc  +  bd  (8)=(2)  with  bd  added  to  both  members. 

{a-\-b)d=b{c-\-d)  (4)=(8)  factored. 

By  Prop.  3,  (384)  a-^b:b::  c-\-d  : d.     Q.  E.  D. 

This  and  the  derivatiye  proportion  in  the  following  proposition  is 
called  proportion  by  Composition, 

PROPOSITION 

(390*)  9.  When  four  quantities  are  in  proportion^  the  sum  of  the 
first  and  second  is  to  the  first  as  the  sum  of  the  third  and  fourth  is  to 
the  third. 

Let  the  student  prove  this. 

PROPOSITION 

(391.)  10.  When  four  quantities  are  in  proportion^  the  difference 
between  the  first  and  second  is  to  the  second  as  the  difference  between 
the  third  and  fourth  is  to  the  fourth, 

DEMONSTRATION. 

Let  a:b::c:d  (1).    We  are  to  prove  that 

a^h:h::e—d  :d 

ad=bc  (2)=(1)  by  Prop.  1,  (382.) 

ad—bd=bd—bc      (3)=(2)  with  M  subtracted  from  both  members. 
{a—b)d=b{c—d)      (4)  =  (3)  factored. 
By  Prop.  3,  (384)  a-6 : 6  : :  c-d  :  d.      Q.  K  D. 
This  and  the  derivative  proportion  in  the  following  proposition  is 
called  proportion  by  Division. 
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PEOPOSITION 


(392.)  11.  When  four  quantities  are  in  proportion,  the  diffa 
between  the  first  and  second  is  to  the  first  as  the  difference  betwetn  tkt 
third  and  fourth  is  to  the  third. 

Let  the  student  prove  this. 

PROP  O  8ITI0N 

(393*)  12.  When  four  quantities  are  in  proportion,  the  turn  cf 
the  first  and  second  is  to  their  difference  cts  the  sum  of  the  third  tad 
fourth  is  to  their  difference. 

DEMONSTRATION. 

Let  a:b  ::  c:d.    We  are  to  prove  that 

By  Prop.  8,  (389)  and  Alternation,  a  +  b;  e^^d  ::  b  :d 

ByProp.lO,(391)    "  "  a-^bie^-d  ::  b  :  d 

then  by  Prop.  6,  (387)     "  "  a  +  b: a—b  : :  c-\-d  :  c-d 

Q.  E.  D. 

PROPOSITION 

(394.)  13.  In  a  continued  proportion,  any  antecedent  is  to  its 
consequent  as  the  sum  of  all  the  antecedents  is  to  the  sum  of  all  tki 
consequents, 

DEMO  NSTRATION. 

Let  a\h  ::c  ',d  ::  e  :f:\  g  \h',:  <kc.    We  are  to  prove  that 
a\h\:a  +  c-\- e+g,  <fec.  :  b+d+f+h,  <fec. 

ad=bc 
af=be 
ah=bg 

Whence,  ad  +  af+ah,  &;c.=^bc  +  be+-bgj  Ac 
Addintr  ab,  we  have  ab+ad  +  af+ah,  &c.=ab-jrbc+be+bg,  Aa 
a{b-{-d  +  f+h,  &c.)=b{a-hc-he+p,  Ac) 

By  Prop.  3.  (384)a:6::a-i-c  +  e+^,  &c. :  6+rf-h/+A,  <fec. 

Q.  JS.  D. 

PROPOSITION 

(395.)  14.  Jf  the  corresponding  terms  in  two  proportions  be  mud' 
tiplied  together  the  products  will  constitute  a  proportion. 


By  Prop.  1,  (382) 
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D  X  M  O  N  8  T  B  A  T I  O  K  • 

Let  a:b::c:d^ 
and  m:n::p:q. 
We  are  to  prove  tliat  am:bn::cp:dq. 

By  Prop.  1,(382.)   i  "^"^^ 

Multiplying  am'dg=bn*(p. 
By  Prop.  8,  (384.)  am:lm::cp:dq.     Q.KD. 

PROPOSITION 

(396*)  15.  Jf  the  terms  of  one  proportion  be  divided  by  the  cor- 
responding terms  of  another  proportion,  the  quotients  will  constitute 
a  proportion. 

Let  tbe  stadent  prove  this. 

PROPOSITION 

(397*)  16.  If  four  quantities  be  in  proportion^  their  like  powers 
or  roots  will  be  in  proportion. 


We  are  to  prove  that 


DBMONSTBATION. 

Let  a:b::c:d. 
(  a" :  6* : :  c* :  cf  *, 

lamlbmllCmldm. 


By  Prop.  1,  (382.)  ad=bc, 
By  involution  a''d'^=b'*^, 

By  evolution  amd^=:bmcm. 
Whence  by  Prop.  8,  (384.)  S  ^1     1      1  ^»'  ^      Q.KD. 
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PROPOSITION 

(398.)  17.  If  three  quantities  are  in  proportion,  the  first  is  to  the 
third  in  the  duplicate  ratio  of  the  first  to  the  second,  that  is  as  the 
square  of  the  first  is  to  the  square  of  the  second. 

If  a :  6 : :  6 :  c,  prove  that  a :  c : :  a' :  5'. 

PROPOSITION 

(399«)  18.  If  four  quantities  are  in  continued  proportion,  the  first 
is  to  the  fourth  in  the  triplicate  ratio  of  the  first  to  the  second. 
lta:b::b:e::e:d,  prove  that  a:d::a^:b*. 
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PBOPOSITIOK 

(400*)  19.  lfm:n::p:q  and  am:bn::e:d^  then  apzbg:: eid. 
J{m:n::p:q  and  aibiimc:  ndy  then  a:b  :  ipe  :  qd. 
lfm:n::p:q  and  amibi:  nc  id,  then  apib  iicq  :d. 
Ummiipiq  and  a:bm::c:dn,  then  a  :bp  lie  idg. 

PROPOSITION 

(401.)  20.  If  i'':*:;\'Jf  ihena:b±:eizeid±/. 
^  |a:6::c:rf)   ti^en  adbe :  6  : :  c  ±/:  (f. 

PROPOSITIOK 

(402.)  21.  If  the  two  consequents  of, four  quantities  inpnpo^ 
tion  be  increased  or  diminished  by  quantities  which  have  the  sawu 
ratio  (u  the  antecedents,  the  resulting  quantities  and  the  antecedents 
will  be  in  proportion. 


^^  ( a:b::c:d)    . 
If  -J  [  thena:c::6db 

( a:c::m:n ) 


midden. 


^  n  »  ■■  ^ 


HARMONICAL    PROPORTION. 

(403.)  Three  quantities  are  in  harmonical proportion,  when  the 
first  is  to  the  third,  as  the  difference  hetween  the  first  and  the  second 
is  to  the  difference  between  the  second  and  third. 

The  quantities  a,  6,  and  c  are  in  Jiarmonical  proportion  when 
'  aic  la'^bi  ft/^c. 

(404,)  Four  quantities  are  in  liarmonical  proportion,  when  the 
first  is  to  the  fourth,  as  the  difference  between  the  first  and  second  is 
to  the  difference  between  the  third  and  fourth. 

The  quantities  a,  6,  c,  and  d  are  in  harmonical  proportion  when 
ai  dii  a'^b  :  e^^d» 

PROBLEM. 

(405.)  To  find  an  harmonical  mean  between  a  and  e, 

SOLUTION. 

Let  a:  =  the  required  harmonical  mean.  Since  a,  x,  and  e  are  in 
harmonical  proportion,  we  have  aieii a—x i x—c 
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oas— ac=ac— or, 

{a+c)x=2acj 

2ae 
«= ,  the  mean  to  be  found. 

*  PROBLEM 

1.  Given  the  first  and  second  of  three  quantities  in  harmonical  pro- 
jportion  to  find  the  third. 

PBOBLXM 

2.  Given  the  second  and  third  of  three  quantities  in  hannonical 
proportion  to  find  the  first. 

PROBLEM 

3.  Given  the  fifst  three  of  four  quantities  in  hannonical  proportion 
to  find  the  fourth. 

PROBLEM 

4.  Given  the  last  three  of  four  quantities  in  hannonical  proportion 
to  find  the  first 

PROBLEM 

5.  Given  the  first  and  last  and  one  of  the  middle  quantities  of  four 
quantities  in  harmonical  proportion  to  find  the  other  middle  quantity. 


^  »>  »  >'  » 


HARMONICAL   PROGRESSION. 

(406«)  An  Habmonioal  Progression  is  a  series  of  quantities^ 
any  consecutive  three  of  which  are  in  karm<mieal  proportion. 

PROPOSITION 

(407  •)  1.  The  reeiprocaU  of  a  series  of  quantiiies  in  harmonical 
progression  are  in  arithmetical  progression, 

DEMONSTRATION. 

Let  a,  6,  c,  rf, «,/,  Ac,  be  an  harmonical  progression.    We  are  to 

prove  that  -,  X,  -,  >  -t  :>»  *c.  is  an  ariihmetical  progression. 
^  a  0  e  a   e  J 
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If  we  prove  that 


1     1_2 
1     1__2 


1     1_2 


1     1_2 

we  shall  establish  the  truth  of  the  proposition. 

2ac         h       ac  2      a+c     1 

,  or  -=— ^,  or  -= 


We  have  h=- 


a-\-(i' 


2"  a-^-c' 


ac 


=  -  + 


•  2ac  .112 

We  have  6= ^  which  gives  --| — =^, 

a-\-c  a     c    o 


e= 


d= 


2bd 
2ce 


1     1_2 
1     1_2 

1     1_2 

d'^f? 


Q.  JS.  D. 


We  are  to  prove  that 


By  the  nature  of  the 
^ffogression,  we  have 


Whence,  we  get 


ANOTHER     DBM O NSTB A TI  O K. 
1_1__1_1 

1_1_1_1 

b'~c'~c     d' 

1    1_1_1 

e'~d~~d'~  e' 
d     e~~  e   /' 

a:c:  :a—b : 6— c, 
bid::  b—eie—d, 
c:e  :: c-~d:d—e, 
d:f::d—e:e—/. 

ab—ac=(ic—bCf 
bc—bd=bd—cd^ 
cd—ee  =  c€— (f«, 
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886 


Diyiding  respectively  by 


abc,  gives 
body  gives 
cde,  gives 
def,  gives 


1 

1     1 

1 

c 

"6^6 

a' 

1 

1     1 

1 

d 

c     c 

'6' 

1 

1     1 

1 

e 

'd^d" 

"c' 

1 

1     1 

1 

/ 

0     e 

(T 

become 


Q.KD. 


These  equations  by  transpodtion, 
1_1_1_1 

a   b~"b  e 

h     c^ e    i 
1_1_1_1 

1-1-1-1 
d     fT  t    J 

The  converse  of  the  preceding  proposition  is  evident]]^  true,  there- 
fore, we  have  0 

PROPOSITION 

(408*)  2.  The  reciprocals  of  a  series  of  quantities  in  arithmetic 
eal  progression^  will  constitute  an  harmonieal  progression. 

Since  1,  2,  8,  4,  5,  6,  &c^  is  an  arithmetical  series,  their  reciprocate 

111111 
1'  2'  8'  4'  6'  6' 

The  fractions  in  this  series  are  in  the  ratio  of 

60,  80,  20,  16,  12,  10,  &a, 

which  must  also,  be  an  harmonic  series. 

Rbmabk. — ^It  is  a  principle  in  mnsio  that  the  longer  a  string  is,  the  lower  is 
the  sound  produced  by  its  vibration.  If  then,  we  have  mosical  strings  of  equal 
weight  and  tenmon  which  are  in  the  ratio  of  60, 30,  20,  16, 12, 10,  and  call  the 
sound  produced  by  the  vibrations  of  the  string  whose  length  is  60,  the  key  note, 
the  sounds  produced  by  the  string  whose  length  is  30,  will  be  the  octave  of 
this  key-note ;  by  the  string  20  the  fifth  of  this  octave,  or  the  twelfth  of  the 
key-note:  by  the  string  16,  the  octave  of  the  octave,  or  the  double  octave  of 
the  key-note  ,*  by  the  string  12  the  third  of  this  double  octave  or  the  seventeenth 
of  the  key-note ;  by  the  string  10  the  fifth  of  this  double  octave  or  the  nine- 
teenth of  the  key-note.  The  simultaneous  vibration  of  these  will  produce 
wliat  Is  called  hannany;  henoe^  the  name  harmonicttl  progression* 

25 


-,  (fiw.,  is  an  harmonieal  series. 
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PROBLEM. 

(409.)  To  find  any  number  of  harmonic   means  between  two 

quantities. 

SOL  UTION. 

Let  it  bo  required  to  find  m  harmonic  means  between  a  and  e. 

BjProp.  1,  (407.),  we  have  - -,  an  arithmetical 

progression  of  r/i  4-  2  terms. 

By  substituting  in  the  formula  /=adz(n— l)rf,  we  hare 

d=(m  +  l)6c' 
Having  found  the  common  di£ference,  we  are  now  ablo  to  insert  m 
arithmetical  means  in  the  arithmetical  series. 

1 1 

b c 

The  scries  becomes 

_^1    1     ,  h-c_ 1         2(6-f)        1  3(6— c) 

1         A{b-c)  \ 

b'^  db(w  +  l)6c*"? 
1      mc-\-h      inc-{-2b—c   mc-{-Zb—2c  mc-^-Ab — 3c        1 
'b\7n^\)bc '    {m-\-l)bc7'     (w4-l)6c~'    (m+  l)bc~~        c* 
Hence,  the  harmonic  series  is 

{m+J)bc     (w4-l)6c_        {m  +  l)bc  {m-}-l)bc  1 

'  ~wc+y '  \m  —  l)cT2b'  (m— 2)c  +  36'   {m—S)c+4b    '  *  c' 

EXAMPLES. 

!•  Find  an  harmonic  mean  between  3  and  6                       Ans.  4. 
2,  Find  an  harmonic  mean  between  a:4-y  and  x—y.      Ans, ^ 

X 

3*  Find  an  harmonic  mean  between  and .       -4iw,  -. 

4.  Find  the  third  of  three  quantities  in  harmonical  proportioDy  tU 
first  and  second  being  3  and  4.  AnM,  0. 


or 
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5*  Find  the  first  of  three  quantities  in  hannonioal  proportion,  the 
aecond  aud  third  being  144  and  104.  Ans.  234. 

6«  Find  the  fourth  of  four  quantities  in  harmonic  proportion,  the 
first  three  being  2,  3,  and  8.  Ana.  16. 

7«  Find  the  third  of  four  quantities  in  hannonioal  proportion,  the 
first  being  10,  the  second  12,  and  the  fourth  15.  Ans,  12. 

8.  Find  the  second  of  four  quantities  in  harmonical  proportion,  the 
first  being  5,  the  third  9,  and  the  fourth  15,  Ans.  7. 

9«  Find  the  first  of  four  quantities  in  harmonical  proportion,  the 
second  being  6,  the  third  0,  and  the  fourth  15.  Am,  4f  • 

18*  ilnd  a  harmonic  mean  between  50  and  100.  Ans,  66}, 

11*  Find  a  harmonic  mean  between  25  and  50.  Ana,  33^. 

12*  Find  a  harmonic  mean  between  12^  and  25.  Ana,  16}. 

ISt  Find  two  harmonic  means  between  1^  and  3.  Ana,  H  and  2. 

14«  Find  three  harmonic  means  between  10  and  30. 

Ana,  12,  15,  and  20. 

15«  'Find  three  harmonic  means  between  315  and  35. 

Ana.  105,  63,  and  45. 

16«  ]Blnd  fourteen  harmonic  means  between  |  and  4. 

^na.  T*y,  },  T*^,  i,  T*p  i,  *,  h  h  h  h  1»  H,  and  2. 

17«  Find  the  fifth  term  of  an  harmonical  progression  whose  first  term 
18  60  and  second  term  21.  Ana.  Ify. 

18«  Find  the  unknown  terms  of  an  harmonical  progression  consist- 
ing of  12  terms,  the  first  being  4  and  the  fourth  1. 

Ana,  2,  IJ,  |,  },  4,  f  f  },  ^,  and  f 

18i  Find  the  resulting  proportion  when  a,  5,  c  are  in  arithmetical  pio- 
gression,  and  (,  <;,  (f  in  harmonic  proportion.       Ana,  a:b  ::e:  d. 

28t  IBInd  the  nth  term  of  an  harmonical  progression,  a  and  b  being 
the  first  two  terms. 

j^ f? 
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PROBLEMS    IN    PROPOBTION. 


FBOBLKM. 


(410«)  There  are  two  numbers  whose  prodaot  is  24,  and  tht 
differenoe  of  their  cubes  is  to  the  cube  of  their  difierenoe  as  10  is  to  L 
What  are  the  numbers ! 


SOLUTION. 


Let  «  =  the  greater  number, 
and  y  =  the  lesser  number. 


By  2nd  condition,   x*— y* :  {x—yY : :  19  : 1 

«*+ay  H-y* :  «'-2aryH-y' : :  19  :  1 

Prop.  7.           (9) 

Say  :ar'H-  a:yH-y'::18  :  19 

Prop.  11. 

iry:ar'+  ay+y*::  6  :  19 

Prop.  7.          (11) 

a:y:«"  +  2xyH-y'::  6  :  25 

Ptop.  0  and  Ph>p.  IL 

4ay:x'+2xy-f-y»::24:25 

Prop.  V.            (4) 

(x+y)*:(a;-y)«::25:l 

Prop.  10  and  Prop.  a. 

«+y  :  a?— y ::  6  : 1 

Prop.  16. 

2x  :  2y : :  6  :  4 

Prop.  12. 

X  :  y::  3  :  2 

Prop.  7.           (8) 

8y^2a? 

Plrop-1. 

y=l* 

By  1st  condition^                         2;y=24 

|«'=:24 

a;'=36 

x=±6 

y=±4 

QUESTIONS. 

1.  There  are  two  numbers  whose  product  is  135,  and  the  difiis^ 
ence  of  their  squares  is  to  the  square  of  their  difference  as  4  to  1. 
What  are  the  numbers  ?  An^,  15  and  9. 

2.  There  are  two  numbers  which  are  to  each  other  in  the  duph'cate 
ratio  of  4  to  3,  and  24  is  a  mean  proportional  between  them.  Whit 
are  the  numbers  ?  Ans,  32  and  18. 

3.  There  are  two  numbers  whose  sum  is  24,  and  their  product  is  t» 
the  sum  of  their  squares  as  3  to  10.    What  are  the  numbe|B  f 

Ans,  18aiidd« 
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4.  There  are  three  numbers  which  are  to  each  other  aa  3  to  2.  If 
6  be  added  to  the  greater  and  subtracted  from  the  lesser,  the  sum  will 
be  to  the  remainder  as  3  to  1.    What  are  the  numbers  ? 

Am,  24  and  16. 

5.  There  are  two  numbers  whose  sum  is  60,  and  their  produot  is  to 
the  sum  of  their  squares  as  9  to  5.     What  are  the  numbers  f 

M».  40  and  20. 

6.  The  number  20  is  divided  into  two  parts,  which  are  to  each 
other  in  the  duplicate  ratio  of  3  to  1.  What  i3  the  mean  proportional 
between  these  parts !  Jau.  9« 

a'— ic* 

7.  If — r — =4a,show  thata+»:2a::26;a— «• 

6 


8.  K  {a-\-xy :  (a— «)• : :  «+y : «— y,  show  that  aixi  iV2a—y\Vy. 


9.  If  a; :  y ; :  a* :  6'  and  aihiiVc-k-xi  Vd-{-y  show  that  dx=zcy^ 

10.  Kd^ :  y* : :  36 :  25  and  2x+y : ^+2  in  a  ratio  compounded  of 
the  ratios  of  17  : 2  and  2  :  7,  what  are  the  values  of  jt  and  y  f 

Ant.  «3sl2,  and  y=10, 

11.  A  person  has  British  wine  at  5s.  per  gallon,  with  whidi  he 
wishes  to  mix  spirits  at  lis.  per  gallon,  in  such  proportion  that  by 
selling  the  mixture  at  9s.  a  gallon  he  may  gain  35  per  cent  What 
is  the  necessary  proportion ! 

Afu.  13  gallons  of  wine  to  5  of  spirits. 

12.  What  number  is  that  to  which  if  3,  8,  and  17  be  severally 
added,  the  first  stun  shall  be  to  the  second  as  the  second  to  the  third  ! 

•  Am.  3J. 

13.  A  merchant  having  mixed  a  certain  number  of  gallons  of  brandy 
and  water,  found  that  if  he  had  mixed  6  gallons  more  of  each  there 
would  have  been  1  gallons  of  brandy  to  every  6  gallons  of  water,  but  if 
he  had  mixed  6  gallons  less  of  each  there  would  have  been  6  gallons  of 
brandy  to  every  5  gallons  of  water.    How  much  of  each  did  he  mix  t 

Arts.  IB  gallons  of  brandy  and  66  of  water. 

14.  A  and  £  speculate  in  trade  with  different  sums.  A  gain9 
$150,  £  loses  $50,  and  now  ^'s  stock  is  to  ^s  as  3  to  2 ;  but,  had 
A  lost  $50  and  £  gained  $100,  then  ^'s  stock  would  have  been  to 
^8  as  5  to  9.    What  wiui  the  stock  of  each  ? 

Ans.  As  $800  and  ^s  $850. 
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15.  What  are  the  two  parts  of  14  of  which  the  greater  divided  bj 
the  less  b  to  the  less  divided  hj  the  greater  as  16  to  9. 

Ans,  8  andtf. 

16.  In  a  mixtore  of  mm  and  hrandy,  the  difierenoe  between  tht 
^paadties  of  each  is  to  the  quantity  of  brandy  aa  100  is  to  the  nrnn- 
ber  of  gallons  of  mm  ;  and  the  same  difference  ia  to  the  qnantitv  oc 
rum  as  4  is  to  the  number  of  gallons  of  brandy.  How  many  gallooi 
ai6  there  of  each!  Ans.  25  gallons  of  ram  and  5  of  biandy. 

17.  There  is  a  number  consisting  of  three  digits,  the  first  of  ^*di 
is  to  the  second  as  the  second  is  to  the  third ;  the  number  itsdf  n 
to  the  sum  of  its  digits  as  124  to  1 ;  and  if  594  be  added  to  it 
the  digits  will  be  inverted.    What  is  the  number  f  Am.  248. 

18.  A  com-£actor  mixes  wheat  which  cost  IDs.  a  bushel  with 
barley  which  cost  4s.  a  bushel,  in  such  proportion  aa  to  gain  43} 
per  cent  by  sellmg  the  mixiure  at  lis.  a  busheL  What  is  the  pro- 
portion ?  Ana.  14  bushels  of  wheat  to  9  of  bariey. 

19.  What  two  numbers  are  those  whose  sum,  difierenoe,  and  pv> 
duct,  are  aa  the  numbers  3,  2,  and  5,  respectively.     Ans,  10  and  2. 

20.  What  two  numbers  are  those  whose  sum,  difference,  and  pro- 
duct, are  aa  the  numbers  «,  cf,  and  p  respectively ! 

21.  There  are  two  numbers  in  the  proportion  of  ^  to  f ,  and  soch, 
that  if  they  be  increased  respectively  by  6  and  5,  they  will  be  to  esdi 
other  as  f  to  ^.    What  are  the  numbers  ?  Aru.  30  and  40. 

22.  There  is  a  number,  the  su^i  of  whose  digits  is  to  the  number 
itself  as  4  to  13  ;  and  if  the  digits  be  inverted,  their  difference  will  be 
to  the  number  expressed  as  2  to  31.    What  is  the  number  f 

An»,  39. 

23.  The  difference  of  the  cubes  of  two  numbers  is  to  the  cube  of 
their  difference  as  61  is  to  1,  and  the  product  of  the  numbers  is  320. 
What  are  the  numbers  ?  Aru.  ±  20  and  ±  16. 

24.  The  sum  of  the  cubes  of  two  numbers  is  to  the  difference  of  their 
cubes  as  559  to  127,  and  the  square  of  the  first  multiplied  by  the 
second  is  294.    What  are  the  numbers  ?  Ans.  7  and  6. 

25.  The  difference  of  the  cubes  of  two  numbers  is  to  their  prodnot 
multiplied  by  their  difference  as  7  is  to  2,  and  the  sum  of  the  numben 
is  6.    What  are  the  numbers  f  An$.  4  and  S. 
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26.  The  difference  of  two  numbers  multiplied  by  the  first  is  to  the 
difference  multiplied  by  the  second  as  3  to  7,  and  the  first  multiplied 
by  the  square  of  the  second  is  147.    What  are  the  numbers? 

Ans.  3  and  7. 

27.  The  simi  of  the  squares  of  two  numbers  is  to  the  difference  ot 
their  squares  as  17  is  to  8,  and  the  first  number  multiplied  by  the 
square  of  the  second  is  45.    What  are  the  numbers  ? 

Ans,  5  and  3. 

28.  The  simi  of  two  numbers  is  to  the  difference  of  their  squares  as 
1  is. to  4,  and  the  product  of  the  numbers  is  21.  Wbat  are  the  num- 
bers! An8.  ±1  and  ±3, 

29.  The  sum  of  three  numbers  in  geometrical  progression  is  52,  and 
the  sum  of  the  extremes  is  to  the  mean  as  10  to  3.  What  are  the 
numbers  ?  Ans.  4,  12,  and  36. 

30.  The  difference  of  two  numbers  is  to  6,  as  the  greater  is  to  the 
less,  and  as  their  sum  is  to  42.     What  are  the  numbers  ? 

Ans,  32  and  24. 


31.  Given =b  to  find  x  by  changing  the  equation  into 

^                                                               A             ^2aVb 
a  proportion.  Ans,  x=  — . 

32.  Given    ^        ^  =&  to  find  x  by  changing  the  equation 

into  a  proportion,  Ans,  x=— — -. 


33.  Given  ■ =2  to  find  a:  by  chancpnff  the  equation 

Vx-^-l-Vx-l 

into  a  proportion.  Ans.  a:=||. 

34.  Given    ^  — 5-^^=9  to  find  x  by  changing  the  equation 

^4a;+l—  |/4ar 
into  a  proportion.  Ans,  x=^. 

35.  Given -=6  to  find  x  by  changing  the  equa- 

^      •*  ^-^  A  a{zkl-V2b^b' 

tion  mto  a  proporboiu  Ans,  x=  ^ — . 

|/26-6« 


CHAPTER   XTIII. 
SEBIES. 

(4 1 1  •)  There  are  many  kind  of  series.  Arithmetical  and  g^omet- 
rical  series  have  abready  been  discussed.  A  aeries  may  resndt  from 
dividing  the  numerator  of  a  fraction  by  its  denominator,  or  from  iih 
Yojution  or  evolution. 


^  n  »  ».  » 


THE   EXPANSION   OF   SERIES. 

(41 2,)  Quantities  or  algebraic  expressions  may  be  expanded  or 
developed  in  four  ways ;  namely, 

The  Method  of  Division^ 
"        "       "   Undetermined  Coefficients^ 
"        "       "  Involution, 
and     "        "       "  Evolution. 


THE    METHOD    OF    DIVISION. 

PROBLEM 

1.  Expand into  a  series, 

SOLUTION, 

By  dividing  1  by  1  -fa,  we  obtain  1— o+o'— a*+,  Ac 
l+a)!       (1— a  +  a'— a»  +  ,&c 
1+g 
—a 


a' 
-a' 
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Therefore, =1— a+o'— a»+a*— a»+a\  4o. 

PBOBLBM 

2.  Expand  -=- — z  into  a  series. 

SOLUTIOK. 

We  see  that  this  fraction  is  the  same  as if  we  suppose  a  to  be 

7 ;  tberelbre, 

^=1-7+49-848,  Ac. 

The  student  may  not,  at  first  sight,  see  how  this  series  can  1>e  equal 

to  ~.    But  if  the  remainder  is  taken  into  consideration,  the  result 

may  be  yerified.    By  considering  the  remainder,  we  hare 

1=1-7 +49-843+ ?^\ 

1         ^^^  ,    2401 
-=-300+  .^, 

1_ -2400 +  2401 
8  8  ' 

S"? 

This  fraction  may  also  be  expanded  into  a  finite  series. 

^       1     1.000       ,„^        1     1000      125       ,^^ 
Thus,  -=-7r-=  -125,  or  «=r7r;;T=rTT;,=.125. 
'88  '8     8000     1000 

Hub  method  frimishes  an  explanation  of  the  aridmietical  prooess 

of  converting  |  into  a  decimal  fraction. 

XXAMPLBS. 

!•  Expand- into  a  series. 

An8.  l+a+a»  +  a»+a*+a»+a*+ 


2«  Expand  •- into  a  series. 

Ant.  l-2a+2a'-2a»  +  2a*-2a»+ 
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8*  Expand  -=:  oo  into  a  series. 

Ans.  i  +  n-i  +  i+i+i+n-n-i-f.   . 

4*  Expand  — —  into  a  series. 

Ans.  1+2  +  4  +  8  +  16  +  82  +  64  + 

it  Expand r  into  a  series. 

Am.  1+-+-J+— +_+_+   . 
a     a"     a"     or      or 

6«  Expand  --—  into  a  series. 

Am.  a-\-ar  -{-ar^  -{-ar^  -^-ar*  '\-ar^'\' 


d 
7*  Expand =  into  a  series. 


A         1       ^4.^'-*'4.**-.^'   . 

a    1?    "^     o^    "fl?"*" 

1  +iP 
8.  Expand  — --  into  a  series. 

Am.  l+2aj  +  2«'  +  2x*  +  2a;*+ 

9*  Expand  ■— ; — .  into  a  series. 

^n«.  1 +a;-«*-a;* +«•+«'-«•— ar*»+ 

10*  Expand  1  into  a  series. 

rr+ir+rr+a;+a;+ir+ir  +  fl:+  

ar— a;»  +  a;*— x*  +  a?*— aj*+«*— «•+ 

i.l+l-2+i.-l+JL« 

ar     a:*      ar*      jr*     a:*      a; 

KOTK.— These  results  may  all  be  verified  if  the  remalndeis  aie  oonsiderel 


Am. 


THE  METHOD  OP  UNDETERMINBD  OOKFFIC[[BN!l!a 

(413.)  The  method  of  undetermined  coefficients  is  a  method  by 
wliicli  algebraic  fractions  may  be  expanded  or  developed  into  a  series^ 
the  terms  of  the  series  being  arranged  according  to  the  ascendiiig 
powers  of  one  of  the  quantities  considered  as  a  variable.  This  method 
IB  baaed  upon  the  following  theorems. 
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THEOREM  I. 
(414.)  1.  If  the  series  Aaf -{- ^ -{- Cjf -h  Dji" + ,  <fec.=-4V  + 
^ V  +  C'jf'  +  -Da^'  + ,  &c.,  for  all  possible  values  of  ar,  tlie  exponents 
and  coefficients  being  finite  quantities^  and  the  exponents  of  x  in  each 
member  being  arranged  in  the  order  of  their* magnitudes,  commencing 
tffith  the  least,  then  a=:a']  &=&';  e=c'\  d=d' ]  &c.,  and  A=A'; 
jB=B';  C=C'\  D=D'\  &c, 

DEMONSTRATION. 
Dividing  both  members  by  of,  the  equ&tion  becomes  A+Bs^-{' 

Since  this  equation  is  true  for  any  value  of  rr,  we  have  a  right  to 
suppose  X  equal  to  zero.  Making  this  supposition  the  first  member 
reduces  to  A,  If  we  suppose  all  the  exponents  in  the  second  member 
to  be  finite,  it  would  reduce  to  zero  when  x  equals  zero,  and  we  should 
have  ^=0,  which  is  impossible,  as  ^  is  supposed  to  some  finite 
quantity.  Therefore,  it  would  be  improper  to  consider  all  the  ex- 
ponents in  the  second  member  as  finite,  and  hence,  one  or  more  of 
them  must  be  zero.  Since,  a\  b\  d^  d\  d^c,  are  all  different,  it  is  evi- 
dent that  a  can  not  equal  more  than  one  of  these  quantities,  and, 
therefore,  of  the  exponents  <^^a ;  V—a ;  d—a ;  rf'— a ;  Ac,  but  one 
can  equal  zero. 

It  now  remains  for  us  to  decide  which  exponent  it  is  that  equals 
zero.  Suppose  it  to  be  V—a,  or  the  exponent  of  x  in  the  second 
term,  and  then  for  x  equal  zero  all  the  terms  after  the  second  must 
vanish,  and  there  would  result  the  equation 

But  since  «•= 1,  ^  ^=^'af'—  +  B\ 

Since  a=6'  and  a'  is  less  than  b\  a'— a=r  a  negative  quantity  which 
put  equal  —  n,  and  the  equation  becomes 
A-A!x^-^B\ 

Supposing  2?= 0  A^—-\'B\ 

But  A—B'  must  be  equal  to  a  positive  or  negative  quantity,  or 
zero,  therefore  ^—j&= 00  is  impossible,  which  shows  that  it  is  im- 
proper to  make  6'— a=0. 

Ab  the  same  reasoning  appHes  to  all  the  exponents  of  ^r  in  HM 
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second  member  but  the  first,  or  d'— a,  it  follows  that  a^—a  must  eqod 
sero,  and  the  equation  becomes 

Suppressing  the  equal  terms  A^A^"^  the  equation  becomes 
Dividing  by  ic*^,  we  have 

Then  for  x  =  zero,  we  have  when  we  make  6'— 6=  aero,  or  6'=* 

B=Fx\ 

B=B'. 
Thus  we  may  go  on  and  prove  that  c:=e*  and  £7=  C ;  d=id!  and 
D=zD\  isc^  which  proves  the  theorem. 

THEOREM    II, 

(416.)  If^«*+^^+C7i:'H-i>af'+,  &c=0fi)rall.po8sibleYaliiei 
of  x,  a  being  less  than  6,  b  less  than  c,  c  less  than  <f,  dpo^  each,  of  the 
coefilcients  must  be  equal  to  zero. 

DEMONSTBATION. 

Dividing  by  af,  we  have 

A  +  Ba^+C^^-^Bx^-^-k-j&c  =0. 
If  now  we  make  x  =  zero,  we  obtain 

Suppressing  -4=0,  and  dividing  by  «*^,  we  obtain 
jB+  Cx^-^D2^-\-,  &c  =0, 
in  which  if  x  is  put  equal  to  zero  the  equation  reduces  to 

In  the  same  way,  we  can  get  C=0,  i>=:0,  &c^  whioh  was  wbti 
was  to  be  proved. 

Let  us  now  apply  the  method  of  undetermined  coefficients  to  the 
expansion  of  series. 

PROBIiEM 

1 


(41 6.)    1.  Expand  - —  ,  into  a  series. 


SOLUTION. 


By  an  inspection  of  this  fraction  we  see  that  by  division  the  8nt 
term  of  the  quotient  would  not  contain  x  but  the  second  term  woukl. 
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Assume,  clien, 


-=^H-5a;+C5c'  +  i>«"  +  -fi'«*  +  . 


l-2a;+a;' 
CleariDg  of  fractions,  we  have 

1=^+  BX+    Cx'+  Dx*-\-  JSx*+ 

— 2u4a:-2jBar'-2Ca:'-2i>«*— 

+  Ax^+  jBx*+    Cx^-h 

Transposing,  the  equation  becomes 

l'{'2Ax-\-2B2^'^2Gs*  +  2Dx*-^ =A'{'Bx+(A+0)a^-\- 

{B+i)y+{c+js)x*+ 

According  to  Theorem  1  (41 4),  the  corresponding  coeffidentB  in 
Ijieae  series  must  be  equal. 


^=1 
B=2A 
A-hC=2B 
B-^D=2C 
C-{'E=2D 
d^c. 


whence 


B=2 


Substituting  these  values  in  the  assumed  series,  we  have 
-.=l-\-2x-{-Sx'  +  4x'-\-5x*  +  6x*-{-1x'+ 


1— 2arH-«' 

This  fraction  might  have  been  developed  into  a  series  with  more 
facility  by  division. 

The  student  should  be  very  careful  in  assuming  the  series  of  unde- 
termined coefficients.    This  may  be  illustrated  by  the  following 


PROBLEM 


2.  Expand 


8»»— 2»" 


into  a  series. 


SOLUTIOir. 


By  division  we  see  that  the  first  term  of  the  expansion  must  be 


2 


2       2 

=--==-aj-*,  therefore,  assume 

j=Aar*+Bx-''{-Cx''+Dx+Bx*+Ibs*-\-&c. 


3a?»--2«" 

Clearing  of  fractions  and  transposing,  we  have 
2-h2Ax+2Bx'+2W+2Dx*  +  2lh^-\',  4c.  =?3^+3jBx+8(&*  + 
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By  equating,  like  coefficients, 
r  3^=2 


we  have 


3B=2A 
SC=2B 


-I    3i>=2(7    V,  whence  <    1>=H 


8^=22> 
3F=2B 

&0. 


By  substituting  these  values  in  the  assumed  series,  we  get 
2  2        4       8      16i     32x*     64a;'       . 

3a:«-2a:»     3a:« ^9x^27      81      243      729  ^      ^ 


2 


8a?«— 2a:*' 


2  2         2»      2*     2'x  ,  2V     2V  ,     .  ,  ..     i      ^ 

3?32?=3-i^  +  3V+?-^3^+-3*"^-3'-^  Ac,  whence  the  law rf 
the  terms  is  apparent 

Since  — - — r~i=-J :;-|,  we  might  have  developed by 

assuming  it  equal  U>  A-\-Bx-\-  Ca:' +  Da:' +  &c^  and  then  moltiply- 

2 
ing  the  result  by  — ^  for  the  development  of 

X 

PROBLEM 

3.  Expand  (1  ■\'x)i  into  a  series. 

SOLUTION. 

Assume  {\'\-x)i=A-\-  Bx-^Cx"  ■\-Dx''  -^-Ex^  -{- 

Squaring 
l+a;+0a;'-f0x'+0a;*+&c.  =^'+2^^a:+2^Cx'H-2^i>a:»-f2J[jEi^+. 

^a:" -f- 2^(73?*  +  2^J9a*+ . 

+  crv+. 

Equating  like  coefficients 


we  have    - 


^'=1 

2AC+B^=Q 

2AJ)  +  2BC=0 

2AU-{-2BD+C*=0 

&c. 


>-,  whence 


^=1 
(fee. 


Substituting  these  values  in  the  assumed  series,  we  get 
vTTi==l  H-ia;--ia;'  +  TV«'--TiT**+ 
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But  we  had  a  right  to  assume 

VX^^—'-A—Bx-Cx^^D^^-Ex''— 

By  squaring  we  should  obtain  the  same  equation  as  before,  and 
tence  the  same  values  for  Ay  By  (7, 2),  Ey  &c.,  which  being  substituted 
in  the  assumed  expression  would  give 

VlTi===-l-ia;4-ia;'--|V^'-f  tK^- 

From  these  two  results  we  see  that 

Vrrx=±:l±ixzp}x'±j\a^^^jijX*± 

the  upper  row  of  signs  being  taken  for  one  result  and  the  lower  row 
for  the  other ;  or  we  may  write  it  thus,  • 

vT^=±{l+ix^ix'  +  jy^x'--jijX*+ ) 


DECOMPOSITION    OP    RATIONAL    FRACTIONS. 

(417.)  The  method  of  undetermined  coefficients  may  be  em- 
ployed in  the  decomposition  of  rational  fractions,  and  for  this  purpose 
it  IB  often  used  in  the  Integral  Calculus. 

PBOBLEM. 

6a;— 19 


Decompose  the  fraction 


BOLUTIOK. 


^  5ar— 19  5a:— 19        ,  ^  ... 

»noe  -= — ^    .  ,^  -7 — -TT -\  let  us  assume  thai 

a:"— 8x4-16      (ar— 3)(a;— 6) 

6a?-19      _  A         B 
(a:— 3)(a?— 6)'~ar— 3     a;— 6 

6a;— 19      _J(a?— 6)  +  ^(ar-3) 
(a;-3)(a;— 6)""      (a?— 3)(a;-6) 
6a;-19=^(a;— 5)H-^(a;-8) 
{6  A  +  3^)a;*  +  5x=  19a;'  -\-{A  +  B)x 
Equating  like  coefficients  of  ar, 

We  have   i  ^^+3^=19, 
(    A-h  B=6y 
5A-\-3B=:l9y 
3A  +  SB=U. 

2A=4y  ^ 

A  =  2y 

B=S. 
6af-19  2^8 


«•— 8a?+16     «— 8     «— 6* 
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Note. — The  values  of  A  and  B  might  have  been  detennined  in  t 
different  manner  from  the  equation 

5x—lO  =  A{x—5)'\'B{X'-3). 

Since  this  equation  is  true  for  all  values  of  x^  let  us  assume  it  to  bs 
8,  and  we  have        15— 19=— 2-4,  or  -4=2. 

K  x=5  we  have  25—19=     2B,  or  jB=3. 

EXAMPLES. 
I X 

1.  Expand -.-  into  a  series. 

Ans.  l-2z+ar«+a:'-2ar*+«'+«'— 2«'+ 

2*  Expand  — z-  into  a  series. 
'^        c-i-bx 

.       a    ah       ah*  ,     oi"  ,     ab^  ^ 
c     c*        c"  e*  c* 

8*  Expand  7 rr-  into  a  series. 

t  ,  2x^Sx*^43^^5x^ 
a*     a"      a*      a*       cT 

M       r^  1   Ct  —  hx  . 

4*  Expand mto  a  series. 

*        a-\-cx 

X                7?                  7^ 
Ans.  l-(ft  +  c)-H-c(6H-c)-;-c'(6+c)-5+ 

^    «_       1        1—^ 

5*  Expand  - — -~^  mto  a  senes. 

1  —  ZX — oX 

A71S.  H-a;  +  5a:*H-13a;"4-41a?*  +  121a;'  +  365«*+  .  .  • 

6*  Expand  -; into  a  series. 

b^ax 

.       d    adx    a*dx*  ,  a*ds^  ,a*d^ 

7»  Expand  (a—x)"^  into  a  series. 

Ans.  a-*+a-'j?4-a-'x'H-a-*ar'+flr^a^  +  .  •  •  •  • 

8.  Expand into  a  series. 

^  a— ar 

u4n«.  a*'\-a*x+aV+ag^'^i^. 

hr 

9*  Expand  — — =-r  into  a  series, 

^       6      ft'        6"         6* 

-4rw-  -""^^  +  -^3^—74^  + 

a      a        a  a 

X 

10*  Expand into  a  series. 

Ans.  ^r-a^'+a?*— 3?*+ar*— «•  + 


DECOMPOSrriOK  OF  RATIONAL  FRAOTIONS.  401 

I  series. 

Ans.  —1— 2  J?— 2a:"— 2a:'— 2a;*— 


lit  Expand into  a  series. 

^        a;— 1 


•  •  •  • 


12*  Expand  -:; into  a  series. 

'^         1— a:— ar' 

Ans.  H-2ar  +  3a;»  +  5a:»  +  8a:*  +  13af*+.  . 

13*  Expand  — into  a  series. 

'^         1-hx-^x* 

Ans.  a;— ar'+a:*— a;*+a;'^— , 

14#  Expand  »(1— a;)'*  into  a  series. 

Ans.  x+Sz'-\-Qx'  +  10x*+  .... 

15^  Expand  |/a'— a;'  into  a  series. 

.  x"       X*         x*  52^ 

Ans.  a — — r— r— -.  .... 

2a      8a*      16a*      128a' 

I9p  Expand  |/64  + 1  into  a  series.  « 

^'«-  ^  +  B-i+2^' 

17*  Expand  (a+^+a;')^  into  a  series. 

Ans.  al+^+/~7— ^W 

2a*     \2a*     8a*^ 
18*  Expand  (a*— aof+a:')!  into  a  series. 

Ans.  a— -+--— 

2      8a  •   .  •  • 

19*  Expand  (ax— a;')i  into  a  series. 

.         ±  1      a:*       ar* 
-4iw.  a^x^— — -— — - 

2a*     8a* 

20*  Expand  a(a'  +  ft*)~i  into  a  series. 

,       ,       h'  ^  2b'      146* 

^^-  '-ya«^li?"lBi^ 


21*  Expand ^  into  a  series. 


1.1.1      1  . 

^^-  3;^9'*-27'  +  8T*  -^  •  •  •  • 

22.  Decompose  ^^^^^^g-  Ans.  ^+^. 

^  _  lla;-37  .  5.6 

23.  Decompose  -; — = — —-:  Ans.  --+ -, 

*^  a:*— 7a:+10  a:— 2     «— 6 

^M    T.  4a?-60  .         11  7 

24.  Decompose  ^,,^^3^.  Ans.  -^-^:^. 

26 
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25*  Decompose  -r — — ^ ; r.         Ans. -4- -+ -* 

26*  Decompose  — ^ — -  Ans, 


a:*-l  •  4(x~l)     4(x4-l)     2(ir»  +  l)* 

18»  Decompose 


«.v    T^  ^  +  2  .  1.32 

27.  Decompose  -^-^  An,.  -^^_j- +  _^__--. 


(x  +  l)(j:  +  2)(ar  +  3) 


A                    1                        ^       a.  ^ 

-^TW.    --7 -T +- 


2(af+l)      3?  + 2     2(x+3)' 

29.  Decompose  -; z — --.      Ans,  —  T--"-r7 rT  +  — -, r* 

^        jr'4-j:'-2j-  2x      6(a?4-2)       8(jr-l) 

30.  Decompose    ^,^^.^^^.  ■ 


Ans,  ^-^  +  _^-  +  -  ^« 


1+x     1— X     l+2x     1— 2j 


THE    METHOD    OP   INVOLUTION'. 

PROBLEM. 

(418.)  Expand  (x  +  y)"  into  a  series,  n  being  a  whole  number. 

SOLUTION. 

Tliis  may  be  expanded  by  raising  x+y  to  the  nth  power. 

This  may  be  done  by  actual  multiplication,  or  by  the  hinomal 
theorem.  As  this  theorem  is  also  applicable  to  evolution,  it  will  be 
demonstrated  in  the  next  method. 


THE    METHOD    OF    EVOLUTION". 

(419.)  A  method  of  extracting  root^  has  already  been  gifWL 
But  since  the  law  of  the  binomial  theorem  holds  good  when  the  ex- 
ponent is  fractional,  we  have  a  more  expeditious  method  of  extracting 
the  roots  of  binomials. 

BINOMIAL     THEOREM. 
/         N  n(n  —  \)  ,     r?(n— l)(n — 2) 


-^— — '^ — - — —^ — j-^x^'^y^H-  &c.     X  and  y  being 


any  quantities 
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whether  real  or  imaginary,  and  n  being  a  positive  or  negative  integefi 
or  a  positive  or  negative  fraction. 

DEMONSTRATION. 
This  demonstration  depends  upon  the  following 

LEMMA. 

J     =wa!"~-\  n  being  a  positive  integer  or  a  positive  fractioiii 

a  negative  integer  or  a  negative  fraction.  The  notation  after  the 
parenthesis  denotes  that  the  first  member  of  the  equation  equals  the 
second  when  u  is  equal  to  ;;. 

We  may  divide  the  proof  of  this  lemma  into  four  cases. 

CASE   I. 
When  n  is  a  positive  integer. 

PROOF. 

We  have  seen  in  (112)  that  when  n  is  a  podtive  integer  that 

€:^=Z'^'  +2^'t«+«*- V+Z-^M* 2*tt--*  +2W"-'  +  M"-\ 

When  u=z  each  of  the  terms  in  the  second  member  becomes  z^\ 

1     = 

iw^*,  which  proves  the  lemma  true  in  the  first  case. 

CASE   II. 
When  n  is  a  positive  fraction. 

PROOF. 

Supposmg  n=^-j  p  and  q  being  positive  integers,  and  z=:r^j  and 
f*=tr',  we  have 


r—v 


According  to  Case  I.  — — -=jw^',  and     __    =y^'>  when  v-zr. 
Bat  since,  when  t;=r,  u  must  equal  2,  we  have 


(Zf—U9\        __ 


r— » 
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But  since  r^=«,  we  liaver=Zf  and  r'^=jf  f  =«f     '      Snbttitiitiif 

— -)      = 

^^~ '    which  is  the  formula  given  in  the  lemma,  when  n  =f  ,  and  heaoi 
proves  tlie  lemma  to  be  One  in  the  second  case. 

CASE    III. 
When  n  is  a  negative  integer. 

PROOF. 

Suppose  n=— w.    Then  since  «"^— a"*= — r""ii~^a"— tiPV,  «• 

,        «-*  — M"*»         _^/^  — t*"^ 

nave = — ar"M~*"l 1. 

z—u  \  z—u  / 

1       =fii«'*-*,  whid 

being  substituted  in  the  above  equation,  gives  f — 1     = 


— 2r"M~*m«'""*  =— w«2~*~',  which  is  the  formula  given  in  the  1 
when  n= — m,  and,  therefore,  proves  the  lemma  to  be  true  in  dn 
third  case. 

CASE    IV. 
When  n  is  a  negative  fraction. 

PBO  OF. 

The  proof  in  this  case  is  found  bj  putting  —  -  for  — m  in  the  lait, 

and  referiiii:^  to  Case  II.  instead  of  Case  I. 

Theri-ioro,  the  truth  of  the  lemma  is  fully  established. 

We  are  now  reaiJy  to  proceed  with  the  general  demonstratioii  of 
the  binomial  theorem.  We  ai-e  required  to  ascertain  the  development 
of(a;  +  y)^ 

Since,  (x-\-y)"=x''l\  +-)  it  is  only  necessary  in  order  to  find  tlM 

development  of  (.c+y)"  to  find  that  of  (l  +-j  and  multiplj  it  by  sg". 

For  couvenience  put  £?=-,  and  we  then  have(l  +r)",  whoee  develop* 
ment  will  now  be  sought 
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Assume  {l+eY=zA+Bz+Cz'-hI>z*+M*+ in  which 

the  assumed  coefiScients  A^  B,  (7,  D,  JS,  ^c.,  are  independent  of  z,  and 
depend  entirely  for  their  values  on  1  and  n.  Let  us  now  endeavOT  to 
ascertain  the  values  of  these  coefficients  in  terms  of  1  and  n. 

To  find  the  value  of  ^  make  2=0  in  the  assumed  equation,  which 
we  have  a  right  to  do,  since  A  is  independent  of  z,  and  we  get 

^=r=i. 

Suhstituting  this  value  of  ^  in  the  assumed  equation,  we  have 

(1 +«)•=! +^z+Cfe'  +  i)2*+^z*+ {A). 

Sbce  z  may  be  any  value  whatever  without  affecting  the  coefficients 
Aj  B,  C,  ^c,  let  us  make  z=u^  and  we  have 

,{l-huy=l+Bu-hCu*+I>u*+Uu*-\' (B) 

Subtracting  (B)  from  {A),  we  get 
(l+zY-{l+uY=B{z-u)+C(z*-u*)+D{z'-u')  +  E{:^-u*)+  .... 
Dividing  the  first  member  of  this  equation  by  (1  + «)—(!+«),  and 
the  second  by  its  equal  z^u,  we  obtain 

(l+2)-(l+w)  Xz—U/  \z-^u)  \z-ur         ^     ' 

Putting  l+2=r  and  1  +w=t;  (C7)  becomes 

r--»  V2— u/        \z—uj        \z—uj  ^ 

But  by  the  lemma  we  have 


wr^\ 


Lemma 


But  when  ©=r,  we  also  have  t*=2,  and  by  the 

\  z—u  /,^, 
Equation  (2>)  will  become  by  substitution 

nf^'=B  +  2Cz  +  SDz*-\-43/'. 
Multiplying  this  equation  by  r=  1+^,  we  get 

ni'=5+2Cfe  +  32>^»  +  4-fi&"  + 

-i-Bz  +  2Cz*  +  SDs^+ 

ftnce   H-«=r,  we  have  7i(H-2)"=J?  +  (5+2IC)«+(2(7+32)) 

««+(3i)-f4jry  + 

Multiplyiiig  {A)  by  »,  we  get 

n(l+a5)"=n+n^«+»iar"-hnJKi"+.  .  .  . 
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Whence,  ^  +  (i?  +  2C7)« +(2(7+3i>)2'.*-(3/>  +  4jff>>  + 
Equating  the  coefficients  of  the  like  powers, 
B=n 


we  have 


£  +  2C=nB, 
2C-\-Sl>=nC, 


•1(1^) 

,  whence    {  2>=— ^— ^ —     ^    \ 

^^yi(n~l)(n-2)(ii-8) 

2.3.4' 
^^ 

SubstitutiDg  these  values  of  ^,  (7,  i>,  &C.,  in  (^),  and  restoiing  dis 
value  of  2=2,  we  get 

/,  ,  yy_i  ,  ^y+^C"-!)  y'^nCn-lXn-g)  / 
\^i/~^   X  2         x*  2.3"? 

„(n-l)(«-2)(n-8)     y^ 
"^       2.3.4         «*■*"•  •  • 

Therefore,  since  W 1+-I  =(x+y)",  we  get  by  multiplying  theo 

pression  for  1 1  +  - 1  by  x", 

n(n—\\      .  .     n(n — iVn — 2^ 
(jr+y)"=x" + nx"-'y  +   ^  „     ^x-y+   ^         ^^    —^f^f 

n(n-l)(n-2)(7»~-3)  . 

^    2.3.4   ^y+-'-- 

which  is  the  formula  given  in  the  theorem. 

For  the  purpose  of  reference,  we  append  the  following  fonnnUi 
which  have  been  encountered  in  tlie  above  investigation.  Which 
fonnula  it  is  best  to  use  will  depend  on  the  nature  of  the  binomial  to 
be  expanded. 

n{n—\\      ,  ,     7?(w  — l)(n  — 2) 

/,       X  .  n(n— 1)  .      n(B— 1)(»— 2)  . 
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EZAMPLS8. 

1.  Expand  {a*+x)i  into  a  series. 

X        ac^     ,      Sx*  8'6ar* 

2a      2-4a'      2-4-6a*     2-4'6-8a' 

2,  Expand  {a+x)i  into  a  series. 

A         i/,      a?         x"   ^    Sx*  S'5x*  \ 

^-  ^*(^  +  2i""2^"^2^a-"'2T6^a*      '      j 
3«  Expand  -^2=(l4-l)i  into  a  series. 

^-  ^■*-2"2^4"*'2^""Ti^+   •  •  •  • 
4<  Expand  {a—b)i  into  a  aieries. 

i/,      *  _  36'  _  3-76'    _     3-7116*  \ 

^*^-  "^'"ii    f8?    fH2^'      4-8-1210a* / 

5,  Expand  (a +y)~*  into  a  series. 

1      4y     lOy*      20y'     85y* 
^"'-  1^    ■?+-^' "«'-+  ■?- 

6*  Expand  r  into  a  series. 

Ans.  -+— i+— i+— i+— I 

a     a*     a*     a      or 

7«  Expand  (a*+5')i  into  a  series. 

6«      b'       b' 

Ans.  a+--—-r-,  +  -Z-Z-: 

2a     8a'      16a* 

«    ^        .        6        . 

8f  Expand  — into  a  senes. 

b/       x"    .    Sx*        5x*    ,  5.1x^  \ 

Ans,  -II— --r-i-  ^.  .  ""  ^4  a  +  ^T  ,     ...  .1 

a\    .   2a*      2V       2V       2V  / 

9«  Expand  (c^— a;')i  into  a  series. 

2/       Sz*      Sx*      5x'  \ 

Ans,  cHl—-^-^'-'-rr-:-'-=-: I 

\       2V     2V     2V  / 

a« 
10«  Rnd  the  cube  root  of  -z — n* 
a'+o" 

&•       26*  _  146* 

3a'      9a*     81a* 

11,  Expand  |/5=  1^4  +  1  into  a  series. 

Ans,  2  +  ^--.  +  --^, 

12i  Expand  V6=V8— 2  into  a  series. 

2^     2*-8*      2*3*      2*-3*  *  *  * 
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PROPOSITION 

(420.)  1.  The  sum  of  the  coefficienU  of  the  odd  iermt  of  tkiU" 
pansion  of  {a-\-  6)"  is  equal  to  the  sum  of  the  eoeJScients  ofthittm 
terms, 

PBOPOSITIO  N 

(421*)  2.  Hie  sum  of  the  coefficients  in  the  expansion  qf  (a+ft)' 
is  equal  to  nth  power  of  2. 

PROPOSITION 

(422,)  3.  The  sum  of  the  coefficients  in  the  expansion  of  (a -^ 
is  equal  to  zero, 

(423*)  We  have  seen  that  the  hinomial  theorem  furnishes  tiie 
means  of  expanding  polynomials,  since  all  polynomials  may  becooM 
binomials  by  substitution.  But  a  more  direct  method  of  expandiof 
polynomials  is  by  the 

MULTINOMIAL  THEOREM. 
DEMONSTRATION. 

r 

Assume  (x  +  ay  +  6y' +  cy* )"''=^  +  ^y+ Qr'  +  2>y*+ ..(ii). 

To  detennine  A  make  y=0.     Whence 

A  =x~f, 
Making  2=y,  we  get 

(x  +  az  +  bz'-^rz' )'} = A -\- Bz -{- Cz"  +  Bz^  + (J). 

Subtracting  (B)  from  (A)  there  results 

(z+ay  +  by'-hn/ )7-(.r  +  r7z  +  62'  +  c2'  .  .  .  )7=^(y-.,) 

+  qy'-^0  +  ^(y'-2')+  ,,,{0). 
Putting      P'= (j-  +  ay  4-  6y'  ^c?/  ,  ,  .  .), 

whence     P^={x-\-ay-\-h7f-{-a/  .  .  .  .)7^ 
and  (2*  =  (x4-cr2+/>2'4-rr* ) 

wliouce        Q'=z{x-\-az-^ hz*  +  r2*  .  .  .  .)  T. 

wegetP'-(;>  =J?(y-5:)  +  C7(y^-^')  +  i)(y'-«»)+ 

But      P'-e'=a(y-z)  +  %'-2*)+c(y*^»')+  .... 
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Whence,  by  division,  we  obtain 

Dividing  the  numerator  and  denominator  of  the  first  member  by 
P—Q  and  the  numerator  and  denominator  of  the  second  member  by 
y— 2,  we  get 


(^) 


aH.6(y+2)+C(y»+y2+2")+ 

Now,  if  we  make  y=z,  since  P  will  then  equal  Q,  £q.  (2>)  becomea 


rP^'_rP^_^+2Cy  +  82>y*  +  4jy4-  . 
*P^*""*P*""  a  +  26y  +  3cy'  +  4rfy'+  . 


Substituting  the  values  of  P'  and  P',  we  get 

r(a?4-ay  +  fty*4-cy' .  .  .  .  )T_^+2Cy+32>y'+4^y'+  .... 
«(ar+ay4-6y'+cy* .  .  .  .  )        «+  26y +  3cy*  +  Ady*  +  .  .  .  . 

Clearing  of  fractions,  we  have 
-(ar+ay+fty'+cy^+efy*  .  .  .  )^(a  +  26y  +  3cy' +  4rfy»  +  5^y*  .  .  .  )  = 
(ar+ay+6y«4-cy*+rfy*  .  .  .  )(5+2ey  +  32>y'  +  4^y»+6/V*  •  •  •  ) 

By  substitution  from  £q.  (A)^  we  get 
^(^+^y+Cy+i)y»  +  ^y\..)(«H-26yH-3cy«  +  4rfy'  +  5^y*...)= 
{xJtay  +  hy'^-cy^-^-dy'  .  .  .  )(^+2(7y+3jDy'  +  4^y'  +  5/V*  •  •  0 

Performing  the  multiplication  indicated,  we  have 


""^■haC 

Jy'W) 

^y'-W^ 

^y'+a/- 

Jy'-K,© 

"itr^ff 

4-26^ 

+2hB 

+26  C 

+26i) 

+26^ 

+ihF 

+ibG 

+8c^ 

+S<;£ 

+3cC 

+3c2) 

+ZeE 

+SeF 

+4rf^ 

+4rf£ 

+4d(7 

+4dJD 

■HdE 

+6<^ 

+5*5 

+6«C 

+5eJD 

+6/4 1 

+6/B 

+9/0 

+V^ 

+19B 

+9kA 

£F<urwird 
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+2x0 1  +2aC 


!/*+c  B 

y'+dB 

y*^eB 

V'^fB 

i^ygB 

+26(7 

+2cC 

+2dC 

+2eC 

+2/(7 

+3a2> 

+362) 

+3c2> 

+SdD 

+5e2) 

+4xE 

•HaU 

+4bE 

+AcE 

+AdE 

+5xF 

+5aF 

+5br 

+hcF 

+6xG 

+eaG 

+%hQ 

+7x^1 

VlaH 

+8x7 

Equating  the  coefficients  of  the  like  powers  of  y,  we  have 

f» 
Bx=.-aA 
s 

aB  H-  2xC=aB-  +  2hA- 

S  8 

bB  +  2aC-i-SxD=aC-+2hB-'\'ScA- 

8  8  9 

cB  H-  2b  C+  SaL  +  4xI!=aD^  +  26  C^  +  BeB-  +  4<f^- 

«  «  «  « 

dB+2cC+SbD-h4aE'\-5xF=aB'-h2bD^-+-ZcC-+4dB^-h5eA- 

8  8  S  8  S 

eB+2dC+ScD+4bE\-5aF+QxG=aF%2bB-+ScD^dC^5eB-WA' 

8  8  8  8  8     '      t 

There  is  a  symmetry  about  these  equations  which  would  enable  ns 
to  form  successive  ones  without  resorting  to  the  equation  from  which 
these  have  been  derived. 

Putting  n=-,  and  instead  of  A  write  its  value  x«  =x",  and  aolTing 

the  above  equations,  we  have 
A=:ar 

(7==^(^-^W-'  +  n6^- 
2 


^(n-l)(n-2) 


-*  +  n{n—l)ab2r-*-\-ncxr-^ 


-\-nd3r-\ 

It  may  be  seen  from  these  values  we  are  not  able  to  write  all  the 
terms  in  the  value  of  F^  although  some  are  apparent.  Bat,  by  using 
A^  Bj  (7,  Dy  ckc,  instead  of  their  values,  the  law  becomes  evident 

Hius,  we  may  obtain  the  following  general  formula : 
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+   + 


to          00 

1 

1 

1 

1 

1 

1 

1 

1 

1 

Oft 

1 

1 

1 

CO 

1 
»0 

1 

1-1 

?l 

^ 

1 

I 

^ 

V 
Q 

? 

i  i 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

I    t 

^ 

9 

? 

? 

? 

3 

? 

t 

f  5 

1 

1 

1 

1 

1 

1 

^ 

^ 

•^ 

feg 

b 

Ci 

ka 

«< 

4- 

H; 

Jh 

+ 

+ 

+ 

IT 

+           Oft 

'co 

1 

'co 

1 

1      • 

CO 

1 

10 

1 

1 

X?      f 

1 

? 

1 

+ 

+ 

4- 

^ 

if 

1 

1 

1 

CO 

1 

1 

t 

^ 
^ 

en 

J^       J* 

1 

1 

1 

i 

10 

l-« 

^.^^ 

'S    N 

V 

y 

:i 

^^          Oft 

bo 

+ 

•J"       y 

^«-s 

Oft 

1! 

1 

1 

1 

f 

il 

Hh 

H- 

^ 

9 

•0- 

1 

?  A 

1 

t 

«^       ? 

+ 

|l 

1 

T 

( 

ft 

1'? 

+ 

+ 

+ 
+ 
+ 

+ 
+ 

+ 
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BncABX.— This  thecnrem  applies,  of  oonrse,  to  both  iiiToliztioii  and  crolate 
Tlie  itadent  should  uae  the  maltinomial  theorem  in  solTiiig  the  fiiilovii^ 

XZAMPLX8. 

!•  Expand  (!+«+«• +«*+«* . .  .)*  into  a  aeries. 

Am.  14-8a:+e«*  +  10«»  +  15**+ 

2«  Expand  {2x-\-Zs^-\'Aai^  ....)'  into  a  aeriea. 

Ans.  8a:*4-86x*  +  102«»+231««+ 

8*  Expand  (l+«+a;*+^+^  .  .  .  .)i  into  a  aeries. 

Ans.  l+i«+K+A«'  +  T%«*+ 

4i  Expand  (l+i^+fE*+}^  •  •  .)i  into  a  aeries. 

Am.  l+^a;+Ti,ar'+^x"  +  ^^,^**+ 


BEYEBSION  OF  SEBIBS. 


(424*)  The  reversion  of  a  series  is  finding  aaother  series  which  m 
equal  to  the  unknown  quantity  in  the  given  series. 

PBOBLXM 

(425.)  1.  Revert  the  series  ac+&c»+ia»+<i»* 

SOLUTION. 

Assume  that  a;=^y4-^y*4- (7y'H-i>y*  .  .  .  ..,  y  beii^  equal  l9 

Substituting  the  value  x  in  the  equation 

y=<M?H-&c'4-caj'+^*  .  .  .  ., 
we  have 


y4-0y'H-0y'  +  0y*=au4y  +  a^  |y"+       aC 

hA^\    •\'2hAB 

eA' 


Equating  the  like  coefficients  of  y, 


we  have  aA=V 

hA^^-aB-O 
cA*  +  2bAjB+aO=0 
dA'*ScA*fi*bB'+2bA  C+a2>=0 


y'^       a2>jy*+... 
4-  2bAO\ 

dA* 


^^-i 
"^-a' 


whflmo  , 


-B=~. 


C= 


^b*-ae. 


JD=- 


6h'-8abe+tfi 


nierefore,  *=^ 0/*  + 


2b*— ae  ^     ^'—6abe-^a*d 


f  ... 
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PmOBLSlI 

2.  Eeverty=aa:H-&c"4-«»*+rfaj'  .  .  . 


SOLVTIOir. 

Amaaf>x=Ay+JBy'+Cy'+I>y'  .... 

Subatitutiiig  x  for  its  valne,  we  bare 

y+0y'+0y*+0'=o4y+aJ)y'+       aC|y»+       «2> 

/+.... 

6^' 

+8W-B 

+  MA*0 

Cui* 

+SeA*JB 

dA' 

+3bAB' 

UA 

a' 

aA=l] 

»         » 

bA'+aS=0 

-»=-■?. 

eA'+3bA'B+aG=0 

.WlMDM    • 

S**— 

UAI^+dA'-i-6«A*B+9bA*O+aD=0 

^          a-    ' 

jp        12Jt-8a»»Mrt 

PBOBLBM 

8.  Eevert  «?+&»• +e«'+d»*  ....  =iy+gy"+ty+j/  .... 

BOLUTIO V. 

SubBtitating  this  value  of  y,  we  have 


ax+hx^-^-ea^+ds^  < 


qA^    +2qAB 
rA* 


EqnatiDg  the  like  coefficients  of  x,  there  results 


«■+  pD 
+  2qA0 
+  qB* 
+BrA'JB 

9A* 


pA==a 

qA^-^-pJBz^b 

rA*+BqAB-hpC=ze 

9A*'¥^A*B*qB»*2qAC*pD=d 


A^l 


c , 

D= 


P  P  P 
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PBOBLXM 

4.  B/efrextp-hax+hx-^-cj^+dz* . . .  =y. 

SOLUTION. 

Tnnspoiing  J7,  we  liave 

ax-^bx-^cj^-^dx*  .  .  .  =jf— /9u 
-  Tliis  aeneB  is  the  same  as  the  one  in  the  first  proUem  ezoepl  thtf 
|f  — ji  stands  in  the  place  of  y.    Therefore,  its  leyersion  most  be. 

^^ — (y-^y 

XZAMPLSB 

1.  ReTerty=«+«"+aj*+a;*  .  .  . 

An9.  x=y-'f^-^f^^y*+ ;  , 

2.  Revert  y=aj-fr"  4- J«*—|a:*  .... 

Ans.  «=y4-iy"-f  Jy"+ty* 

8.  Revert  y=a;-|a:"+|ir*-|ar^  .... 

^n*.  a:=y+iy"+Ay*+^TVy' 

4«  Revert  y=2ar  + 8a:" +4a;*  + 6a?'  .... 

^n#.  a:=iy-Ay'+TVry*-,\Wy' 

5.  Revert  y=l4-iP+la:"+K+iV**  •  •  • 

Ans.  a:=y-l-i(y-ir+i(y-l)'~^^=ll*  .  . 
6i  Revert  y=ar  + 2a:" -f  4a:"  .... 

Ans,  a?=y— 2y* — 4y* 

7.  Revert  y=a?-|a:"  +  |a:"-Ja;*  +  iar»  .  .  . 

8.  Revert  y=a.-|l3  4-^-^:^:^^  .  .  . 

^2-3     2-4-5      2*4-6-7 

9.  Revert  y=aj4-3x»  +  5ar"  +  7ar*  +  9ar» 

Ans.  a;=y— 3y"+13y*— 53y* 

ar"      /r*      a:*      x* 

10.  Reverty=a;+— +—+—+— 

2       8        4        5 


•  • 


y*    y'     y* 
Jn,.  x=y--+--^^ 
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SUMMATION  OF   SERIES. 
The  summation  of  a  series  depends  upon  its  nature. 

ABITHMETIOAL   SEBIES. 

(426«)  The  summation  of  a  finite  arithmetical  serie^^  whether  in- 
creasing or  decreasing,  we  have  already  seen  is  embraced  in  the  for- 
mula S=l W  in  which  a  is  the  first  term,  I  the  last  term,  and 

n  the  number  of  terms. 

GEOMBTBIOAL   SEBIES. 
The  summation  of  a  finite  geometrical  series,  whether  increasing  or 

decreasing,  is  embraced  in  the  formula  S= ■-  or  . 

When  the  series  is  infinite  and  decreasing,  the  formula  is  S=         . 

BEGUBBING  SEBIES. 

A  recurring  series  is  one  in  which  a  certain  number  of  oonsecutiYe 
terms,  taken  in  any  part  of  the  series,  has  a  fixed  relation  to  the  term 
which  immediately  follows. 

Thus,  in  the  series  l+3a;+4a:"  +  '7a:*  +  ll«*  +  18ar»  ....  the  sum 
of  the  coefficients  of  any  two  consecutive  terms  is  equal  to  the  coeffi- 
cient of  the  following  term. 

In  the  series  l  +  2x-^33^  +  4!i^  +  5x*  +  6x* each  term 

after  the  second  is  equal  to  the  product  of  2x  into  the  first  preceding 
term  plus  the  product  of  —a:"  into  the  second  preceding  term. 

Thus  6x*=2xx4x^^s^xSx*.  The  coefficients  of  x  and  «",  or 
2—1,  is  called  the  scale  of  relation. 

Intheseriesl+4a?+6a:'  +  lla;*+28j;*4-63a?' ,2— 1  +  8  is 

the  scale  of  relation.    Thus  63a;* =2xx  28x*  —a^  x  1  !«•  +  3a^  x  Ox*. 

(427.)  The  fraction  -. produces  the  series 

^  '  0  -{-cx^ 

a     OCX     ac*x*     ac*x* 

b      V^^         V 

ex 
in  which  each  term  afiter  the  first  is  equal  to  the  product  of  — j-  into 
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the  tenn  that  precedes  it    In  this  series^  — ^  is  the  wcoiU  t^rdatm 

of  the  terms,  and  y  is  the  9cale  of  relations  pf  the  coefficJenta. 
6 

(428.)  The  fraction  — -z j  ppoduoes  the  series. 


•-('-7)'-("-^+?>- 


m  which  each  term,  conmiencing  at  the  third,  is  equal  to  the  two 

immediately  preceding  multiplied  respectively  by , j  whid 

c     ^    c 

is  the  scale  of  relation  of  the  terms. 

(429.)  The  fraction  -= vrr — -i*  will  prodaoe  a  s^es  in 

which  each  term  commencing  at  the  fourth  is  equal  to  the  three  pre* 
ceding  terms  multiplied  respectively  by  — -j-,  --^^;t-»  — ;t->  which  ii 
therefore  ih.^  scale  of  relation  of  the  terms. 

(430.)  The  fraction g  +  6.g+ca?'  .  *  "f^,^,  will  piodnoe  a 

series  in  which  each  term  commencing  at  the  (n  +  &)nd  will  be  equal 
to  the  n  4- 1  preceding  terms  multiplied  respectively  by 
vx^^       MX"  AT*        rx 

"T'  ~T' "T'  ~T 

which  is  the  scale  of  relation  of  the  terms. 

When  ^=1  the  scale  of  relation  is  —  vx^*,  —mo:",  .  .  .  sx\  —rx, 
which  are  the  terms  of  the  denominator  taken  in  reverse  order  and 
with  contrary  signs,  the  first  term  being  omitted. 

(431*)  A  recurring  series  is  said  to  be  of  the  first  order  when 
each  term  commencing  with  the  second  depends  upon  the  cue  tliit 
precedes  it. 

(432«)  A  recurring  series  is  said  to  be  of  the  second  order  when 
each  term  commencing  with  the  third  depends  on  the  two  preceding 
terms. 

In  like  manner  we  have  recurring  series  of  the  third  order^  fourth 
order,  <kc. 

PROBLEM 
(433.)  1.  To  find  the  scale  of  relation  in  a  recurring  series  of  tbs 
first  order. 
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80LUTI0H. 

Let  Ay  jB,  (7,  2),  ko^  ...  be  the  coefficients  of  a  reearrii^  MiieB 
of  the  first  order. 

Now,  some  relation  exists  between  each  two  consecutive  terms. 
Let  r  be  the  relation,  and  we  have  S'=rA ;  C=:rjB ;  D^=.rO^  ^ 

whence,    r=-j=^=:-^,  Ac. 

PBOBLEM 
(484«)  2.  To  find  the  scale  of  relation  in  a  recurring  series  of  the 
second  order. 

SOLUTION. 
Let  A^  £j  C7,  2>,  dro.,  be  the  coefficients  of  the  series.    Whence  bj 
the  conditions  must  arise  the  following  equations. 
C=mA  +  nB, 
D=mB'\-nC, 

in  which  m  and  n  are  unknown  quantities.    The  sohtion  of  tliesetwo 
equations  must  give  their  values. 

BC^mAB+nB'j 

AD^zmAB-hnAO, 

AD'-BO^{AG-B')n, 

AD-BO 

^^  AC-B"' 

In  the  same  way  m  may  be  found,  whose  value  is  seen  in  the  equation 

_cr-BD 

"^"AO-B^' 

PROBLSK 
(485i)  8.  To  find  the  scale  of  relation  in  a  recurruig  series  of  the 
third  ftrder. 

SOLUTION. 
Let  Aj  Bf  C7,  2>,  JS",  F,  ^c,  be  the  coefficients.    By  the  conditioiis^ 
we  must  have  Dz=:mA-\-nB-^qOj 

JS=mB-^nC+qDy 
F=imC-\-nD+qJS, 

Tb»  solntimi  of  these  equations  gives  the  values  of  m,  n,  and  9. 

27 
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PBOBLEK 
(436.)  4.  To  find  whether  the  law  of  the  aerieB  dqpeods  on  mu^ 
two,  three,  or  more  terms. 

SOLUTION 

See  whether  the  scale  of  relation  cstahlished  bj  problem  Ist  agreei 
with  the  given  series ;  if  not,  try  problem  2d ;  and  if  that  does  not 
agree,  try  problem  Sd,  and  so  on  until  the  scale  is  fbond.  Or  we 
assume  that  the  series  is  of  a  higher  order  than  necesaarjr,  in  which 
case  one  or  more  of  the  values  found  by  resolving  the  resultiog 
equations  will  be  found  to  be  zero,  and  the  remaining  one  will  give 
the  true  scale  of  relation. 

PBOBLEK 
(437,)  5.  To  find  the  sum  of  a  recurring  series  of  the  first  order. 

SOLUTION. 

It  is  evident  that  when  the  series  is  of  the  first  order  (that  is,  a 

geometrical  series),  the  sum  of  the  series  may  be  obtained  from  the 

t       «     Ir—a    «     a—lr        ,  -,       a 
formulas,  S= — ,  S=-- ,  and  S=- . 

The  first  formula  must  be  used  when  the  series  is  increasing  and 
finite ;  the  second,  when  it  is  decreasing  and  finite ;  and  the  third, 
when  it  is  decreasing  and  infinite. 

PBOBLEM 

(438.)  6.  To  find  the  sum  of  an  infinite  recurring  series  of  the 
second  order. 

SOLUTION. 
Let  A-\-JB+  C+D  ....  be  a  series  of  the  second  order. 
Then  <7=mu4«*+ni?x 


Ii=zmPx'-hnQz 

•  .  . 

Adding  these  equations  together,  and  putting  -4  -f  J?+  O+D  . . .  • 
22  . . .  .=Sf  we  shall  have 
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(1  '-nx—mx*)8=A'{-B—nAz 
A-\-B—nAx 


S=' 


1— na?— wkr* 


PROBLEM 

(439,)  7.  Ta  find  the  sum  of  an  infinite  recoiring  aeries  of  the 
tliird  order. 

SOLUTION. 

Let  -4+jB-h  C+Dy  &c  be  the  series, . 

According  to  the  nature  of  a  recurring  series  of  the  third  order 
there  mubt  result  the  following  equations : 

£J=mBM*  -f  n  Cb"  +  qDx 


AddiiLg  these  equations,  and  putting  S=A  +  B+  C+D+B^  &o^ 
we  have    S—A—B^C=m83i^-\-n{S-Ay+q{S-'AS)x 

whence.  g^A+B+C-(A  +  B)g.    nA^ 

l^qx—fur—msr 

PROBLEM 

(440«)  8.  To  find  the  sum  of  a  given  number  of  terms  of  a  re- 
curring series  of  the  second  order. 

SO,LUTION. 

Let  A+B-\-  O+JD  ....  -{-B  be  a  finite  recurring  series  of  the 
second  order.    We  have 

0=mAji^+nBx 
2)=mBa^+nCx 


T=imBx'-\-nSx. 
Let  us  find  the  sum  of  the  recurring  series  of  the  second  order, 

Cr+  F-h  W,  Ac,  to  infinity. 
We  have,  according  to  Prob.  6, 

^^U+V-nUx 
1— naj— iiMf" 
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Supposing  A-^B-i-  C,  &c^  to  be  an  infinite  seriea,  we  hive  tirmAj 

found  its  sum  to  be 

A-i-B—nAx 

Subtracting  from  this  the  sum  of  U-h  F+  W^  &c^  to  infinity,  lad 
there  must  remain  the  sum  of  the  finite  series,  A+£+C »  ...  7. 
Patting  this  sum  equal  to  S,  we  have 

A-hB—U'-V-nAx'hnUx 


S=-^ 


1— no? — nu^ 


Note. — ^In  the  same  way  we  might  obtain  the  sum  of  a  finite  ie> 
curring  series  of  higher  orders. 

PROBLEM 
(441.)  9.  To  find  the  general  term  of  a  recurring  seriee, 

SOLUTION. 

The  general  generating  fraction,  ^^^.^^^i  +t»M-*»  °^  ^ 

thus  represented : 

(a  +  6a;  +  M;* p3f'){q+rx -{- sx" +vJr*^-»)-» 

The  second  parenthesis  may  be  expanded  by  the  multinomial 
theorem,  and  the  result  multiplied  by  the  quantity  in  the  first  pa- 
renthesis. Then,  if  we  take  in  this  product  the  part  which  c<mtaim  x 
to  any  power  whatsoever,  we  shall  obtain  the  general  term  of  thd 
recurring  series. 

We  present  another  method. 

Take  tlie  generating  fraction, 

a-i-bx-^'cx'  ,  .  , px^ 
q-i-rx+sx* .  .  .  va:"+* 
which  is  supposed  to  be  reduced  to  its  lowest  terms. 

Dividing  both  numerator  and  denominator  by  v,  and  changing  the 

order  of  their  terms,  we  have 

x>  .  r  ,     6       a 

-x^ -a;'4--:p  +  - 

V  V  V  V 


:r"+» ix'  +  ^-x  +  ? 


V 

Separate  the  denominator  into  binomial  fiactors.     Then  the  fraction 
may  be  considered  as  made  up  of  fractions  which  have  these  binomial 
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fractions  for  their  denominators.  Determine  these  partial  fractions 
according  to  the  method  given  in  undetermined  coeflScients,  and  then 
find  the  general  term  of  development  of  each  of  these  partial  fractions, 
and  the  sum  of  these  general  terms  will  be  the  general  tenn  of  the 
recurring  scries. 

Note. — ^In  the  decomposition  into  partial  fractions,  when  a  factor 
of  the  denominator  is  of  the  form  (^ + a)  (^ +&)**,  assume  the  fraction 
to  be  equal ; 

A     ,      B     _^       C  H 


Each  partial  fraction  may  be  put  under  the  form  P(^+«)~*  in 

which  r  is  some  positive  integral  number. 

The  expansion  of  this  by  the  binomial  theorem  gives  for  the  term 

which  contains  xf"  the  following 

-r{^r^l){-r^2)  ....  (-r-(n-l) 

1-2-3      n  ^ 

It  is  the  sum  of  the  terms  containing  ^  resulting  from  the  different 

partial  fractions,  that  composes  the  general  term  in  the  recurring 

series. 

(442.)  A  simpler  mode  of  finding  the  general  term  of  a  recurring 

series  will  be  found  in  the  following  discussion. 

We  have  already  seen  that  a  recurring  series  of  the  first  order  is 

a  geometrical  series,  and,  therefore,  its  general  term  is  easily  found. 

Let  us  suppose  that  a+ar  +  ar*-f-ar'+ar*  . .  .,  a  geometrical 

series,  is  also  a  recurring  series  of  the  second  order.  « 

When  this  is  the  case,  we  must  then  have  the  following  equations  i 

ar^=ma-hnary 

ar*=mar-\-nar^y 

ar*=mar*+nar\ 
.  .  • 

in  which  m,  n  is  the  scale  of  relation. 

By  division  each  of  the  above  equations  reduces  to 
r*=:m  +  wr, 

whence         r = . 

2 

If  these  two  values  of  r  are  not  equal,  we  see  that  there  may  b« 
two  geometrical  series  which  will  also  be  recurring  series  of  the  second 
Older,  having  m,  n  for  their  scale  of  rdation. 
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Let  the  two  values  of  r  be  r,  and  b.  Then  since  the  fint  term  of 
these  two  geometrical  recurring  soricfl  of  the  second  order,  maj  U 
any  quantities  whatever,  let  the  variables  x  and  y  represent  theuL  W« 
shall  then  have 

x-hxc-hxc^+xc* **■"*» 

y+yh+yb*+yb^ y6*-*. 

Each  of  these  series  are  recurring  and  of  the  second  order,  and  the 
scale  of  relation  in  each  is  m,  n. 

By  adding  tliem,  we  liave 
(x+y)  +  {cx+bi/)  +  {c'x  +  b*y)-{'{c'x+b'y) (xc— *+y6^). 

This  series  is  not  geometrical,  although  formed  by  the  addition  of 
two  series  which  are  geometrical.  But  these  two  series  are  also  re- 
curring scries  of  the  second  order.  Have  we  a  right  then  to  conclode 
because  two  geometrical  series  added  together,  do  not  produce  t 
geometrical  scries,  that  these  two  geometrical  recurring  series  haie 
not  when  added  produced  a  recurring  series  ? 

Let  us  examine.    If  the  series 

{x  +  y)-]-{cX'hby)  +  {c*x  +  b'y)  .... 

is  a  recurring  series  of  the  second  order,  whose  scale  of  relation  is  m, 
n,  we  must  have 

Since  a^  +  cx-f  cV+cV,  <tc.,  and  y  +  6y  +  i'y  +  ^'y»  A^  are  recu> 

ring  series  whose  sciile  of  relation  is  m,  w,  we  have  the  following 

equations :  c' j: = mx  +  ticj: 

b''y=my-hnby. 

By  addition  c*z-{'b^i/=m{x+y)+n{cx  +  bi/)  which  proves  that 

{x  +  y)  +  {cx-\'by)  +  {c'x+b'y)  ....  (arc— '+y6— ») 

is  a  recurring  series  of  the  second  order,  whose  scale  of  relation  is  m,  a. 

Let  this  series  be  represented  by 

A-k-B-k-C+D T,  7" standing  for  the 

general  term.    Tlie  following  equations  must  then  subsist : 

a;+y=:^l, 

cx-f  6y=-5, 

B'-bA 

whence,  x = =— , 

c—b 


B-cA 


We  also  have  T  =arc^*  -f  y&""'. 


^    B-bA     ,     B--CA. 
c—b  c—b 
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By  SBBxanvag  a  geometrical  series  to  be  a  recurring  series  of  the 
third  order,  we  should  find  r  by  solving  a  cubic  equation.  Then  pro- 
ceeding in  a  similar  manner,  we  should  find  that  a  recurring  series  of 
the  third  order  is  equal  to  the  sum  of  three  geometrical  series,  having 
the  same  scale  of  relation,  whence  the  general  term  for  a  series  of  the 
third  order  might  be  obtained. 

EXAMPLES. 

1.  Find  the  sum  of  1-f  22?+8a^  +  28Jc"  +  100a?*  +  366a;\<kc. 

Ans.  Scale  2j;*,  3a: ;  sum  - — r-%. 

1 — ox — 2ar 

I.  Find  the  sum  of  l  +  2x+Sx^  +  4z'  +  5x\  &c. 

Ans,  Scale  —a?*,  2x ;  sum  - — 1. 

S.  Find  the  sum  of  l+Sx-\-4x^-{'1x*-{'nx*-^lSx'-h29x%  &c 

Ans,  Scale  x\  x:  sum -,. 

4.  Find  the  sum  of  i+x+5s^  +  lSx*-\-Ux*-\-121x^+Se5x*&c. 

l-'X 

Ans,  Scale  3a:*,  2x ;  sum  -- — —r. 

1  —  2x — 3* 

5.  Find  the  sum  of  1-f  6a;-f  12ar'-f  48a:*+120a:*,  <fcc. 

1     Urn   RT 

Ans,  Scale  Qx\  xi  sum  — r-r. 

'    '  1— a:— Bar" 

6.  Rnd  the  sum  of  l-hSx-\-6x*-h1x*-h9x*-\-llx\&c. 

Ans,  Scale  —x^  2x :  sum  -- — =. 

1— 2a:+ar 

7.  Find  the  sum  of  1-f  3a:-f  2a;*— a:"— 3a:*— 2a;'+a:*,  <fcc. 

Ans,  Scale  —a:",  x ;  sum  — =. 

«    ^.   .  .t^  -  a     oc      ac*  ^     ac*  ^  ^ 

'  8«  Find  the  sum  of  T'"'ii"^+T?^  — n*^?  *C' 

Ans,  Scale  ~=x ;  sum  -z . 

b  b-\-ex 

9.  Find  thesumof  8  +  5a:+7a:*  +  13a:*-h23a:*  -f46a:*,  &c. 

Ans,  Scale  —2a;*,  x',  2x ;  sum  - — 5 — —-;• 

'     '       '  1— 2a:— a:*H-2a:* 

lO.  Find  the  sum  of  l+a:+2a:*-h2a;*  +  3a:*  +  3a:»  +  42^  +  4a;^  <fcc 

Ans.  Scale  —a:*,  a?*,  x:  sum '■ — i 1. 

1— a:— ar+ar 


424  SUMMATION  OF  SERIEL 

!!•  Find  the  ium  of  l+4x  +  6x'  +  llx»  +  2ai^  +  68jr»,  4c 

Am.  Scale  3x»,  -«*,  2ar;  sum  ^^'^^""^ 
IJ,  Find  the  nth  term  of  1  +  2x+33j"  +  4:c*+5«*,  Ac 


IS.  Find  the  nth  term  of  H-3x-J-63j"  +  7«"+9**,  Ac 

Ans.  (2n^l)jr^. 
14«  Find  the  nth  term  of  l+af-f  6jf*  +  lS«"  +  41**  +  121«*,Ac. 

^n*.  i(8a:)-^+i(-')^. 
15.  Find  the  nth  term  of  l+ar+3«*  +  5«"+ll«*  +  21x',  4c. 

16«  Find  thesum  of  n  tennsof  l  +  2x+3a:" 

1— 2x+«» 

17.  find  the  sum  of  n  terms  of  l+3ar  +  5«"  +  Yx' 

^^   1  +ar-(2n  4-  l)x"+(2n-l)i>** 
l-2«+«*  • 

18.  Find  two  geometrical  recurring  series,  which  when  added  dull 
be  equal  to  the  series  l+ar+5ar'  +  13j^+41a:*  .  .  . 

C  i  +  lia;  +  4Jar«  +  13ix»  +  40i*«  .  .  . 

19.  Find  two  geometrical  recurring  series  whose  sum  ahtH]  be  equl 
tothe  series  1+«H-3j;*  +  5a:*  +  liar*  .... 

Ans     il  +  l*^+2|x«+51x»  +  10|x\.. 

'  U-i^+K-K+K  .  .  . 

20*  Find  three  geometrical  recurring  series  whose  sum  shall  be  eqml 
to  the  series  1  -f  a;-h2i;"  +  3a?*  +  6a;*  +  llar* 

Am.    U  +  I*+K  +  K+-V** ■ 

U-i^+K-K+*«* 

(443.)  An  increaMng  series  is  one  whose  successiTB  tenns  in- 
crease in  value. 

(444.)  A  decreasing  series  is  one  whose  suooeasiye  terms  doorem 
in  value. 

(445.)  A  converging  series  is  one  in  which  the  greater  the  mm* 
ber  of  terms  taken,  the  nearer  will  their  sum  approzima^  the  tnw 
sum  of  the  series. 
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PROBLEM. 
(446*)  To  find  the  degree  of  approximation  when  a  limited  num- 
ber of  terms  are  taken  in  a  decreasing  converging  series  whose  terms 
are  alternately  positive  and  negative. 

SOLUTION. 

Let  a— 6+c— rf-f- +m— n-f^— j'-f  r— rep- 
resent a  decreasing  converging  series,  whose  odd  terms  are  positive, 
and  even  terms  negative. 

Since  a  is  greater  than  6,  c  than  d,  m  than  n,  it  follows  thi*6  a— 6, 
c—d,  m—n,p-~q,  <fcc.,  are  positive  quantities. 

CASE    I. 

When  the  number  of  terms  taken  is  even. 

Let  a— 6+c— rf+ m—n-^p^q  be  the  series  to  n  terms, 

n  being  even. 

Since  r— «,  <— «,  and  the  other  rejected  couplets  are  each  positive, 
it  follows  that  the  above  series  to  the  n  telms,  when  n  is  even,  is  less 
than  the  true  sum  of  the  whole  series.  Hence,  we  have  the  following 
inequation,  a— 6+ c—rf m—n4-i>—g'<<Sf,  in  which  <S  rep- 
resents the  true  sum  of  the  whole  series. 

Now  let  a—b-{-e—'d m— n+jp— S'^-^  be  the  series  to 

n+1  terms,  n+1  being  an  odd  number. 

The  terms  after  r  are  — «  +  ^— t*  +  v These  terms  may 

be  thus  represented,  —(«—<)— (w—v)—  ....  The  quantities  in 
the  parenthesis  are  positive,  and  since  each  parenthesis  is  negative,  it 
follows  that  the  series  which  terminates  in  r  is  followed  by  a  series  of 
negative  quantities,  whence  the  following  inequation,  a— 6  + c—c? 
m — n+i>— g'+r>5. 

Prom  this,  we*  see  that  the  quantity  necessary  to  be  added  to  the 
first  member  of  the  first  inequation  to  make  it  equal  to  S  must  be  less 
than  r. 

CASE    II. 
When  the  number  of  terms  taken  is  odd. 

Let  a— ft+c— rf m—n-\-p  be  the  series  to  n  terms,  n 

being  odd. 
Reasoning,  as  in  the  last  case,  we  have  the  following  inequations, 

a— 6+c— rf m^n-^-pyS, 

and    a— 6+c— <^  .....  *»— n-f/>— g<5, 


11.  Find  the  tarn  of  l+4jr  +  6«»  +  llx*  +  '      f  UiefiiA«i« 

Ans.  Scale  Zx\  —       .  following 

12.  Find  the  nth  term  of  1  +  2*+     . . 

,aking  n  termt  of  a  decnmA 

13.  Find  the  nth  term  of  1  -f  ■'    alternately  positive  and  n^gotiw, 

.  numerically  Ices  than  thefolloviM 
14*  Find  the  nth  tenn  of  ' 

« •    T^*   ^  .1      .1. .  •  theorem  to  certain  examples,  the  sens 

15.  Fmd  the  nth  tenD  ^  ^,  j  ^         /.  v 

.  c'oinmcnciug  at  the  second  term  of  the  ei* 

16t  Find  the  sum 

i^.>»  >•  »i 

17.  Mnd  th 

^^5  DIFFERENTIAL   METHOD. 

'^*  ^     ./  fho  differential  method  of  summing  a  series  is  a  method 
^     ^A^  s^"^  ^^  *  series  by  ascertaining  the  successive  differences 

PROBLEM. 

j^9»)  ^'  To  find  the  first  tenn  of  any  order  of  differences. 

r 

SOLUTION, 
^t  fl,  &,  c,  rf,  f,/,  etc.,  be  ii  series. 

5upposin:jj  tliis  series  to  be  as^-ondinir,  wo  have  a  new  series  b? 
^ing  the  first  term  from  the  se<:ond,  the  second  from  the  tliird,  and 
^  on.     Til  is  series  is  CiOlled  iho  ^first  order  of  differences. 

In  like  manner  we  may  take  the  (liHerences  of  the  successive  terms 
of  this  now  series,  and  thus  furm  still  another  series,  which  is  called 
the  second  order  of  diilereiu-es.  IW  continuing  the  process,  we  should 
obtain  other  orders  of  dillereiicrs.     Thus,  we  may  have 

1st  order  6— (7,  c  —  b,  d—q  e—i!,f—e 

2d   order        c—2h-^a,d-\lc  +  b,r  —  2d-{-c,/—2€+d 

3d  order  d—'Sc-}-^b—a,e-^.d-{-?,c—b,/^:\e  +  3d-^c  .... 

4th  order  €—4d  +  (jc — l6  +  r/,/— 4f  H-Orf— 4c-i-6 

5th  order  f—oe  +  lOd—lOc  +  ob—a 

&c^  &c.,  <bc. 
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efficients  of  the  terms  in  the  successiye  order 
the  first  order  they  are  the  same  as  the 
(ar— y)* ;  in  the  second  order,  the  same 
feion  of  {x—yY ;  in  the  third  order,  as 
-y)* ;  and  in  the  nth  order,  the  coeffi- 
as  those  in  the  expansion  of  {x—yy.    The 
\  order  of  diflerences  may  be  written  thus ; 
^order  —{a—h), 
order  a— 26-f  c. 
3d  order  —  (a— 36  +  3c— rf). 
4th  order  a— 46  +  6c— 4rf+«. 
6th  order  —  (a— 66  +  10(;— lOrf-f  5c— /). 
'  the  nth  order,  we  see  that  we  must  have  the  following  formula, 
which  2),  stands    for    the  nth    order  of  differences,  D^=dz 
.        -     n(n-l)      n(n-l)(n-2),    n(n-l)(n-2)(n-3)  , 

The  upper  sign  before  the  parenthesis  must  be  used  when  n  is  eyen, 
and  the  lower  one  when  n  is  odd. 


PROBLEM 
(460.)  2.  To  find  the  nth  term  of  a  series. 

SOLUTION. 
By  Prob.  1.  (449)  we  have  iki<^  following  equatiom^ 

i>j=c— 26+Gr, 
i>3=:rf— 8C+36— a, 
i>^=tf— 4(;+6c— 46+a, 
D^  =/-6e-f  lOrf- 10c+5ft-a, 


&C., 


<fec. 


Wbenoe  may  be  obtained 

6=a+2>„ 

c=a+22>,  +i>„ 

<^=a  +  3i>,+32>,+i>„ 

e=a+42>,+62>,+42>3+i>^, 

/=a+6  J9,  + 102),  + 102),  +  52)^ +2>„ 

dbc,  <fec. 

We  Bee  that  in  the  (n-f  l)st  term  of  the  series  a,  6,  c,  (f,  c,  <fec.,  the 
ooeffioienta  of  a,  2>,,  i),,  Z),,  2)^,  kf^  are  the  same  as  the  coeffi« 
oi0iitaintlieezpaiunonof(2;+y)*.    Therefore,  the  (n-f  Ijst  termofthe 
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which  show  that  the  quantity  to  be  subtracted  from  the  fint  menoibcr 
of  the  first  inequation  to  make  it  equal  to  S  must  be  leas  than  g. 
The  solution  of  this  problem  establishes  the  following 

THEOREM. 
(447.)  The  error  committed  by  taking  n  terms  of  adecrtoMg 
converging  series,  whose  terms  are  alternately  positive  and  fifpottif, 
for  the  sum  of  the  whole  series,  is  numerically  less  than  the  foUoising 
term. 

Note. — ^In  applying  this  theorem  to  certain  examples,  the  series 
should  be  considered  as  commenciug  at  the  second  tenn  of  the  ex- 
pansion. 


THE   DIFFERENTIAL   METHOD. 

(448«)  The  differential  method  of  summing  a  series  is  a  method 
of  finding  the  sum  of  a  serie;»  by  ascertaining  the  successive  dififerenoei 
of  its  terms. 

PROBLEM. 
(449.)  1.  To  find  the  first  tenn  of  any  order  of  differences. 

SOLUTION. 

Let  a,  bj  c,  d,  /?,/,  etc.,  bo  a  series. 

Supposinp^  this  series  to  be  ascending,  we  have  a  new  series  br 
taking  the  first  tenn  from  tlio  second,  the  second  irom  the  third,  and 
so  on.    This  series  is  called  the  Jirst  order  of  differences. 

In  like  manner  we  may  take  the  differences  of  the  successive  terms 
of  this  new  series,  and  thus  form  still  another  series,  which  is  called 
the  second  order  of  dillL-renc^ts.  By  continuing  the  process,  'we  should 
obtain  other  orders  of  differences.     Thas,  we  may  have 

1st  order  6— a,  c— 6,  d—c,  c—d,f—e 

2d  order       c—2b-i-a,d—2c-{'b,f-^2d-hc,f—2e+d 

3d  order  c?— 3c  +  3?>— a,  p— 3rf  +  .3c— 6,/%-3eH-3ef—c 

4th  order  ^— 4c?  +  6c— 46  +  a,/— 4<»  +  6rf— 4c4-6 

6th  order  /— Se  +  lOrf— lOc  +  56— a 

<fec.,  <fcc.,  &C. 
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By  inspectmg  the  coefficients  of  the  terms  in  the  successive  order 
of  differences,  we  see  that  in  the  first  order  they  are  the  same  as  the 
coefficients  of  the  expansion  of  (a?— -y)* ;  in  the  second  order,  the  same 
as  the  coefficients  of  the  expansion  of  {x—y)* ;  in  the  third  order,  as 
those  in  the  expansion  of  {x—yY  ;  and  in  the  nth  order,  the  coeffi- 
cients must  be  the  same  as  those  in  the  expansion  of  {x^-yy.  The 
first  in  each  of  the  above  order  of  differences  may  be  written  thus ; 

Ist  order  —(a— 6). 

2id  order  a— 26+c. 

8d  order  —  (a— 36-h3c— rf). 

4th  order  a— 46  +  6c— 4rf+«. 

6th  prder  —  (a— 66+10<:— 10rf+5«— /)• 
For  the  nth  order,  we  see  that  we  must  have  the  following  formula, 
in  which  2),  stands    for   the  nth    order  of  differences,  D^=dz 

(g    n5|"("~^>c    "(«-l)(«-2)j  I  «>(»-l)(»-2)(»-3),  >. 

2  2«3  2»3*4 

The  upper  sign  before  the  parenthesis  must  be  used  when  n  is  eyen, 
aAd  the  lower  one  when  n  is  odd. 

PROBLEM 
(450«)  2.  To  find  the  nth  term  of  a  series. 

SOLUTION. 
By  Prob.  1.  (449)  we  have  the  following  equations^ 

i>j=c— 26  +  flr, 
2)3=^— 3C  +  36— a, 
i>^=tf— 4rf  +  6c— 46+a, 

Whence  may  be  obtained 

c=a  +  2i>,+2>a» 
(;=a+32>,+32>3-f--Z>„ 
e=:a+4Z>,  -h6J9a  +42>3  +i>^, 
/=ra+5  J9,  + 102>3  + 102>3  +  62)^ +i>„ 

We  see  that  in  the  (n+ l)st  term  of  the  series  a,  6,  c,  (f,  f,  <fec.,  the 
coefficients  of  a,  2>,,  Z),,  D^,  D^,  &c^  are  the  same  as  the  coeffi- 
cients in  the  expansion  of  (x + y)\    Therefore,  the  (n  + 1  )st  term  of  the 
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series  a,  6,  c,  d,  &<^  is  a+n2>,  +  ^  ^2>,  +-^^- — ^        ^2?,-^ 


n(n    l)(yi      2)(n    3)^^  ^^  ^^^  ^^^  ^^^.^  we  see  thjit  the  nth  ton 

lust  be  a  +  (n— 1)2>,  +  -^ 

(n-l)(n-2)(;>-3)(n-4) 


inu8tbea  +  (n— 1)2>,+-^ ^ ^A+^ — ^     ^ — -1^ 


-2>4,  <fec^  which  is  obtained  bywriti^p 

n— 1  for  n. 

PROBLEM 
(451*)  3.  To  find  the  sum  of  n  terms  of  a  series. 

SOTiUTION. 

Let  a,  6,  c,  (f,  <fec^  be  the  proposed  series,  of  which  we  seek  to  find 
the  sum  of  n  of  its  tenns. 

Takinprthe  series  0,  a,  a4-6,  a-f-6-f-c,  a  +  6+c  +  df,  Ac,  we  seediit 
its  (7i  +  l)st  term  is  equal  to  the  sum  of  n  terms  of  the  serial 
a,  6,  r,  c/,  <kc. 

Representing  the  first  term  of  each  order  of  dififerences  in  the  serial 
0,  a,  a 4- ft,  a  +  ft+c,  &c.,  respectively  by  D,,  i>„  2>,,  j9^,  Ac^  wi 
have  by  the  last  problem  for  the  (»4-l)8t  term  of  the  series  0,c, 
a  +  6,  a-\-h-\-c^  a  +  ft  +  c+rf,  <kc^  or  the  sum  of  n  terms  of  theseriei 

«,  6,  .,  c/,   Ac,  -0  +  n2>.  +!5^i>.  +  "("-^K"-^)  j,4 

If  we  wish  to  refer  the  first  term  of  each  order  of  differences  to  the 
pro}>os(Ml  syn'es  a,  6,  r,  (f,  Ac,  instead  of  to  the  assumed  series  0, 9^ 
o-f  6,  a-\-h-\-c^  a  +  64-c  +  e/,  Ac^  the  formula  becomes  (since  2>,,i!),, 
2>3,  &c.,  of  the  assumed  series  are  respectively  equal  to  a,  ^j,  J9,,  dA 

/.      ,  1  .      N     rr  W(^—  1)t%  *»(»— !)(»*  — 2)^ 

of  the  proposed  scnes)  S=ncL-\-   ^     — ^■^i"^"'^ —    ^-^1  + 

2.3.4       ^"*'=- 

EXAMPLES. 

1  •  What  is  the  first  term  of  the  fourth  order  of  differences  of  the 
series  1,  8,  27,  C4,  125,  Ac?  Aiu,  a 

2«  Wliat  is  the  first  term  of  the  eighth  order  of  differences  of  tha 
series  1,  3,  9,  27,  81,  Ac  ?  An».  250. 
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S«  What  is  the  first  term  of  the  fifth  order  of  difierences  of  the 
wriM  h  h  h  h  I'ai  3V»  iV»  <fcc-  ?  ^^'  -  A- 

4«  What  is  the  first  term  of  the  sixth  order  of  difierences  of  the 
eeriee,  d,  6, 11,  17,  24,  86,  50,  72,  Act  Ans.  —14. 

5«  What  is  the  first  term  of  the  third  order  of  difierences  of  the 
aeries  1,  2\  8*,  4*,  Ac.?  Ans.  60. 

6«  What  is  the  10th  term  of  the  series  1,  4,  8, 18,  10,  &c.  ? 

Ans.  64« 

7.  What  is  the  16th  term  of  the  series  1',  2',  8*,  4",  &c.  ? 

Ans.  226. 

8.  What  is  the  20th  term  of  the  series  1,  8,  6,  7,  <bc.  ? 

Ans.  89. 

9f  What  is  the  nth  term  of  the  series  a,  a+d,  a+2rf,  a  +  3c?,  <fcc.  f 

Ans.  a-f  (»— ly. 

10*  What  is  the  nth  term  of  the  series  1,  8,  6, 10,  16,  21,  Ssc.  ? 

2 
11.  What  is  the  50th  term  of  the  series  1,  4,  8,  18,  <fec  ? 

Ans.  1324. 
12f  What  is  the  sum  of  n  terms  of  the  series  1,  8,  5,  7,  9,  &c.  ? 

Ans.  n\ 
18.  What  is  the  smn  of  n  terms  of  the  series  1*,  2',  3',  4',  &c.  ? 

^^    n(n4-l)(2n  +  l) 
*  1  .  2     .     3 

I4«  What  it  the  8dm  of  n  terms  of  the  series  1,2,  3,4,  5,  <fec? 

Ans.  !^). 

15«  What  is  the  sum  of  n  terms  of  the  series  1',  2",  8*,  4',  &c.  ? 

Ans.  i(»*  +  2n«+n')* 

ICt  What  is  the  smn  of  n  tenns  of  the  series  1,  2*,  3*,  4*,  <fcc.? 

.        n*     n*     n*     n 

Ans. , 

5       2       3      80 

17i  What  is  the  smn  of  n  termsxxf  the  series  1,  8,  27,  64,  <fec.? 

Ans.      ^        \ 
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18«  What  is  the  sum  of  n  terms  of  the  series  1,  3,  6,  10,  15,  &ct 

1.2.3 

19«  What  is  the  sum  of  n  tenns  of  the  series  l(m  +  1),  2(»+3)y 
o/     I  o\   ^/     .  ^\   1.    •  A       n(n  +  l)(l-r2jH-3m) 

1      •     2     •     9 


APPLICATION   OP   THE   DIFFERENTIAL    METHOl). 

PROBLEM. 
(45 2«)  To  find  the  number  of  balls  or  shells  in  a  triang^olar  p2k 

SOLUTION. 

By  an  inspection  of  a  triangular  pile  of  balls,  or  shells, 
we  see  tliat  tlie  first  tier,  commencing  at  the  top,  has  one 
ball;  the  second,  1+2;  the  third,  1  +  2+3;  the  4th, 
1+2  +  3  +  4;  and  the  nth,  1+2  +  3+4  +  5  ...  +». 
Tlic  numlier  of  tiers  equals  the  number  of  balls,  or  shellsi 
in  one  side  of  the  base. 

Tlien,  to  find  the  number  of  balls,  or  shells,  in  a  triangular  pile  of 
n  tiers,  >ve  must  find  the  sum  of  the  series  1,  3,  6,  10,  •  ...  to  • 
terras,  which  is 

7?(yi  +  l)(n  +  2) 

1.2.3 

PROBLEM. 
(453.)  To  find  the  number  of  balls  or  shells  in  a  square  piki 

SOLUTION. 

By  an  inspection  of  a  square  pile  of  balls, 
or  shells,  we  see  that  the  first  tier,  com- 
mencing at  the  top,  has  1';  the  second,  2'; 
the  third,  3' ;  the  fourth,  4' ;  and  the  nth, 
n'  balls,  or  shells. 

Then,  to  find  the  number  of  balls,  or  shells,  in  a  square  pile  of  • 
tiers,  we  must  find  the  sum  of  the  series  1*,  2",  3*,  4\  S\  to  n  Utb^ 
which  is  ^^n(n  +  l)(2n  +  l) 

1.2.3 
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PROBLEM. 
(454*)  To  find  the  number  of  balls  or  shells,  in  an  oblong  pile. 

SOLUTION. 

By  an  inspection  of  an  oblong  pile  of  balls,  or  shells,  we  see  that  if 
f7»  + 1  represents  the  number  in 
the  first  tier,  commencing  at  the 
top,  the  number  in  the  second  is 
2(wi4-2);  inthe3d,8(wi  +  3); 
in  the  4th,  4(m  +  4) ;  and  in  the 
nth,  n(m+n). 

Then,  to  find  the  number  of  balls,  or  shells,  in  an  oblong  pile  of  n 
tiers,  we  must  find  the  sum  of  I(m+1),  2(m  +  2),  3(m  +  d), ....  to  n 
terms,  which  is 

n(n  +  l)(l+2n  +  8m) 
■"       1.2.3 

(4550  These  three  formulas  may  be  written  as  follows : 

In  the  triangular  pile,  S=^.^^^         .(n  +  1  +  1) 

»    «    square       «     5=1,  ^(^±1^ .(»+»  +  !) 

2 

«    «    oblong      "     flf=j.^(l±D  i(„+OT)+(»+m)+(m+l)} 

Since  -^— - — -  represents  the  number  of  balls,  or  shells,  in  the 

triangular  face  of  each  pile,  and  the  other  &ctor  the  number  in  the 
longest  base  line,  plus  the  number  in  the  lino  parallel  to  it,  plus 'the 
number  in  the  top  tier,  we  have  the  following 

GENERAL    RULE. 

MtdHply  ons-third  the  number  in  the  triangular  face  by  the  num" 
ber  in  the  lonffeet  base  line,  increased  by  the  number  in  the  opposite 
parallel  line  and  by  the  number  in  the  top  tier,  and  the  product  will 
be  the  whole  number  of  balls  in  the  pile, 

EXAMPLES. 

!•  How  many  balls  in  a  triangular  pile  of  16  courses  ? 

Ans.  C80. 
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2*  A  complete  square  pile  of  shells  has  14  courses :  how  maiy 
shells  are  in  the  pile,  and  how  many  remaiu  after  the  removal  of  5 
courses  ?  Atis.  1015  in  the  pile,  and  960  remain. 

3*  In  an  incomplete  oblong  pile  of  balls,  the  leogtli  and  bre&iith  st 
the  bottom  are  respectively  46  and  20,  and  the  length  and  breadth  it 
the  top  are  35  and  9.     Uow  many  does  it  contain  ?        An*.  7190. 

4*  The  number  of  balls  in  an  incomplete  square  pile  is  equal  to  6 
times  the  number  removed,  and  the  number  of  courses  left  is  equal  to 
the  number  of  courses  taken  away.  How  many  balls  were  in  the 
complete  pile  ?  Ans.  365. 

5.  Let  h  and  k  denote  the  length  and  breadth  at  the  top  of  a 
oblong  tnmcated  pile,  and  n  the  number  of  balls  in  each  of  the  alant* 
ing  edges.    How  many  in  this  truncated  pile  ? 

Ans.  ^*|2ii*  +  3«(A+ifc)+6AJfe-3(A-»-ifc+n)+l}.. 

6i  How  many  shot  in  a  triangular  pile  whose  bottom  row  containi 
8  shot  ?  Ans.  120. 

7t  How  many  shot  in  a  square  pile  whose  bottom  row  contains  8 
fihot?  Ans.  204. 

8t  How  many  shot  in  an  oblong  pile  whose  length  and  breatith  at 
the  bottom  cont-nns  respectively  16  and  7  ?  Ans.  392. 

9.  How  many  shot  in  a  tiiangular  pile  whose  bottom  row  contains 
80  shot  ?  Ans.  4960. 

10.  How  many  shot  in  a  square  pile  whose  bottom  row  contains  80 
shot?  Ans.  0455. 

11,  How  many  shot  in  an  oblong  pile  whose  number  of  cours^fs  is 
30,  and  top  row  31  ?  Ans.  23405. 

12i  How  many  shot  in  an  incomplete  oblong  pile  whose  length 
and  breadth  at  the  bottom  are  respectively  46  and  20,  and  at  the  top 
30  and  4  ?  Ans.  8160. 


SPECIAL  SERIES. 
THEOREM. 


(4  5  6.)  Any  fraction  of  the  form  -?—7^  ts  equal  to  -  of  ^ 
difference  between  the  fractions  -  and 


n         n+J» 
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DSKONSTBATION. 

^ 

n    n+p       n{n 


I g    _gn+;?y-ng^     pq  q  Ug       q   \ 

(n+2>)        n{n-\-py'  ' n{n-\-p)    j^n    n+p/ 


Q.E.D. 

Corollary. — ^If  the  difference  between  -  and     ^     is  known,  the 

*  n        n+p  ^ 

▼alue  of  —r^ — :  will  be  known,  whether  -  and     ^      are  known  or 

«(»+/>)  n        n-\-p 

not  ^ 

Hence,  we  obtain  the  following 

PRIKOIPLS. 

In  any  aeries  of/ractiona  having  the  form  -—- — r  the  aum  cf  tha 

aeriea  it  equal  to  -th  of  the  difference  between  a  aeriea  of  fraeOona  ^ 

the  form  -,  and  a  aeriea  of  fraetiona  of  the  form  —5--. 
n  n-\-p 

QUB8TI0V. 

(457.)  "What  ifl  the  sran  of  the  series  r-r+:r-::  +  r-:+  •  •  •  tofaH 
l•2     2*8     8*4 

finity? 


Here 


q     ^1 
n(n-\-p)     1-2 

q    -1 


n(n +jt>)     2-3 

q    ^1 


SOLUTIOK. 

,•.  ^=1;  «=1;  n+/?=2, or^=L 
.•.  ^=1;  n=2;  n+2>=3,  or/?=l. 
.-.  y=l;  n=3;  n+|?=4,  or^=l. 


n(n+|))     3-4' 

From  which,  we  see  that  q  constantly  equals  1  and  p  oonstantlj 
equals  1,  and  n  successively  equals  1,  2,  8,  Aks. 

Therefore,  -=-+-+--+7. .  .to infinity. 

?-- 2-==i. 

Whence,  -(-— — ^|,  or  -  of  1,  which  =1  is  the  sum  of  a  seriea  of 
p\n    n+pf       p 

fractions  of  the  form    ,    .    .,  or  of  the  series  r^  +x-i  +z-^  +  . . .  to 
n(ii+jp)  1*2     2*8     8*4 

infinity. 

28 


2«  What  is  the  sum  of  the  aeries  "rT.'":r--  + •  -  to  infinitf  ? 

1-3     2*4     3"5  ^ 
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KoTE. — ^In  the  ibDowing  examples  some  difDcnhies  are  parposBly  left  fir  ti» 
■tadent  to  orercome.  But  it  is  beUoved  that  the  skill  that  he  has  acqcired  bf 
msstering  the  work  thtis  far  will  enable  him  to  solve  them. 

QUESTIONS. 

!•  What  is  the  sum  of  the  series  r-i +--,  + h to  infinityl 

1'3     2'4     3-5  •' 

^itff.  |. 

iifinitj? 

Amm,  {. 

8.  What  is  the  sum  of  the  series  — +—+j;j^  + jA_+... to 

infinity?  Ata,  I. 

4f  What  is  the  sum  of  the  series  — +—+—-*-— --f t9 

infinity?  Aiu.  |f. 

5«  What  is  the  sum  of  the  series  r—  +:r-  +— ^  + to  infinitr! 

1-3     3*5     5-7  ^ 

Ans,  |. 

6.  What  is  the  sum  of  n  terms  of  the  series  r-:  4-— -  + —  +---  + 

1-4     2-6     3-6     4-7 

Ac?  Aru, +- r:r4-- 


3»4-3     6n+12     9n  +  27 

7»  What  is  the  sum  of  n  terms  of  the  series  r-:;+-—  +—=.+,&» 

1*3     3-5     5*7 

Am. 


2]t+l 


8.  What  is  the  sum  of  the  series  -r-z,"^ ■=-=,+ TTT.'^^r-^^  + to  ia- 

3-6     6-7     7*9     9"11 

finity?  Aiu,  ^. 

9*  What  is  the  sum  of  the  series  1  +-^-+^+^7;+,  Ac, to  infinity? 

3      6     10 

Ant.  2. 

10«  Whatisthesumof  the  series —^+—r^+— -+,&c^  to  infinity? 

3*0     0*12     v*Io 

An9.  -^ 
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IL  Wlmtisthesumof  ntcnnsoftheaeries  r--+2---+— — +,*o.f 

o'o     o*lZ     v*io 


^~-  A(i51} 


2        8        4         6 
12.  What  is  the  sum  of  n  terms  of  the  series  — —  -;^+^—j7jri +, 

4o.t  An8»  ^dz-jr- — -^,  aoeording as  fi  18  odd  or  erw. 

By  reasoning  as  in  (466),  we  obtain  the  following 

PBIKOIPLS. 

(458.)  I/any  teries  ofjraetions  have  the  form  .  ^^.  ^  y 
the  ium  of  the  series  is  equal  to  —  <f  the  difference  beiweei^  a  series 
of  fractions  of  the  form  -y? — :  and  a  series  of  fractions  of  the  form 


(n+i>)(n+2py 


QUBSTIONS. 


12  3 

!•  Whatis  the  sum  of  the  series —---+----t;+--t-— +,Ac^ to 

l'3-5      S'b'1     6'Y*9 

finity.  Ans.  |>. 

2.  What  is  the  sum  of  the  series  ^+^+  ^_+-iL^+. 
^  to  infinity?  Ans.  /p. 

J.  mat  i.the«umof  the,meB^^-+-^^+-^^^+, 

&c^  to  infinity  f  Ans.  -f^. 

4  H  6 

4.  What  is  the  sum  of  the  series  7:5:^  + -5:^:7 +  -5-r;:+>*o^  to 

1*2*9       «*3*«       3*4*0 

hifioityf  Ans.  1^. 

5«  What  is  the  sum  of  the  eerier 

a^ a+h a  +  2h 

n{n  +p){n + 2p)  "*■  (n  +p){n + 2p){n + 8p)     (n+2i>)(n  +  3/))(n+4py 

ftctoinflnityf  Ans.  ^^^^y 
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Again,  by  reasoning  as  in  (456),  we  obtain  the  foIlowiDg 

PRINCIPLE. 

(459*)  If  any  series  effractions  have  the  form 


n(»4-i^)(n  + 2p)n + 8/))' 
th$  turn  of  the  series  is  equal  to  —  of  the  d^erenee  between  a  esrim 

of  fractions  of  the  form  ^^^^r^  ^  ^pY  ^^  ^  ^^"^  ^/huHonsef 
the  form ^ 


{n+p){n  +  2p){n  +  Spy 

QUESTIONS. 

I.  What  is  the  «um  of  the  Mrie.  ^^+^Jj^+^J_+,4„, 
to  infinity  t  Ans.  ^ 

i.  Whatiathesumof  tlie8erie8j:i^+^  +  ^:^+,4a, 

to  infinity !  Ans.  ifj. 

2  5  8 

3*  What  is  the  sum  of  the  series  zr-^-rrr;:  +  ^  ^  ,^  ,^  + +, 

3-6-912     6-912-15     9-12-16-18    ' 

Ac,  to  infinity  ?  Ane.  rf  |j. 

6'  Y*  8* 

4*  What  is  the  sum  of  the  series  r-:r-r-r+-T — : — + +, 

1-2-3-4      2-3-4'5      3-4-5-6    ' 

Ac^  to  infinity  ?  Ane.  ||. 

Again  reasoning  as  in  (456),  we  obtain  the  following 

PRINCIPLE. 

(460*)  In  any  series  of  fractions  of  the  form 
9         


n{n-\-p){n-^2p)  ....  (n+iwp)  * 

the  sum  of  the  series  is  equal  to  the of  the  difference  between  c 

mp   ''  ^ 

q 

series  of  fractions  of  the  form  — r. —z 1 — r» 

•^  -^  -^        -^         n{n  +;>)(n  +  2;?) (n  +  (m-l)/?) 

and  a  series  of  fractions  of  (he  form  -. t-. % ^ r^ 

•^  -^  -^        -^  (»+/>)(n+2;?)  .  .  ,  {n-hmp) 

Again  reasoning  as  in  (456),  we  obtain  the  following 
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PBIVOIPLS. 

(461«)  In  any  teries  of  fractions  of  the  form 
a{a+h)  ....  ja+pb) 
n{n-hb)  ....  {n+pby 

the  turn  of  the  eeriee  is  equal  to  r  of  the  difference  hetiveem  a 

series  of  fractums  of  the  forvi    «(^|g f^+f^    ,^^gmfa 

•       r  ^    4:         X  4V    X  «(«  +  *)  ....  l(«  +  (P+l)*)l 

«««  offract^  0/  tA./orm  ^.^ftj  .  .  ,  .  {^^^f      ^  ^^- 

QUS8TION8. 

— —  1     1*3      1*3*5 

1.  What  18  the  sum  of  r  terms  of  the  series  -+r-r  +  r-r-;:+ 

2     2*4      2*4-6^ 

1-3-6-7 


•7  ^    .     ,  .      1-3-6-7  ....  (2r+l)     , 


2*4-6-8      '  2-4-6  .  .  .  .  2r 

2  2*4      2*4*0 
i.  What  is  the  sum  of  r  terms  of  the  series  ~+:rT-+:rT-j;  + 

3  3*5      3*6*7 

2*4*6*8   ...  .       2-4*6*8  .  .  .  .  (2r  +2)     ^ 

3-5*7*9      '  3*6*7*9  .  .  .  .  (2r+l) 

2         2*3        2*3*4 
3.  What  is  the  sran  of  the  series  r7r  +  r-:r-=  +  ^  ^  ^  ^  +>  Ac.,  to 

6*6      6*6*7     6*6*7*8      '       ' 

infinity?  Ans,  ■^. 

a     a(a  -f*  h) 

4*  What  is  the  sum  of  r  terms  of  the  series  — | — ) =4-+ 

n     n(n+6) 

<i(a  +  6)(a  +  26) 

n(n  +  6)(ii+26)"^'*'^' 

1       /,         a(a  +  6)(a+26) (a+rb)     \ 

^^-  n-a-6r    n(n+6)(n+26) [n+(r— 1)6];- 

Kemabx. — ^Ifn=a  + 25,  whence  n+6=a  + 36  and  n  +  26=a  +  46, 
Ac,  and  n+(t*— 2)6=a+r6,  the  fraction  in  the  parenthesis  becomes 

a(g  +  6) 
a+(l+r)6' 
which  yanishes  when  r  is  infinite,  and  we  tfierefore  have  for  the 
of  the  series  to  infinity 

a 
n^aS* 
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When  nz=:a+b^  the  fraction  in  the  parenthesis  becomes  a,  and  the 
•urn  of  the  series  _-— ^(a-o)=-(0)=-,  an  exprassion  of  no  defi- 
nite signification  in  its  present  form. 

It  may  be  observed  that  this  is  obtamed  without  r^erence  to  ths 
▼ahieofr;  henoe,  whether  r  is  infinite  or  finite,  the  result  is  the  i 


(462.)  Some  series  may  be  rery  beautifiilly  summed  as  foUom. 

QUBSTIOK 

1.  What  is  the  sum  of  the  infinite  series  a: +«■+«'+ a?* +,  Ac? 

SOLUTION. 

Let    iS=rr+«*+«"+«*+«'+,  Ac. 
then    xS=   +g*+g*4-g*+g*+,  Ac. 
.'.     (l''X)S=x.  " 

whence    S=- . 

1—x 

QUSSTIOK 

2.  What  is  the  sum  of  the  infinite  series  ar— a:'4- j:»— .««4.^  Ac.  f 

SOLUTION. 

Let     ^=a?-ar«4.aj«-a?*+,  Ac 
then     —xS=  —ar'+g*— g*+,  Ac 
.-.    {l+x)S=x. 

whence,     S= . 

'  H-a: 

QUESTION 

8.  What  is  the  sum  of  the  infinite  series  a:+2«*  +  3ar*  +  4«*+,  Ac/ 

SOLUTION. 

Let     S=x+2x^-{-Sz*'{-4x*+,  Ac 
then     —2xS=  ~2x'-4ar'-6a:*-,  Ac 
and     x*S=  +  «"  +  2a:*+,  Ac 

.-.     (1— 2a?+a;')=a?. 

whence,    S= 


1— 2ar+««* 
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QUESTION. 

4«  What  is  tbe  sura  of  the  infinite  series  x+4x*  +  9x'  +  16a:*+,  Ac. 

SOLUTION. 

Let  S=x  +  4x*-h  9a:»  +  16ar*  +  ,  Ac. 

then    — nx5=   — 3a^— 12x*--2Ya:*— ,  Ac 

and    dx*S=  +   3ir'+12ar*+,  Ac 

and  ^x*S=:  —     «*— ,  Ac. 

.-.     {l—3X'\-Sx*—x*)S=x+x'. 

whence,  S=~- r-.- 

PROMISCUOUS     QUESTIONS. 

1«  What  is  the  sum  of  the  infinite  series  1  +ir+«*+«*  +  ,  Ac.  ? 

Ah8. . 

1— « 

2.  What  is  the  sum  of  tlio  infinite  series  1  +  2i? + 3 a:' + 4x*  +  6x* + , 

Ac?  ^1 


(l-x)'- 

3.  What  is  the  sum  of  the  infinite  series  f:^+ r-.r^r  +  ^:t:z  + ,  Ac,  ? 

Ans.  J. 

it  A  K 

4.  What  is  the  sum  of  the  infinite  series ——-  +  r-r-:r,  +  ^r-rizi + i&c.  ? 

1-2-2     2*3-2*     8-4*2'     ' 

Ans.  1. 

5.  What  is  the  sum  of  the  mfinite  series        Q.o"i  +  o.Q.^7o«"^ 

1*2*3*2       2*3*4*2 

6.  What  is  the  sum  of  the  infinite  series   — -—  +  +  + 

8*18      10*21      12*24 

7.  What  is  the  sum  of  the  infinite  series  j?4-3«'  +  6j;'4-10i:*+ 
Ac.  ?  ^  X 

8«  What  is  the  sum  of  n  terms  i>f  the  series  "tt^—^tjt^+^q  "" 
Ac?  J       1/1-u  ^  \  upper  sign  being  used 


Ans  l(\±  ^  \  ^^^^  signbeii] 

'    \       (n+2)(n  +  8)/'  when  n  is  odd. 


CHAPTER  XIX. 
FEBMUTATIONS. 

(463.)  Permutation  is  the  placing  of  a  number  of  things  in 
different  order.    Thus,  the  permutatioDs  of  a  and  b  are  ah  and  ba, 

PROBLEM. 

(464*)  To  find  the  number  of  permutations  of  which  n  letten 
are  susceptible. 

SOLUTION. 

It  is  evident  that  two  letters  are  susceptible  of  1  x  2=2  permuta- 
tions. Since  the  pcnnutatious  of  a  and  b  are  ab  and  ba^  it  is  pUuo 
that  if  another  letter,  c,  is  introduced,  it  may  occupj  three  different 
positions  in  each  of  these  jjermutations ;  thus,  eab^  aeb^  ahe^  cba,  6ea, 
bae;  hence,  the  permutations  of  three  letters  are  equal  tol  x2x3=6. 
In  general,  then,  the  permutation  of  n  letters  is  equal  to  1x2x3x4 
(w-l)w,  or  [/t-(»-i)]  [w  — (,»— 2)] (»— l)ii. 

(465.)  Arrangements  arc  results  obtained  bj  placing  a  given 
number  of  things  in  different  orders,  each  result  containing  the  same 
number  of  thinsfs,  this  number  being  less  than  the  given  number. 

PRO  BLEM. 

(466.)  To  find  the  whole  number  of  arrangements  of  which  n 
letters  are  susceptible  when  taken  in  sets  of  m  letters  each. 

SOLUTION. 

It  is  evident  that  n  letti*i*8  have  7i  arrangements  when  taken  one  at 
a  time,  and  11(71  —  I)  arrangements  when  taken  two  at  a  time,  since  each 
of  the  w  arrangements  forms  one  with  the  («  — 1)  remaining  letters. 
The  same  reasoning  gives  w(«  — l)(w  — 2)  arrangements  of  n  letters 
taken  three  at  a  time.  Whence  for  all  the  arrangements  of  n  letten 
taken  m  at  a  time,  we  have  w(w  — l)(7i— 2)(7i— 3) to  m  terms. 
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PBOBLBM. 

(467*)  To  find  the  number  of  permutations  of  which  n  letters 
are  susceptible  when  any  letter  is  repeated  t  times. 

SOLUTIOK. 

Four  letters  all  alike,  as  aaaUy  can  have  but  one  permutation.     If  we 
make  but  three  alike,  or  iotroduce  another  letter,  as  6,  it  is  plain  that 
each  of  the  four  letters  in  succession  may  be  changed  to  6,  tbus'giving 
four  permutations  haaOy  ahcM^  aahaj  aaab,  in  which  three  letters  are  alike. 
If  we  make  but  two  alike,  or  introduce  another  letter,  as  c,  it  is  evident 
that  each  of  the  three  similar  letters  in  the  four  permutations  just 
given  may  become  c ;  thus  ^ving  twelve  permutations  of  four  let- 
ters when  two  are  alike.    This  reasoning  leads  to  the  following : 
n  letters,  n  being  alike,  give  1  permutation. 
n  letters,  n— 1  being  alike,  ^ve  n  permutadoDS. 
n  letters,  n— 2  being  alike,  give  n(n— 1)  permutations, 
n  letters,  n— 8  being  alike,  give  n(n— l)(ji~2)  permutations, 
n  letters,  n— mbeing  alike,  give  n(n— l)(n--2)  . . .  (n— (m—l)) 

permutations. 
V  we  put  n— m=<;  this  general  formula  becomes 
n(n-l)(n-2)(n--8)  .  .  .  (<  +  l). 
It  may  be  seen  that  this  formula  is  equivalent  to 
1.2.8  ...  .  (n-2)(n-l)n 
1.2.8  .  .  .  .  t 

If  in  n  letters  one  of  them  should  occur  t  times,  another  J9  times, 
another  q  Jimes,  and  another  r  times,  the  formula  for  the  permutations 
of  the^e  n  letters  would  obviously  be 

1.2.8.4     .     .     .    (n--2)(n-l)n 
1.2...<.1.2...j7.1.2...jf.l.2...r 

Rbmabk. — ^The  formula  for  the  arrangements  of  n  letters,  taken  m 
at  a  time,  when  one  letter  occurs  t  times,  another  p  times,  another  q 
times,  and  another  r  times,  is 

n(n— l)(n — 2)  ...  to  m  terms 
1.2...r.l.2...|).1.2...y,1.2...r 

COMBINATIONS. 

(468*)  Combinations  are  the  different  collections  that  may  be 
made  of  a  number  of  things,  so  that  no  two  collections  shall  contain 
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the  same.    Thus,  abc^  abd,  acdy  and  bed  are  the  oombiiuilioDs  of  a,  i,  c, 
and  d,  taken  three  at  a  time. 

PROBLEM. 

(46  9«)  To  find  the  number  of  combinationa  of  which  n  letten 
are  Buaceptible  when  taken  in  sets  of  m  letters  each. 

BOLUTIOK. 

Let  C  represent  the  required  number  of  combinations.  Sinee 
each  of  these  combinations  contains  m  letters,  it  may  be  written  in 
as  many  ways  as  m  letters  can  be  permuted,  or  1  •  2  .  3  .  .  m  wajk 
Hence  C  combinations  may  be  written  in  t7(l  .  2  .  3  .  .  .  m)  ways. 
But  the  number  of  ways  in  which  C  combinations  of  m  letters  in  a 
set  may  be  written  is  evidently  equal  to  the  number  oi  airangementi 
of  n  letters  taken  in  sets  of  m  letters  each.  Therefore  we  have 
(7(1 . 2  . 8  . . .  i»)=«(n— l)(n— 2)  ....  to  m  terms ; 
whence  ^_n(n— l)(n— 2)  ....  to  m  terms^ 

""~        1 .  2  .  3  . .  • .  m 
ScHouuM. — Since  it  can  be  e^ily  proved  that  the  number  of 
combinations  of  n  letters  taken  m  in  a  set,  is  equal  to  the  number 
when  n— m  are  taken  in  a  set^  we  have 

n(n— l)(n— 2)  ...  to  (n— m)  terms, 
"■  1.2.3...  (n— m) 

EXAM  PLES. 

1.  Find  the  number  of  permutations  that  can  be  made  of  the  let- 
ters in  each  of  the  following  words — lawyers,  Hamilton. 

Am.  5040,  and  40320. 
2*  Find  the  number  of  permutations  that  can  be  made  of  the 
letters  in  each  of  the  words  Eastport  and  parallel. 

Ana.  20160,  and  3360. 

3.  In  how  many  ways  can  the  seven  colors  of  the  rainbow,  or  the 
seven  musical  notes  be  made  to  succeed  one  another  ? 

Ane.  5040. 

4.  How  many  arrangements  can  be  made  of  the  letters  in  the 
word  Bickmond  taken  4  in  a  set  ?  Ans.  1680. 

5.  How  many  compounds  can  be  formed  of  65  elements,  each 
compound  containing  two  elements,  provided  each  element  had  so 
affinity  for  all  the  others  ?  .  Ans.  2080. 
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6.  How  many  yoke  of  oxen  can  be  selected  from  20  oxen  I 

Ans.  190. 

7.  How  many  arrangements  can  be  made  of  n  letters  taken  m  at 
a  time,  provided  each  letter  may  be  repeated  ?  Ans,  »"•. 

8.  How  many  combinations  can  be  made  of  n  letters  taken  m  at 
a  time,  provided  each  letter  may  be  repeated  ? 

(n-f(w— l))(w-h(m— 2)) n      n(n  +  l)(n  +  2),..tomterms 

*  1 .2.3  .  .  .m  '.        ~"  1 .2.3  .  .  .  m 

9*  How  many  combinations  can  be  made  from  the  collections 
A^  £j  C,  .  .  .  3/,  the  things  composing  these  collections  being  all 
different,  by  taking  one  thing  from  each  ?  Ans,  AxBxC . , . .  M, 
10,  A  general  who  had  served  a  king,  asked  as  a  reward  for  his 
services  a  farthing  for  eveiy  different  file  of  ten  men  each,  which  he 
could  make  with  a  body  of  100  men.  The  king  thinking  the  request 
very  moderate  granted  it.    What  did  the  reward  amount  to  f 

Ans.   £18P31672^50  98.  2d. 


CHAPTER    XX. 
CALCULUS  OF  FSOBABILITIE& 

(47  O.)  The  Calculus  of  PBOBABruriEs  shows  the  uumbei 
of  chances  for  the  occurrence  of  any  number  of  events  under  givoi 
conditions. 

(47 1.)  A  simple  probability  is  the  chance  for  the  happening 
of  a  single  independent  event. 

(472*)  A  compound  probability  is  the  chance  for  the  concur- 
rent happening  of  two  or  more  events. 

(473.)  The  probability  of  tlie  dccurrenoe  of  an  event  may  be 
expressed  by  a  fraction,  whose  denominator  represents  the  whole 
number  of  chances,  and  the  numerator  the  fiivorable  chances. 
Hence,  if  m  be  the  number  of  favorable  chances,  and  n  the  an£i- 
vorable,  the  mathematical  probability  of  the  occurrence  of  the  event 

is ,  and  the  mathematical  improbability, 


m-\-n  n+tn 

PROPOSITION     1. 

(47  4«)  The  sum  of  the  probabilities  of  several  events  is  equal 
to  the  probability  that  one  of  these  events  will  occur. 

PROPOSITION     2. 

(475«)  The  compound  probability  of  the  occurrence  of  deveral 
events  is  equal  to  the  product  of  the  several  probabilities, 

DEMONSTRATION. 

Suppose  there  are  8  packs  of  cards,  that  the  cards  in  5  of  the 
packs  are  red,  that  there  are  1 2  cards  in  each  of  these  5  packs,  and 
that  there  are  2  cards,  in  each  of  the  5  packs,  that  are  marked  A 
Now  let  us  seek  the  probability  of  drawing  a  red  card  marked  A 

The  probability  of  drawing  a  red  pack  is  5  out  of  8,  or  |  of  t 
certainty. 
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Snp}x)sing  a  red  paok  to  be  drawn,  tiien  the  probability  of  draw- 
ing a  card  marked  A  is  ^J^y,  but  since  the  probability  of  making  the 
second  drawing  is  only  |,  the  actual  probability  of  drawing  a  red 
card  marked  ^  is  f  of  -j^^^j. 

The  same  reasoning  will  apply  to  a  greater  number  of  events.    If 

the  probability — depends  on  the  probability —  we  have  for  the  com- 

j)Ouud  probability  the  formula,  Com.  Pr.=z — .  Q.  K  D. 

CoR.  If  there  are  q  separate  probabilities  which  are  each  equal 
to  —  we  have  Com,  Pr, 


=(7)' 


PROPOSITION    3. 

(476«)  2%e  comjxmnd  probability  of  the  occurrence  of  several 
events  in  a  certain  order  is  equal  to  the  product  of  their  simple  pro- 
babilities^ the  simple  probabiKties  after  the  first  being  supposed  \o 
depend  for  their  value  on  the  happening  of  all  the  preceding  events. 

DEMONSTRATION. 

The  probability  of  a  person  having  two  white  balls  after  drawing 
twice  from  a  cup  containing  7  white  balls  and  4  black  ones,  is  j\  of 
1^,  because  supposing  the  first  event  to  happen,  there  are  but  10 
balls  left,  6  being  white. 

The  same  reasoning  gives  us,  for  the  compound  probability  of  the 

tn 
occurrence  of  n  events,  —  being  the  first  probability,  the  general  for- 

mula, 

_        _         w     m— 1     m— 2  m--(n— 1)       ^       ^  ,.  . 

Com,  Pr.  =z-x X x . . ~ — -^,  or  to  n  terms.     (A.) 

p     p—1     p—2         p—(n—l)  ^    ' 

If  after  these  n  events  we  wish  r  other  events  to  follow,  we  have, 
putting  q  for  the  number  of  favorable  chances  for  the  happening  of 
the^—n  remaining  events,  for  their  compound  probability  the  for- 
muk 

Com.  Pr.^^^-A      ^  ,    .  ,.  X      ^ ,    ,  ^,  X  . . . .    ^  .  \ — -hr.,  or 
p—n     ;?— (n  +  l)    i>— (n4-2)  /?— (»+r— 1)' 

to  r  terms.     (B.) 

Hence  for  the  compounded  compound  probability  of  the  happening 
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of  the  n  events  followed  by  tlio  happening  of  tbe  r  erenti^we  hsn 
the  formula. 

Com.  Com,  /V.=(-  x      -  ,  x.. -]^ -(I  x  I — - —  x — -. 

X  . . . ; — ; -I     (v.) 

Cou.  1. — If  in  (A)  we  suppose  the  separate  probabilities  are  equal, 
we  have  Com.  Pr.  —  l-  \  which  agrees  with  the  corollary  to  Prop.  2. 
If  in  (C)  a  like  suj)position  be  made,  we  have    Coin.  Com.  Pr,  = 

-  I     whiirh,  also,  agi\*es  with  the  same  corollary,  since  there  would 

be  «-t-r  separate  equal  probabilities. 

Cor.  2. — If  in  (C)  no  particular  onlor  for  the  events  is  required, 
it  becomes 

X  . . . — - — —  I.     (D.)     in  which  the  peculiar  notation  used 

;y— (M  +  r— 1)/      ^     '  ' 

denotes  the  number  of  combinations  of  u  +  r  events  taken  n  at  t 
time. 

Cor.  3. — Should  the  number  of  possible  cases  remain  the  same, 
and  the  other  circumstances  be.  as  in  (D.)  wo  would  liuve 


Co?n,  dm.  Pr.. 


^S)■e)■•  '^' 


Cou.  4. — In  nil  cases  of  successive  trials,  where  tho  number  of 

favora]>le  casi's  (tt)  jjnd  unfavorable  (b)  for  each  event  iremains  the 

same,  the  chani;e  of  tlie  required  event  hapjKJning  n  times  in  succes- 

a" 

sion,  is  (om.  Pr.=, r— ,  and   the  chance  of  the  required  event 

("  \-0)"  ^ 

hapj)cniiig  n—r  times,  and  failincj  r  times,  in  a  specified  ordtr^  is  ex- 

pre;?>C'l   bv  Cof)i,  Com.  Pr.  — —  x r-=^ rr-.  But  the 

chance  c»f  the  rec^uired  i-vcnt   happenini]^  n—r  times  and  Csuling  r 
tim«.'s,  xDtthont  rcftrcucc   to  their  orJcr  nf  succession^  is  expressed  by 

n{n-\)  .  .  ,  (n-(r—\))      o^6" 

Com,  Com,  Pr,  = — — ^^ ^'  ,    .  -  ,,  foriftheorder 

1  .  2  .  .  .  r  (tt  +  Iry 
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of  events  is  disregarded,  the  probability  is  increased  as  many  times  as 
n—r  events  can  be  combined  with  r  events,  that  is  as  many  times  as 
there  are  combinations  of  n  events  taken  r  at  a  time.  This  illustra- 
tion will  serve  to  explain  Cor.  2,  and  if  we  use  the  same  notation  for 
the  combinations,  the  last  expression  becomes 

Com.  Com.  Pr.=C. , jr- •     (F.) 

Cor.  5. — ^The  probability  that  the  required  event  will  happen  at 
least  n—r  times  and  ^1  at  most  r  times,  without  reference  to  their 
order  of  succession^  may  be  expressed  by 

n(n— 1)  n(«— 1)....  (»— (r— 1)) 

1_;J 1  ,2  .  .  .r 

(a  +  by  (G.) 

for  the  conditions  will  be  satisfied  if  the  event  happen  n  times,  the 

a* 

probability  of  which  is  ^rr;,  or  if  it  happen  w— 1  times,  and  fail 

once,  of  which  the  probability  according  to  (F.)  is  f — ^r-^,  and  so  on, 

till  if  it  happen  n—r  times  and  fiiil  r  times,  and  this  expression  (G.) 
is  the  sum  of  these  probabilities. 


QUESTI  ONS. 

1.  What  is  the  probability  of  drawing,  at  hazard,  a  white  ball 
from  a  vase  containing  1  white  balls  and  6  black  ones  ?     Ans.  ^. 

2.  A  die.  is  a  small  ivory  cube  which  has  on  its  respective  sides 


the  following  spots  :|Tj      J^^      [^     [TT      |X| 

If  $100  depend  on  the  turning  up  of  a  particular  face  of  the  die, 
what  is  the  chance  worth  ?  Atis.  $10,661. 

3.  What  is  the  relative  probability  of  throwing  with  two  dice,  9 
rather  than  10  ?  Ans.  4  to  3,  or  4. 

4.  What  is  the  probability  of  throwing  with  two  dice,  8  at  the  first 
cast,  and  if  this  should  not  happen,  9  at  the  second  ?        A7is.  }^. 

5.  What  is  the  probability  that  a  person,  after  five  drawings  from 
an  um  containing  30  white  balls  and.  60  black  ones,  will  have  three 
white  balls  and  two  black  ones  ?  '  Ans.  ^aWA* 
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(>.  What  is  the   probability  that  an  event  will  happen  at  lent 

three  times  in  6  tnals  ?  Ans. -, =^^ . 

(«  +  *) 

7.  What  is  the  probability  of  throwing  an  ace  jnst  three  times  in 
7  casts  of  a  die,  or  in  1  cast  of  7  dice  ?  Ant,  f^^s^. 

8.  What  is  the  chance  that  every  face  of  a  die  will  turn  up  in  six 
successive  throws  ?  Ant,  jf^ . 

9.  What  is  the  chance  that  every  face  of  a  die  will  turn  np  in 
six  successive  throws,  the  order  being  selected  after  the  first  throw ! 

Ant.  7f^. 

10.  Two  persons  play  for  $32,  and  agree  that  he  who  fint 
gets  three  games  shall  have  the  money.  After  A  had  won  two 
games  and  B  one,  they  concluded  to  quit  and  divide  the  money 
according  to  agreement.    How  much  did  each  get? 

Ant.  A,  $24,  and  B^  $8. 

11.  Suppose  A  had  won  two  games,  and  B  none,  how  modi 
should  each  have  received  ?  Ant.  Ay  $28,  and  B^  $4. 

12.  Suppose  A  had  won  one  g&nie,  and  B  none,  how  much  shonld 
each  have  received  ?  Ant.  A,  $22,  and  B^  $10. 

13.  If  it  had  been  agreed  that  the  winner  should  be  the  one  that 
would  first  get  four  g:mies,  and  they  had  stopped  after  A  had  won  2 
games,  and  B  none,  how  much  should  each  have  received  f 

Ant.  A,  $26,  and  B^  $6. 

14.  In  the  French  lottery  there  are  90  numbers,  5  of  which  an 
drawn  at  a  time.  What  is  the  chance  that  two  and  cnly  two  of  five 
specified  numbers  will  be  drawn  ?  Also  what  is  the  chanoe  that 
two,  at  least,  of  five  numbers  will  be  drawn  ? 

5-7-83-85  ,      511913 


33-43-87-89'  21974634* 

1 5.  If  we  draw  four  cards  out  of  a  whole  pack,  what  ia  the  chance 
that  one  of  them  will  be  a  heart,  another  a  diamond,  the  third  a 
club,  and  the  fourth  a  spade  I  Ant.  "NNj' 

IG.  If  an  urn  contains  26  balls,  of  which  5  are  white,  6  black, 
7  red,  and  8  blue :  what  is  the  chance  of  drawing,  when  10  an 
drawn  at  a  time,  2  white,  3  black  and  4  red  balls  ?     Ant.  tHIIH* 


CHAPTER    XXI. 
THE  THEORT  OF  LOGARITHMS. 

(47  7.)  In  the  indeterminato  exponential  equation  a'=te,  j;  is 
called  the  logaritbm  of  u^  a  being  the  base  of  the  system. 

Remark. — We  can  not  take  a=l,  for  then  u  would  be  1  for  every 
possible  value  of  x.  Hence,  1  can  not  be  made  the  base  of  a  system 
of  logarithms,  for  in  a  table  of  logarithms  we  desire  to  find  the  value 
of  X  for  any  assumed  value  of  t^  to  such  a  value  of  a  as  will  cause  x 
to  vary  when  u  varies,  and  vice  versa, 

PROPOSITION     1 . 

(478.)  In  every  system^  the  logarithm  of  the  base  is  unity ^  that 
is,  when  w=a,  then  x=l, 

PROPOSITI  ON      2. 

(479.)  In  every  system^  the  loyarlthm  of  unity  is  zero,  thai  \Sy 
when  w=l  then  x=0.    See  (102.) 

CoR. — The  logarithm  is  positive  or  negative  according  as  the  num- 
ber is  greater  or  less  than  unity. 

PROPOSITION      3. 

(480«)  In  every  system^  the  logarithm  of  zero  is  an  infinitely 
great  quantity^  negative  or  positive^  according  as  the  base  is  greater  or 

less  than  unity,  since  when  a>l,  we  evidently  have  a~*,  or  -^=0, 
and  when  a<l,  we  have  a*=0. 

PROPOSITION     4. 

(481*)  In  every  system,  the  logarithm  of  the  continued  product 
of  two  or  more  numbers  is  equal  to  the  sum  of  the  logarithm  of  the 
numbers,  ^ince  when  a'—u  and  a''=2,  we  have  a'-^'=uz, 

29 
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PROPOSITION      5. 

(482.)  In  every  sf/stnn,  the  lofjarlthm   of  the   quotient  of  tvo 

numbers  is  equal  to  the  difference  of  the  logarithms  of  the  numUn, 

u 
since  when  a'=u  and  a'=z  we  have  a'~*=-. 

z 

(JoR. — From  these  ])ropositions  wo  derive  as  a  corollary  that  the 
loganthni  of  the  7/*  power  of  a  number  is  p  times  the  logarithm  of 
the  number.     Also  the  logarithm  of  the  r**  root  of    a  number  is 

I    1    of  the  logarithm  of  the  number. 

Remark. — The  pro])erties  indicated  in  the  last  two  propositioos 
show  that  if  we  had  the  logarithms  of  numbers  arraDged  in  a  table, 
so  that  we  could  readily  find  the  logarithm  of  any  number,  and  ajw 
the  number  corresponding  to  any  given  logariithm,  that  the  operatkHB 
of  inulti}>lication,  division,  involution,  and  evolution  might  be  much 
sliortened.  The  common  table  of  logarithms  has  10  for  the  btse, 
since  this  base  is  best  suited  to  the  decimal  notation.  Napier,  the 
commonly   reputed   inventor  of  logarithms,   adopted   for  the  base 

I  1  1 

II  -2^1  -L'-S 
generally  use  e  to  represent  the  Napierian  base.  Napierian  logarithms 
are  of  great  use  in  Calculus.  The  common  logaritlims  are  sometimt* 
called  Briggs's  logarithms,  because  they  were  introduced  by  Briggs,i 
contuinporary  of  Napirr.  The  notation  log„.  u  denotes  the  logarithm 
of  fi  to  the  base  a,  and  log,,  u  the  logarithm  of  a  to  the  base  f,  or  the 
Xapierian  logarithm  of  u.  Sometimes  /.  is  used  instead  of  log,  and 
the  subscript  omitte<i.  Hyperbolic  logarithms  are  the  same  as  Na- 
pierian logarithms,  and  are  denoted  by  A.  /. 

PROBLEM      1. 
6  <»  LUTIO  N  . 

From  ?/=a'  wo  get  u"=a'';  wlience = ,  and 

ii±Oiri)i!zi^n±(«JZl)!-:L-^      Tins  being  expanded  by  the 


2.'7182818  ...  =1 +-  +  -;:,  +  , 777:-;,+ MathematiciaiB 
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binomial  theorem  gives  (w— 1)  -f -[-^(m— 1)'+- T  .  ^  .7    (^--^)* 

+  ..=.  j  (a-l)4.(^f^)(a-ir  +  if^^(«-ir+  . .  [ 

As  this  k  true  for  any  value  of  y,  by  putting  y=0,  we  get  for  the 
value  of  x,  or  log^.w, 

log  .«=.J"-l)-i("-l)'+i("-^)---- 
?•  (a_l)-i(«-l)'  +  |(a-l)'-  ... 

Cor.  1. — In  the  Napierian  logarithms,  the  base  wliicli  is  called  e 

is  assumed  of  such  a  value  that  (e—l)—^(e—l)'H-i(e—l)*—  ..  =1, 

•whence 

\og^,u={u^i)-i(u-iy+i{u^iy^ . . . 

CoR,  2.— Log,.(H-w)=tt— ^tt'4-^M»—  . .  . 

Cor.  3.— Log,.a=(a— 1)— i(a— l)'  +  i(a— 1)*— whence 

,  log..w        1      , 

l0ga.tt=r-^-=^ l0g..tt. 

log..a     log..a 
The  quantity^ ,  by  which  the  Napierian  logarithm  of  a  number 

mnst  be  multiplied  to  get  the  logarithm  of  that  number  to  tlie  base 
<!,  is  called  the  modulus  of  the  system  whose  base  is  a.  The  modulus 

of  the  common  or  decimal  log.  is  . -,  and  is  represented  by  M. 

PROBLEM     2. 

(48 4<)  Prove  the  exponential  theorem 

^-^"*~l"~"+"T^^^  1  •2-3  "*■••• 

SOLUTION. 

Assuming  a'=zl+Ax-\-Bx*-h  Cx*^  .,,  and  a»'=H-^yH- i?y'H- 
Cy'+  . . . ,  we  get  {a')7=  (l  -\-i/{Ai-Bi/  +  C/+  •  •  •  ))  ^  whence 
by  expanding  wo  obtain  a'=l  ■^x{A'^Bij  f  Cy' +  . .  .)  H — J-.-iT-'^ 

A'^x'        A^x^ 
which  becomes,  when  y=0,  a'=l  ■^Ax-\ ^- -| ^ — -  +  .  . . 

By  expanding  a"  in  the  form  (1  +  (a— 1))'  we  get  for  the  coeffi- 
cient of  X  the  expression  (a— 1)  — -J(a— l)''H-i(a — 1)"—  .  .  which 
must  be  =:^;  hence -4= log,  a. 
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Cor. — When  a =e  we  have  (?*=  1  -f  -  -f.  r-7-^  +  fT^Ti  "*"  •  • 
When  x=l  this  becomes 

*=*  +  I  +  i^  +  r2-3  +  -- =2-7182818... 


PROBLEM     3. 

(485.)  Prove  that  log.  J-±^=2M(m+^+?+  . . .) 

SOLUTION. 

By  Cor.  2  and  3,  (483)  we  have 

log.(H-m)=.ir|m-y  +  |— -  .  .  .  j 

and  log.  (1— w)=:J/'|  — m — - — - —  . . .  j,  whence  by  sabtndki 

^    1— ;/i           \          3^5             / 
Lor.  1.   When =  -,  whence  w= ,  we  iret 

1— T/l       V  tt  +  V  ® 

lo..«-lo...=2if(('-i=i)+i("— ^)'+  ...  ) 
Cor.  2.  AN  hen  :; =  1  +-,  whence  w=- ,  we  izet 

Cor.  3.   uhen  -  —  = -^ „,  whence  m  =  --r -,  we  get  log. 

(«+.)=2  log.  „-,og.(«-.)-oir((- _^_)  +\{^:)\. . .) 

Co...  4.  When  It!i'=('iz:f)>+J4  ,«  get 

loiT.  (m  +  2?')  =  2  log.  ( w  +  r)  +  log.  (t* — 2t;) — 2  log.  («  —  tr)  +  2Jir 
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Cor.  5.  When  iz:;;,^^^,,;,)^,/ ^5a)(y,sa)  we  get 

log.  (u  +  8)=2  log.  (u  +  7)— log.  (u  +  6)— log.  (t*  +  3)  +  2  log.  t* 
— log.(tt--8)— log.  (tt— 6)4-2  log.  (tt— 7)— log.  (t«— 8)— 2i/' 

7200 \ 

tt*-98tt*  +  2401tt"— 7200"*"'  '  7 

PROBLEM.  4. 

(48 6«)  To  convert  logarithms  from  one  system  to  another, 

8  OLUTIOK. 

From  a*=i\rand  e»'=iVwe  get  a'=e»',whence  by  taking  the  loga- 
rithms of  both  members  in  any  system  we  have  d;log.a=y  log.e. 
If  the  logarithms  are  taken  to  the  base  a,  we  have  log.a=:l,  and 

a?=y  log.e  or  log.  e=-. 

Suppose  i\r=10  and  a=10  then  a?=l,  and  y= 2.802585093,  this 
number  being  the  Napierian  logarithm  of  10  as  obtained  from  the 
formula  in  Cor.  1,  (485«).     Putting  ti=10  and  v=l,  whence, 

since  log.v,  or  log.  1  equals  zero,  1^^^^=2|— +-(yjJ  +5(11) 

1/  9  V     i  /  9  \' 
+z(yt)  +aItt)  +  •  •  •  .)  =2.302585093,  (since  M  is  here  equal 

to  1).  Hence  we  shaU  have  log.,,  ^=2,3025850^3  =-^^^294482,  thus 

showing  that  the  common  logarithm  of  the  base  e  is,  .434294482. 
The  Napierian  logarithm  of  auy  number  being  multiplied  by  the 
modulus^  .434294482,  gives  the  common  logarithm  of  that  nutnber. 

PROBLEM. 5. 

(487*)  To  calctdate  a  table  of  the  logarithms  of  numbers. 

SOLUTION. 

By  making,  in  Cor.  1,  (486),  t«=2,  and  v=l,  we  get 

log.2=2irf^  +  i.~,  +  ^.^.+  .  .  .)=.3010300,irbeing  .434294482. 
\3     3  3      5  3  / 

Making  t£=3  and  i;=2,  we  get 

log.8=log.2  +  2lf(^  +  3-ll+pi  +  . . .  )=.477m3. 
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Since  4=2*  we  have  log.  2',  or  log.  4=2  log.  2.     In  the 
way  can  the  logarithms  of  nil  the  powers  and  roots  of  2  and  9  be 
obtained.     For  instanc^^  since  81=3*  the  log,  81=4  Umes  log.  9, 

and  log.  V2 = ^  log.  2.    By  adding  log.  2  and  log.  3  we  hare  the  log.  6. 

Tliercfore,  from  the  logarithms  of  2  and  3  we  can  readily  obtain  thi 
logarithms  of  any  number  that  is  equal  to  2^3^     For  the  logarithm 

of  5  wo  have  log.  -p=log.  10— log.  2  =  1— log.  2.       From  kg.  2, 

log.  3,  and  log.  5,  we  cau  easily  obtain  the  logarithms  of  all  num- 
bers represented  by  2''3'5'.  It  is  evident  that  we  need  calcobte 
directly  only  the  prime  numbers.  To  calcalate  log,  7  we  nuj  va 
Cor.  4  (483.)  making  u=o  and  v=l,  whence  log.  7=2  log.  (J+ 

log.3-2log.4  +  2.v(i  +  1.141j)+... 

For  log.  11  we  have  by  making  tt=9  and  »=:1. 

log.  ll=2+log.7-2  log.8  +  2itf(34i+^.3^+i.3ij.+  . . .) 

Those  examples  are  sufficient  to  show  the  mode  of  calculating 
li»g;irithm8,  and  the  cases  which  admit  of  shortened  processes. 

The  following  formula  will  give  the  logarithm  of  a  number  of  seven 
places  correctly  to  seven  decimal  places. 

Ix)g.iV^=2  +  log.tt  +  (— +  — j(log.  (w  +  l)-log.  uV  tt  being  the 

number  of  hundreds,  A  the  number  of  tens,  and  k  the  units.  Tie 
labor  is  shortened  by  the  construction  of  small  tables,  called  prvpor' 
tional  parts  for  all  values  /),  A,  and  k^  D  being  equal  to  log.  (k+1) 
—log.  ?/.   For  instance,  /)=.0000090  when  the  number  of  hundreds 

is  43521,  and  for  /*  =  !,  2,  3  .  .  .  respectively,  we  have — ^  2 — ,3— 

....  equal  to  .00000090,  .00000108,  .00000297,  .00000396, 
.00000405,  .00000594,  .00000G93,  .00000792,  and  .00000801.    For 

the  values  of  ^Yofi^  ^  being  taken  1,2, we  should  have  the  units 

with  an  additional  cipher  before  the  significant  figures. 

Omitting  tiie  ciphers,  and  taking  the  nearest  value  of  A —  to  seven 
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decimal  places,  we  shall  have  for  all  the  values  of  h—-,  h  being  taken 

1, 2, 3,  .  . ,  i)  being  99,  the  following;  10, 20,  30, 40, 50, 59,  69, 79, 89. 

r  log.  4352100=6.0386989 

To  find  log.  4352164,  we  have   <  increm.  of  60=  59 

increm.  of  4=  4 

log.  4352164=  6.6S87052 

For  the  mode  of  using  logarithms  and  obtaining  them  from  tables, 
the  student  is  referred  to  works  containing  the  tables. 

The  advantages  of  common  logarithms  result  from  the  fact  that 
the  logarithms  of  such  numbers  as  16681,  1668.1,  166.81,  16.681, 
1.6681,  .16681,  .016681,  .0016681,  etc.,  have  the  same  decimal  part, 
the  difiference  being  only  in  the  integral'part  called  the  characteristic. 
The  decimal  part  in  each  of  these  cases  is  .2222221  and  the  charac- 
teristic respectively  4,  3,  2,  1,  0,  T,  2,  3,  etc.  The  notation  T,  2,  etc., 
denotes  —1,  —2,  etc.  The  extension  of  the  same  decimal  part  to 
the  case  of  numbers  purely  decimal  as  when  integral  or  part  decimal, 
is  effected  by  considering  the  decimal  part  positive  preceded  by  a 
negative  characteristic  which  is  one  more  than  the  number  of  ciphers 
which  precede  the  first  significant  figure. 

EXAMPLES. 

1.  Given  2*.3'=2000,  and  Sz=5x  to  find  x  and  z. 

An,  «=i(!±]3i:i) ^nd,^g(3+i°g-2) 

3  log.  2 +  5 log.  3'  3  log.  2  +  5  log.  3' 

2  lofiT.  2 

2.  Given  a"— 2a'=8  to  find  x.  Ans.  x=  .    ^     . 

log.  a 

8.  Given  2*'+2'=12  to  find  x.  Ans.  x=.^—. 

log.  2 

4«  Given  «'=y'  and  ir*=y'  to  find  x  and  y. 

Ans.  a:=2J,  and  y=ai|. 
5.  Given  10^*'~^'>=1600  to  find  x. 


Ans.  ar=3±i^2H-4  log.  2. 


Given  6'=      l'^    to  find  ; 
71 


.  18log.24  +  lo*T.  17-3  loff.  71 

Ans.  x=: 2 -f—- ^2 . 

3  log.  6. 


CHAPTER    XXII. 
INTEREST. 


PROBLEM. 

(488«)  To  find  general  expressions  for  problems  in  interest  and 
annuities. 

SOLUTION. 

Putting  p  for  tbc  principal,  r  for  the  rate  per  oenL  in  decimab  for 
a  unit  of  time,  /  for  number  of  units  of  time,  t  for  the  interest,  A 
for  the  amount,  P  for  the  present  worth,  and  D  for  the  discount,  «e 
have  the  following  equations : 

i=prt        (1.)  iA=p{l-^ry  j5.) 


A=p+prtl2)  [i=A^p 

„  For  compound  \  „ 

Put  a  for  the  amount  of  an  annuity  p  which  continues  /  jeara,  tt 
r  per  cent,  per  «innuni,  compound  interest.  Then  from  the  nature  of 
an  annuity,  we  have  the  following  formula  : 

p+p{l-^rY-\-p(l-{-rY-{-...-^p(l+r)'-'=a 
from  which,  since  the  left  hand  is  a  geometrical  progression,  we  have 

_K(i+,-V-i]   ^^^ 

Alsoi>=-ii-,  (,o):or/'=^Ki±5'r-J     (lo.) 

(l+r)'  ^     ^  r(l-l-r)'  ^       ' 

For  the  present  win-th  of  an  annuity,  which  is  to  commence  in  n 
years  and  then  continue  t  years,  we  have 

When  /=(»   we  have    P=  ,,  ^   ..     (12.) 

r(l  +  r)"     ^      ' 


INTEREST.  457 

When  in  (11.)  n=0  we  have  i>=^Kl-t!^^  (13.) 
When  in  (11')  /=qo  and  n=0  we  have  P=-    (14.) 

PROBLEM     2. 

(489.)  To  find  the  amount  of  a  given  principal,  at  a  given  rate 
per  cent  per  annum,  for  a  given  number  of  years,  the  interest  being 
compounded  every  instant 

SOLUTION. 

The  interest  on  one  dollar  for  an  instant  is  -,  x  representing  the 

number  of  instants  in  a  year,  that  is  x  being  equal  to  oo  .    We  have 
then  the  following  formula : 

whence,  log«^  =log^2> + tx  log,.  1 1+  - 1 ; 

or      log^^=log<p+te(^-i(^)'  +  lQ  -  etc); 
or     log^=log^|?+/|r-.|^+^,-  etc.). 


I  d;=co  ,  all  the  terms  after  r  are  zero,  and  we  have 

Since  tr  is  equal  to  the  Napierian  logarithm  of  some  number  n, 
we  have  log;.^=log^p + log,.n  ; 

or      log:^=:Iog;.jEm; 

or  ^=:jm,  n  being  the  number  whose  Napierian  logarithm  is 
^r,  or  what  is  the  same,  the  number  whose  common  logarithm  is 
Mtr. 

Rkmarkb. — In  the  application  of  the  formulse  in  this  chapter  to 
numbers,  we  may  save  labor  by  using  logarithms. 


EXAM  PLES. 


1,  Find  the  amount  of  $300  in  4  years,  at  4  per  cent,  per  annum 
compound  interest 
Am.  Log.A=log.  300  +  4log.  1.04=2.6452646;  or  ^=$360.9575. 
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2.  How  mucli  money  must  be  plaoed  out  at  compoimd  intemt  to 
amount  to  $1000  in  20  years,  the  interest  being  5  per  cent,  f 

Am.  Log.;?=:log.  1000—20  log.  1.05=2.676214;  or/»=$376.89. 

3.  When  $518.30  amounts  to  $600  in  3  Tears,  at  oompoand  in- 
terest, what  is  the  raUiper  cent,  ?  An9.  5.     ' 

4*  What  will  20  cents  amount  to  in  200  yean,  at  5  per  cent,  per 
annum,  compound  interest  ?  An»,  $3458.10. 

5.  How  long  will  it  require  a  given  principal  to  double  itself  at  3 
per  cent,  compound  interest  ?  Ahm.  23.45  years. 

€•  What  is  the  value  of  an  annuity  of  $50  that  has  remained 
unpaid  for  six  years,  at  compound  interest,  at  6  per  cent.  ? 

An9.  $348.56. 

7«  In  what  time  will  an  annuity  of  $100  amount  to  $5000,  at  4 
per  cent,  compound  interest  ?  Ans,  28  years. 

8.  What  is  the  present  value  of  a  freehold  estate  whose  annual 
rent  is  p  dollars,  at  5  per  cent,  compound  interest  f 

Ana.  20p,  since  <=  oo. 

9i  What  is  die  present  value  of  a  perpetual  annuity  of  p  dollan^ 
at  3  \^v  cent,  compound  interest  ?  Ana,  33}^. 

10.  What  is  the  value  of  an  estate  of  which  the  rent  is  $3000 
a  year,  money  being  worth  3  per  cent,  compound  interest  I 

Ana.  $100000. 

11.  A  debt  due  at  this  time  amounting  to  $1200,  is  to  be  dis- 
charged in  seven  annual  and  equal  payments ;  what  is  the  «moaot 
of  these  payments,  if  interest  be  computed  at  4  per  cent.  ? 

Ans.  $200  yearly. 

12.  What  is  the  amount  of  $100  in  1  year,  at  6  per  cent.,  interest 
being  compounded  every  instant  ?  Ana.  $106.183654  4- 

13i  Wliat  is  tlio  amount  of  $1500  in  2  yean  and  6  months,  at  10 
per  cent,  interest  being  compounded  eveiy  instant  f 

Ana.  $1925.94651 


CHAPTER  mil. 

CONTINUED    FRACTIONS. 

(490.)  An  expression  of  the  foUowiDg  fonn  is  called  a  continued 
fraction;  in  which  a,,  a,,  etc.,  and  (,,  (,,  etc.,  are  poaitive,  or 
negative  integers. 

«,+  etc. 
(49 1  •)  The  fractions  -r-i-,  -i,  — ,  etc^  are  called  the  inUgral  fraC" 

^1    flj    «3 

(ton«  of  the  continued  fraction. 

(492.)  Thefi^ctions  ^,  ^-fi^a*  -.^«a +—,  eto^  are  called 
the  approximating  or  converging  fracHonBy  or  simply  the  convergenU. 

PBOBLBli    1. 

(493*)  To  convert  a  common  fraction  into  a  continued  fraction. 

SOLUTION. 

Let  -^  represent  the  fraction  and  put  A=a^D'{-r,  and  B=zb^D  ; 

(hen  ^^^'f^''  =  V"^'  Now  put  r=:6,2>',  and  2>=a,2y+r'; 
then^=A_^'       Also  putting  r'=6,2>",2>'=a32>"+r",r"= 
b^D"\  D"=ia^D'"^r"\  r'"=6,2)'^,  and  D'"=a^D'',  we  get 
!l-^    ,''     ^"-^_,-    and  i:^-^ 

These  results  will  make  the  continued  fraction  above. 
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PBOBLE  M     2  . 

(494.)  To  find  the  oonvergents  from  the  integral  fractioni. 

SOLUTION. 

The  first  convergent  is  7^,  and  the  second,—^ — a,  =  '  *, — i 

Putting  -4|=a,,  j5,=6„ -4,  =a,a, -f  6,,  and  J?,  =a,6,  we  get 

the  drd  convergent  from  the  2d  by  placing  a,  H — ^  for  a,  and  sabsti- 

tating^i,  ^,,  ^,,  and  B^  for  their  values.    The  4th  can  be  obtained 
from  the  drd  in  a  similar  manner.    These  results  give 

B,        a,b, 
B,-B,a,+B,b, 
A     B,a,^B,h, 

BrB^,a^-\-B^X 

From  these  expressions  we  deduce  the  fiact  that  any  oonveigent 
after  the  2nd  may  be  obtained  from  its  integral  fraction  and  the  two 
preceding  convergents  in  a  veiy  simple  manner. 

PROBLEM     3. 

(495.)  To  find  the  law  of  the  differences  of  cooaecutiye  con- 
vergents. 

SOLUTION. 

By  actual  subtraction  and  substitution,  we  get 


B^     B,-      B,B, 


3 
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B,     Br^   B,B, 


B.    ^^."^     B^,B^ 

In  this  general  expression,  which  we  were  authorized  in  deducing 
from  what  we  had  already  proved  in  getting  two  or  three  of  the  first 
differenceB,  the  plus  sign  must  be  taken  when  n  is  even,  and  the 
minus  sign  when  n  is  odd. 

Cor.  1.  It  is  easy  to  see  that  the  differences  between  the  consecu- 
tive convergent  continually  decrease. 

CoR.  2.  When  a,,  a^,  a,,  <fec.,  and  6,,  6,,  63,  <ko.,  are  all  posi- 
tive, the  convergents  are  alternately  less  and  greater  than  the  true 
value  of  the  continued  fraction. 

CoR.  3.  Since  each  of  the  consecutive  convergents  approaches 

nearer  the  true  value  of  the  continued  fraction,  the  odd  ones  being 

A  A 

less,  and  the  even  ones  greater,  it  follows  that  -^  is  the  leasts  and  -5^ 

the  greatest  of  all  the  convergents. 

Remark. — Lord  Brouncker  devised  the  following  continued  frac- 
tion, to  express  the  ratio  of  the  circumscribed  square  to  the  area  of 
the  circle : 

2  +,<kc. 

When  6,,  ft,,  63,  ko^  are  each  unity,  we  arrive  at  some  additional 
properties  which  are  found  to  be  of  great  use  in  analysis.  For  this 
reason  we  shall  confine  ourselves  in  the  remainder  of  this  chapter  to 
continued  fractions  in  which  the  first  denominator  and  all  the  nu- 
merators, after  the  first,  are  each  unity. 


PROBLEM     4. 

(496«)  To  find  some  of  the  properties  of  conlanued  fractions  in 
which  6,,  63,  63,  &c.,  are  each  unity. 
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SOLUTION. 

If  the  continued  fraction  is  as  follows : 

"'+i+^  1 

the  resolts  already  obtained  become, 
A,  _o, 


BrB,a,+B,  Alao,  y  ^      ^ 

^.     ^^ia.+  ^.-,  V     .       -.  -I    . 

These  expressions  lead  to  the  following  important  coroUarieB : 
Cor.  1.  The  quantities  a,,  a,,  a,,  a^,  ifec,  are  the  quotientB  i 
ing  in  finding  the  greatest  common  divisor  of  the  terms  of  the  frac- 
tion which  produces  the  continued  fraction,  the  denominator  heing 
taken  as  the  first  divisor. 

Cor.  2.  Each  convergent  is  in  its  lowest  terms,  because  the  differ* 
ence  of  any  two  consecutive  convergents  is  a  fraction  with  unity  for 
its  numerator  and  the  product  of  their  denominators  for  a  demomi- 
nator.  Hence  in  finding  the  fraction  which  produces  a  givien  con- 
tinued fraction  we  shall  obtain  its  in  its  lowest  terms. 

Cor.  3.  Since  the  true  value  of  the  continued  fraction  is  between 

A  A 

anv  two  consecutive  convergents,  as  -^  and  -5^,  it  follows  that  the 

error  in  taking  either  for  the  true  value  is  less  than  -=-^ — ^  and  since 

A<-B„4.,,  we  have  -5-^ — <-^r  5  ^^^  for  a  still  stronger  lesson. 
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A 

the  error  in  taking  -^  for  the  true  value  of  the  continued  fraction  is 
less  than  -=r-. 

CoR.  4.  Putting  -^  for  the  fraction  which  produces  the  continued 

A     A  1 

fraction,  we  have  -=;——<  p'     —  which  becomes  by  substitution  of 

A    A                   1 
the  value  of  ^^„  B^T^^BlBa TB — "V  '^^  "*^*  ^*°^  ™®™" 

ber  of  this  inequation  is  greatest  when  a^,  is  least,  whence  we  have 

TT—irK-Tmi n — \  for  an  equal  or  greater  reason  according  as 

a„_(.,  =1,  or  more  than  one.    Putting  x  for  the  value  of  that  part  of 
the  continued  fraction  which  commences  with  a^p  we  have  ^<ti^i 

+1  and  jB^+jB_,<^.(a.+l)+^^„orjB.+i?M-i.  Kin  ^ 

A  A 

=    *  "^^ — ^^^,  we  put  X  for  «,»+,,  we  have  the  true  value  of  the  con- 

A     Ajt'\'A^ 
tinned  fraction,  that  is,  -n-=-D — r-» — - 1  tence  the  error  in  taking 

_for-,,s^^-^^^^^-^,or  ^_-_-^^,  accordmg  as  ^^ 
Since  j5^+^»_i<^«  +  -5»+ii  this  error  is 


error 


Bn{B^+B^,) 

_1 


greater  than   p  .^ 5 — r- .    From  these  results  we  see  that  the 

Bn{Bn+B^^) 


committed  by  taking  ^  for  -„-  is  less  than    ^  .  p   ,  ^ — r,  or 
Bn        B  B^(B^+B^^) 

CoR.  5.  It  may  readily  be  shown  that  the  difference  between  any 
two  consecutive  convergents  is  such  that  there  can  be  no  other  frac- 
tion whatever  between  them,  unless  it  have  a  denominator  greater 
than  the  denominators  of  either  of  the  convergents. 
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PRO  BLBM     5. 

(497  •)  To  find  all  the  approximatiiig  firactioiis  between  the  finl 
two  GonvergenU. 

SOLUTION. 

Of  all  the  convergents  the  firBt  is  the  least,  and  the  aeeomd  the 
greatest. 

Arranging,  then,  the  convergents  in  the  order  of  magnitude  we 

Bubstitndon,  we  get 


-»--»— ^-,&c. 


Also, 


B,    B.-B.B.'*^ 


B,  Br^.s; 

Now  if  a„  a^,  a,,  a^,  <l;c.,  are  each  equal  to  unity,  we  can  prore 
that  it  is  impossible  for  any  other  fraction  to  exist  between  anj  two 
convergents  of  tho  above  scries,  provided  that  fraction  has  a  denom- 
inator less  than  the  denominators  of  the  convergents.  But  if  a,, 
cL^^a^^  (fee,  are  greater  than  unity,  we  can  insert  between  these  con- 
vergenta  as  many  intermediate  fractions  as  tbere  are  units  in  a,— I, 

a^  —  1,  a^  —  1,  <S:c.  To  find  the  intermediate firactions  between  -^^  and 
^,  wo  must  substitute,  successively,  in  the  value  of  -^^  1,  2,  3, . .. 

stitute,  successively,  1,  2,  3, . . .  a,  —1,  for  a^  in  the  value  of  ^, 

and  so  on.    Tlie  series  then  becomes, 

.1,    J.,+^1,    2A,+A,     SA^J^A,  (a^-l)A,+A,    A^ 

i?V  n,+n,'  '2B,+It,'   3Zf,+'^,' (a,-l)5,+2?,'  5,' 

A^+A,    2A,_+A,    3j,_+£l,  {a,-l)A,+A,    A^    ^^^^ 

Jl,+B,'  '2B,+'n,'  ^B\+B\ \a,-\)B^+B,'  B, 

A,     A,+A,     2^,+^l,     3.-1.+A  {a,-\)A,+A,    A, 

if,'  B\+B,'  2Ji;+£:  3B,+B,''-   {a,-l)B,+B,'  B,' 
A,+Aj    2^,_+ylj    3^1,  +  ^!,  (a^ -1)^1, +.4,    A^ 

b~+b;  2B,^b;  zb\+b, («,-i)5,+i?/  b; 


a,  — I,  for  a,  ;  and  to  find  those  between  -^  and  -jp  we  miutsab- 
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The  fractions  thos  inserted  are  called  intermediate  fractions,   Gom- 

A 
mencing  at  -^'  and  preceding  towards  the  asterisks,  we  have  a  series 

of  fractions  less  than  a,  (a  being  the  quantity  that  produces  the  con- 
tinued fraction)  and  approaching  nearer  and  nearer  to  a ;    but, 

A 
commencing  at  -^  and  proceeding  towards  the  asterisks,  we  have  a 

series  of  fractions  greater  than  a,  and  approaching  nearer  and  nearer 

to  a.     If  a  be  irrational  or  transcendental  the  continued  fraction  will 

never  stop,  and  there  will  be  an  infinite  number  of  the  principal 

fractions,  and  much  more  will  there  be  an  infinite  number  of  fractions 

in  each  of  the  above-mentioned  series.     If  a  be  rational,  one  of  the 

A  A* 

convergents,  as  •—,  will  be  equal  to  a;  hence  -^  will  terminate  either 

the  increasing  or  decreasing  series. 

The  difference  of  any  two  consecutive  fractions  in  the  above  com- 

A        A 
plete  series  from  -^'  to  ■^,  is  equal  to  unity  divided  by  the  product  of 

their  denominators ;  and  hence  it  is  easy  to  prove  that  it  is  impossi- 
ble for  any  fraction,  — ,  to  £all  between  any  two  consecutive  fractions 

if  its  denominator,  n,  fall  between  those  of  the  fractions,  or  is  less 
than  the  greater  denominator.    We  also  notice  that  the  difference 

A       A  A      , 

between  any  of  the  fractions  from  -^  to  -^',  inclusive,  and  -^ ,  is 

equal  to  unity  divided  by  the  product  of  their  denominators. 

A        A  A 

This  is  also  true  of  any  fractions  from  ■»-'  to  -^^  and  -^  ;  and  so 

on. 

A 
The  quotient  corresponding  to  -^  is  «,,  that  is,  A^=a^  a,  +1 

=^,a,  H-1,  and  B^=a^,    If  for  a,  we  substitute,  successively,  1, 

2,  3,  dfc,  to  a,  —  1  in — i— ^ ,  we  shall   have  in  reverse  order 

A(^z]y±i.  ....  ^A^,  ?d^\  di+l,  which  have  the 

same  properties  as  the  intermediate  fractions.    These  appended  to 

30 
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the  above  complete  aenes  give ^,    -^-^ i— J .... 

Ji^  a,— 1 

8^,4-1     2^,+l     ^,+1 
3      '  2       '         1     ' 

Wo  have  seen  that  if  a  be  rational  that  the  convergent  -^,  will 

equal  a  and  terminate  one  of  the  two  series  which  makes  the  com- 

plete  series.    K  n  is  odd  -^  will  terminate  in  the  aaterislre  the  in- 

A 
creasing  series  commencing  with  -~,  and  if  even,  the  decreasing 

A  A  A 

series  -^.    Let  us  suppose  n  is  odd  then  ih^  series  -^' . . .  .-o-*-  • . . 

-^  tenmnates;  but  we  may  consider  the  series  to   continue  to 

infinity.    It  is  done  thus.    The  last  even  convergent  is     *^',  and 

the  next  even  convergent,  if  there  were  one,  would  be  p'^\  which 

would  be  no  other  than  ~.    This  is  established  as  foUowa : 

An  I  ^ 

Smce  a,  or  -^=a.  H 1 

1        1 

and  the  continued  fraction  must  stop  at  — ,  it  is  plain  that = 

0  and,  therefore,  a^  + 1  —  oo.     Because    -^^  =  p"*^^       p*"\  aod 

a^,  =cx)  we  have  ^=^  »"      »    '> 

As  QO  ^^  is  an  infinite  quantity  it  can  not  be  increased  by  the 
addition  to  it  of  a  finite  quantity,  A^^  ;  nor  is  oo  j9^  increased  by 

-B^, :  hence,  -^  =^^-=?=— ".    To  find  the  intermediate  firaction* 
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between  -^— ^  and  -^f^,  or  -^  we  have  only  to  subatitute,  sue- 

cessively,  from  1  to  oo  for  a^,  in     "  ""*"' ~^.     These  interme- 

diate  fractions  although  approaching  constantly  nearer  and  nearer  to 

a,  or  to  -^"y  yet  their  denominators  are  all  greater  than  B„  and  in 

A 
this  respect  they  differ  from  the  intermediate  fractions  between  -^ 

Jo 
PROBLEM     6  . 

(498 •)  To  illustrate  continued  fractions  by  namerical  examples. 

SOLUTION. 

2067 
First  let  ns  change  -——  to  a  continued  fraction.    By  division 

2067     ,      726       726         2        262       4      48      6       „ 
1341~       1341'  1341     3^1'  363~6if '  «3""7^' 

2067     1+^4     ^ 

• =-     34--     6     ^ 

1841     1     ^5+Y-7. 

8 

Here  6, =1,  6,=2,63=4,  6^=6, and  6,=7;  and  aj=l,a,=8, 

a,  =6,  a^  =7,  and  a,  =8 ;  whence  the  convergents 

-ll-l  ^^i  -d»-??  -l*-?!^      d  ^,2067 
•      J?,""l'^,~3'^,""19'  ^,"~151'         J53~134l" 

AAA 
In  practice  we  can,  from  the  nature  of  the  values  ^',  ^,  -^,  etc., 

^i  ^a  ^j 
eauly  deduce  them  from  the  numerators  and  denominator's.    Thus, 

12  4         6  7 

13  6         7  8 

1     6     29         233      2067 

1     3     19         161       1341 

18     o     1     ,  o  XV                     .           2  3  6   13 

—-=2  +  --     1     -  and  the  convergents  are  -,  -,  -,  -— . 

O                 '  T-i-i  112    6 
^■*"2 
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TO                1                                                    8—8    —18 
_=:34-     -     1  and  the  convergents  are  -,  —5, r-. 

6  -5+2 

6  1     ,  ^,^  ,  0    112    5 

r3=^  +  2  +  i    1     ^  ^^  *^«  convergents  are  -,  -,  -,  -,  ^ 

6  1  ,   ,  0  12—5 

—=0+^     1     J  and  the  conrergents  are  -,  -,  -,  —-^. 

2+3 
6  1  ,    ,  0   1—8—6 

18=<^+3  +     A     1  '^  *^^  conyergents  are  -,  -.  _-,  _— . 

-3+2 

858 

From  — — — -  we  can  get  tlio  quotients  0,  —2,  3,  4,  6,  —6,-2; 

--1451  0       1        3        13  68    —396  858 

whence^the  conveigente  -,  --,  — .  — 3'  ZIiTE^  "66?'  ^UM" 

From  — -  we  can  get  the  quotients  2,-1,-3,  —9,  — 2,-2  and  5; 

S?^  2-16   -46  97   -240   —1103     _ 

we  have       '''''''^''''  V  3f  4'  ^37'  78'  3i93'  -^ssf   ^^ 

887-2-^-1+     i         1         /"^     3+     i     -1  ^ 

—  2+     -     1  ^      2+     -. 

-2  +  r  5 
13 

The  quotients  for  —  are  1, 1,  1,  1,  and  2,  and  the   convergents 

12   3    5  13 

T>  T»  ^»  o»  ^°^  "^'    "^^  quotient  2  shows  that  there  is  an  intenne- 

1123^8      2<^  Q 

diate  between  -  and  --- .    This  fraction  is  •-  and  would  be  amonfi:  the 

3  8-  ^13 

principal  fractions  if  we  had  made  the  quotients  in  •—  as  follows : 

8)13(1 

6)8(1 
5 

3)5(1 
3 

2)3(1 
0 

1)2(1 
1 
1)1(1     making  every  quotient  1. 
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226 
The  quotients  of  --^  are  I,  2,  3,  4,  and  5,  and  the  conTorgentB  are 

T'  o»  "^'  ^»  *^^  TT»7*     ^^®  quotients  3  and  6  show  that  there  are 
12      t     30  157 

between  -  and  —  two  intermediate  fractions,  and  four  between  — 

one  o  ^o 

and  -— r ;  and  the  quotient  4  shows  there  are  three  between  -  and  — r. 
157'  ^  2         30 

Inserting  these  intermediates  we  have 

.^1        •  •       -^3        •  •  •  '       •  5  4  '  *  *  S 

1      4      7     10    53      96      139      182    225    43      33      23     13     3 
1'    3'     6'    7'   37'     67'     97"'     127'   157'   30'     23'     16'    9'   2 
The  difference  between  any  two  consecutive  fractions  in  this  series 
is  equal  to  unity  divided  by  the  product  of  their  denominators. 
This  series  can  be  obtained  in  another  way,  making  all  the  interme- 
diate fractions  to  be  principal  fractions.    We  can  make  the  quotient 

005 
of  ~  as  follows :  1,  1,  0,  1,  1,  0, 1,  0, 1, 1,  0,  1,  0,  1,  0,  1, 1,  0,  1, 
157 

0, 1,  0,  1,  1.    The  corresponding  convergents  are 

121343     7     310     131023103310486343 

1'  I'  1'  2'  3'  2'    5'    2'     7 '     9 '     7 '  16'    7 '  23'    7 '  30'  37'  30' 

96    43    189    43    182     225 

67'  30'  "97'   30'    127'    157' 

In  this  series  the  fractions  that  are  repeated  are  the  principal  frac- 

A        226 
tions  in  the  other  series,  except  that  -^  or  —  is  not  repeated.    The 

other  fractions  are  the  intermediate  ones,  though  not  in  the  same 

order,  except  -  which  in  the  series  -^. .  .•^. . .  .-5-',  -d^.  . .  -5^.  is 

the  one  peculiar  intermediate  after  -—-  as  indicated  by  the  second 

quotient  2. 

We  may  also  convert  algebraic  formulse  into  continued  fractions : 


X 
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The  followmg  noUtion  has  been  used  to  indicate  oontinned  fat- 
— — 1  =!+(«— 1,1,  8,  jr). 

(^^y  =  l+(2:P-l,  1,  2,  8*-l,  1,  11,  ar), 

Ihe  ratio  of  the  circumference  of  a  circle  to  ita  diameter,  nsoillf 
represented  by  the  Greek  letter  tt,  has  been  found  to  be  3  folloired 
by  decimals.  A  few  years  ago,  Mr.  W.  Shanks,  of  Houghton-le-Sprin( 
found  607  of  these  decimals,  and  Dr.  Rutherford,  who  had  prenoosif 
carried  the  approximation  to  208  places,  verified  441  of  them. 
Taking  7r=d.l4159,  26535,  89798,  23846,  26433,  83279,  50286, 
as  given  by  Ludolph  and  reduciog  to  a  continued  fraction  by  in- 
creasing the  last  figure  by  unity,  we  have  7r=3  +  (7,  15,  1,  292,  1, 

1,  1,  2,  1,  3,  1,  14,  2,  1,  1,  2,  2,  2,  2,  1,  84,  2,  1,  1,  15,  3,  13, 1,  4, 

2,  6,  G,  1).  The  quotients  agree  thus  far  when  the  last  figure  is  not 
increased.    We  have  then  the  following  approzimatbig  values  oC 

3    22    333    356    103993 

""'     1'    7'  106'  113'    33102 '*^" 

It  is  evident  that  there  are  numerous  intermediate  fractions  in  this 

series,  since  most  of  the  quotients  are  greater  than  unity.    Aidii- 

22  356 

medes  took  7r=^,  and  Metius,  7r=  — .    The  figures  in  the  last  ctn 

bo  easily  remembered  by  writing  them  in  a  line ;  thus,  113355,  ob- 
serving that  the  first  three  are  the  denominator,  and  the  others  the 
numerator,  and  that  each  of  the  first  three  odd  numbers  are  repeated. 

We  can  express  tt  in  a  continued  fraction  in  such  a  manner  that  —rr 

113 

will  be  the  third  convergent  instead  of  the  second,  by  introdnciog 

negative  quotients.     It  is  evident  that 

•^^      — «„4- -h,etc.  "^^      a„ +,etc 

^""^»  .  V'    ■ 

Also,  that  we  may  remove  all  the  negative  signs  in  a  continued  firao- 

tion  by  the  following  formula : — 

'      -a^+,etc.  "^^  14- r+,eto. 

a,— 1 
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We  may  also  introduce  negative  terms  instead  of  positive  by  tbe 
formula, 

''-+^.+,eto.  ='^.■+1-1+    1+,  etc. 

We  can  always  simplify  a  continued  fraction,  and  reduce  it  to 
fewer  terms  whenever  there  are  denominat<ffB  which  are  equal  to 
d=l.  It  is  evident  that  if  the  quotients  a,,  a,,  a,,  etc.,  are  taken 
nearest  the  true  quotient,  whether  greater,  or  less,  the  approximation 
is  more  rapid. 

Applying  these  considerations  to  the  quotients  in  the  value  of  rr, 
we  have 

^=^+^+-1         1  ='4+i.      1 

16  +  — —         1  16 1 

^-294+_-         1  2®^"a-l 

—3  +  ,  etc.  3+,etc. 

1  3   22   355 

Taking  7r=3  +-     1  we  have  the  convergents  -,  -^,  -— 

"^16, 
If  we  take  S65d.  5h.  48m.  498.  for  the  length  of  the  solar  year, 
as  given  by  M.  de  Lacaille,  and  it  is  only  ^^  of  a  second  less  than 
that  given  by  Sir  John  Herschel,  we  get  the  following  quotients  and 
convergents,  from  24h.,  and  5h.  48m.  49s., 

4,      7,       1,       3,         1,         16,  1,  1,  15. 

4  29  33  128  161  2704  2865  5569  86400 
1'  y  T'  "sT'  89'  655*  694*  1349'  20929' 
the  last  fraction  being  the  one  proposed,  it  having  for  its  numerator 
the  number  of  seconds  in  24h.,  and  for  its  denominator  the  number  of 
seconds  in  5h.  48m.  4tfs.  The  convergents  show  the  intercalation 
of  one  day  in  four  years,  as  in  the  Julian  Calendar,  is  the  simplest, 
but  that  7  in  29,  or  8  in  33  would  be  more  exact. 

The  Gregorian  Calendar  intercalates  97  days  in  400  years.  By 
inserting  the  intermediate  fractions  we  find  that  a  more  accurate  ap- 
proximation than  this  would  be  109  days  in  450  years. 

The  convergent  -—^  is  not  found  either  among  the  principal  conver- 

gents,  or  the  intermediate  fractions  belonging  to  ;  nor  is  it 

found  either  in  the  principal  convergents  or  the  intermediate  frao- 
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tions  obtained  by  taking  the  length  of  the  year  as  given  by  Coper- 
nicus,  viz.,  366d.  6h.  49m.  20s.,  which  wan  used  in  the  Gregoriin 
reformation.     Among  the  intermediate  fractions  in  this  last  case  ii 

371  400 

found  —  which  would  be  more  exact  than  -— -.    Taking  LacaiDe'i 
90  ^' 

1 A1 

length  of  the  year,  ^  have  —   which  is  nearer  the  truth  tban 

400 
97"- 

PROP  O  BITI  ON      1 . 

(499*)  Every  periodic  continued  fraction  is  one  t^therooiitf 
an  equation  of  the  second  degree  with  rational  co^fficienU. 

DEMONSTRATION. 

Let  a;=a,  H .    1 


«.+ 


a.+etc 


Then  we  have  x=a.  H .    1 

For  the  quotient  ar,  we  have  the  convergents  p*^'  =— ^--i 

which  is  evidently  equal  to  ;r  ;  whence  we  have 

B^x'-\'{B^,-A)x=A^,.     Q.EJ). 

Scholium. — We  may  have  a  periodic  continued  fraction  which  b» 
at  first  iiTcirular  terms.  For  instance,  if  we  have  the  continued  frac- 
tion indicated  by  ar=c,  -\-{c^^  Cg,  ...  c^  Cj,  a^,  . .  a^  o,,  a„  . .  a^ 

-A.  y-{-A. 
etc.,)  and  put  y  equal  to  the  j)erio(Iic  part,  we  have  y=-g=- — -^^ 

and  for  the  convergent  corresponding  to  y,  -vr^-,  or  ^=jt^ /F"' 

whence  by  eliminating  y  we  shall  get  an  equation  of  the  second  degree. 


CONTINUED  PRACnONS.  473 

PB0P08ITI0N      2. 

(500.)  The  incommensurable  roots  of  an  equation  of  the  second 
degree  with  rational  coefficients  may  ^e  expressed  by  periodic  con- 
tinued fractions. 

DEMONSTRATION  . 

Let  a'x^^-hb'x^  — c'=0,  (l)  in  which  a',  and  b\  and  c\  are  either 
positive  or  negative.  It  is  evident  that  the  roots  of  this  equation,  or 
the  values  of  ar,  must  have  contrary  signs,  or  that  aV,=fc6'«,  — c' 
=  (ir,  — r)(iP,  -fr'),  r  and  — r'  being  the  values  of  «,,  That  r  and 
r'  must  have  contrary  signs  is  evident  because  their  product  =  — c'. 

Splving  eg,  (1)  we  get  x^  = — — ; — ,  where  n=6'*+4a'c'.   Suppos- 

Za 

mg  that  or,  =a,  H — »  a,   being  the  integral  part  and  —  being  the 

decimal  part,  we  get  by  substitution,  after  changing  signs 

(c'-aV-ft'a,K-(2a'a,+6>,-a'=0     (2.) 

The  values  of  x^  must  be  of  contrary  signs,  since  their  substitution 

Ux  x=a^  H — ,  must  give  results  with  contrary  signs.    Putting  the 

coefficient  of  x^*  which  must  evidently  be  positive,  equal  to  a"  and  of 
x^  equal  to  +6",  6"  being  either  positive  or  negative,  we  get  a"af," 

+  6"x,-a'=0.  (3.)  Whence  a?,  = — —^ — ,  where  n=6'«+ 4a  V 
=6"4-4a'c'. 

Applying  the  same  reasoning  to  (3)  as  to  (1),  and  we  shall  have 

a'  x'^+b'  x^-c'    =0  /  &•  •  +  4a'  c'  =» 

a";r',+6"«j-a'    =0  I  6"*  + 4a'   a"  =n 

a"V3-}-6'"«3-a"  =0  and   )  6"'*  +  4a"  a'"=n 

a''«*,+6'^a:,-a'"=0  )  6'^«+4a'"a"'=n 


Hence 


we  haveaf,  =a,  H ,   1       . 

"'    a4+eto. 
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^19  ^ai  ^3*  ^4*  ^^'*  i^pi'^senting  respectively  the  integral  part  of  tbe 
positive  values  of  *,,  ar^,  ar^,  ar^,  etc. 

AYe  most  now  prove  that  this  continued  fraction  is  perio&. 
This  must  be  so  provided  any  of  the  equations  is  identical  with  asj 
one  that  precedes  it  It  is  plain  that  a\  a'\  a"\  etc^  are  each  lea 
than  |n,  and  that  the  absolute  values  of  b\  b^\  b'"j  etc,  are  eachlcs 
than  Vn.  Puttiug  the  integral  part  of  |»  equal  to  •,  and  +f' a  eqoil 
to  «',  there  can  not  be  more  than  %  of  the  coefficients  a\  a\  a'", 
etc^  without  repetition,  nor  more  than  i'  of  the  coefficients  h\  h'\ 
h"\  etc^  (abstraction  being  made  of  the  sign).  Since  6',  6'\  6'",  etc, 
may  each  be  either  positive  or  negative,  we  may  say  that  there  mn 
be  2i'  of  the  coefficients  h\  h'\  b"\  etc.,  if  the  sign  be  regarded.  Each 
of  the  1  possible  values  a',  a",  a"\  etc,  may  be  combined  with  the 
2i'  possible  values,  b\  b'^  b'",  etc.;  hence  we  can  not  have  more  thaa 
2iV'  equations  without  encountering  one  in  which  the  coefficients  of  the 
unknown  quantity  will  be  the  same  as  in  some  preceding  equation. 
If  the  absolute  terms  are  also  equal,  then  the  equations  will  be 
identical. 

Let  at^  and  6'^,  be  the  coefficients  which  are  equal  to  the  coeffi- 
cients in  some  j)receding  equation,  p  and  q  representing  accents  and 
not  exponents.  Suppose  a''+'=a'',  and  bf^=zl^^  then  we  shall  hm 
the  two  equations  a^x\-\-b''x^—a^^  =0,  And  a'^^V-H  +  ^'^'^k" 
qp^-i  --0,  which  are  to  bo  proved  identical.   It  is  now  only  oeoesiaiT 

to  prove  that  a''->=a'"+^i.  We  have  6^'4-4a'*-"a''=6'*+'  +  4a^**"» 
a'*^  because  each  Ls  equal  to  m  ;  whence  a*^'  =€^+9—1^  Thisprores 
that  the  jwsitivo  value  of  ar,  may  be  represented  by  a  periodic  cod- 
tinued  fraction.  The  negative  value  has  the  same  property,  for  the 
positive  value  of  a*,  in  a'a:,— 6'jr,  — c'=0  is  just  the  same  as  the 
negative  value  of  ar,  in  a'ar,  +b'x^  — c'=0. 

Take  now  the  equation  ax*—bx  +  c=0  in  which  the  values  of  r 
are  both  j)osiuve.     Taking  the  case  in  which  the  integral  parts  of  the 

roots  are  unequal  we  may  have  ar=rH — ,  r  being  the  integral  part  of 

the  greatest  root,  and  —  the  decimal  part  Since  the  last  root  of  2-,  most 

evidently  be  negative,  by  substitution  we  shall  get  an  equadon  of 
the  form  aVj-f^'ari— c'=0,  the  same  as  before,  in  which  ar,  may  be 
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vepresented  by  a  periodic  continued  fraction.    The  least  value  of  9 

would  be  r .   1 

a,  H 

'^a^+etc 

which  may  be  put  in  the  ordinary  form  r— 1  +-         1 

'  a,  +etc. 

If  a,  were  equal  to  unity,  we  would  have 

In  the  case  in  which  the  integral  parts  of  the  roots  are  equal  we 

would  have  ^=r-| — .    Since  rr,  must  be  positive  we  get  an  equation 

of  the  form  a V ,  +  &'^|  +c' =0.  K  the  roots  of  this  equation  still  have 
the  same  integral  parts  we  proceed  as  before,  and  unless  the  roots  are 
equal  we  shall  arrive  at  an  equation  in  which  the  absolute  term  is 
negative  and  whose  roots  can  be  expressed  in  periodic  continued 
fiaotions. 

The  cases  of  equal  positive  or  negative  incommensurable  roots  need 
not  be  considered,  for  they  can  only  occur  when  one  or  more  of  the 
coefficients  are  irrational  The  proposition  has  then  been  completely 
established. 

SoHouuM. — ^This  demonstration  indicates  a  mode  of  finding 
periodic  continued  fractions  equal  to  the  roots  of  such  an  equation 
as  8«*-10af-4=0. 

fSa;*— 10a?  — 4=0,\  /a;=  3+—. 

1  1  ^' 

17a:*,—  8a?,— 3=0,/  \a?i=lH , 

Here  we  have       /  \ ;  whenbe  \  i 

)4a?*,-  6a?3-7=0,(  Jar,  =2+—. 

3aP3-10a?3-4=0,/  la?3=3  4-^. 

/  \  > 

Thenar=3  +  (1,  2,3,  1,  2,  3, )  _ 

We  may  also  use  the  following  mode.    Since  «,  or — =8 


1  ,  3  >/37  +  4       ,1        , 

— i    we   get   a?,  =  — = —  = = =  1  + — ;  whence  «. 

«i  ^         '       %/37-4  7  a?,'  • 
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7  v/37  +  3     o.     ^  k  *  V^^^+5 

s- — = = =2H ;   whence  a?-= — = — = 

v/37-3  4  2-,  x/37— 5  3 

Tliis  niodo  also  furnishes  an  easy  process  of  conYerting  a  monoBh 
al  surd  into  a  periodic  continued  fraction.     For    instance  VI 9  =4 

1        .                 V/T9  +  4    „     1         ,                   v'la+a   , 
H ;   whence  ir,= =2H — ;    wfaenoe   «,  = =1 

H —  :    whence  x^  = ;^ —  =3  H —  :    whence   x.  = =1 

H —  ;    whence  x.  = --—  =2  H —  ;    whence   x^  =  — - — =8 

^B  *  3  .T,  '  •  1 

+  —  ;  whence  x^  =  — - —  =^i,  and  therefore,  we  shall  have  VU 
=4 +  (2.  1,  3,  1,  2,  8,  2,  1,  3,  1.  2,  8,....). 

PROBLEM      7. 

(501.)  To  find  the  properties  of  the  periodic  oontinned  Cndioi 
which  is  equal  to  the  surd  y/n, 

8  OLUTI OK. 

We  have  the  following  equations  ;— 
^n=ia-\ 

= i=fl,H in  which  c/,  =a,  and  r,  =»— ^, 

T  it  •  •  ' 


-3 


x^= =ff„  + "     d,  =a„_,r^|— cf^,  andr,= . 

^n  •^'n+l  ''11— I 

It  is  easy  to  prove  that  all  the  values  r^^r^^r.^^  ...  r^  are  integers 
Since  none  of  the  values  d^,  d^,  d^,  ...  d^  can  exceed  a,  it  follows 

that  the  extreme  limit  of  the  values  of  a,,  a^,  a,, o^  is  2a.    It 

is  also  evident  that  the  extreme  limit  of  the  values  r^^r^^  r,,  ...  r, 
is  2a.  If  any  one  of  the  (quotients,  a^,  a^,  ...  a«,  as  a,  equals  2a  we 
shall  have  d^=a,  and  r,=  1,  and  hence 
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a;^.,= =^= !-,  because rf^,=a.r,—rf,;  whence  rf^,=a 

or  rf,,  and  because    r^,  = ^*  ;  whence  r^,=n— (ri=r,. 

From  this  we  see  that  when  we  arrive  at  the  quotient  2a  the  quo- 
tients, Oj,  a^,  ...  a.  will  recur. 

Letting  a,  a^,  a,,  a,,  ...  2a  denote  the  quotients  to  the  close  of 
the  first  period,  we  shall  always  have  the  quotients  between  a  and 
2a,  whether  read  backwards  or  forwards.    Thus,  a,  a^,  a^^,  a^y  ... 

The  terms  of  the  convergents  corresponding  to  the  quotient  pre- 
ceding 2a  are  respectively  the  values  of  z  and  y  in  the  equation 
«*— ny'=:  ±  1,  the  plus  sign  being  required  when  the  period  consists 
of  an  even  number  of  quotients,  and  the  minus  and  plttn  being  used 
alternately  when  the  period  has  an  odd  number  of  quotients.  For 
instance  when  n=28  we  have  the  quotients  5,  3,  2,  3,  10,  etc.,  and 

^.  ,.  6  16  37  127  1307    ^     , 

the  corresponding  convergents  -,  -•-,  -^  — ",  -^7=-,  etc,  hence  m  the 

equation  »•— 28y*=  +  l,  we  may  take  iP=127,  and  y=24.  The 
oonesponding  convergents  in  the  successive  periods  will  also  give 
suitable  values  of  x  and  y. 

PROBLEM    8. 

(502*)  Resolve  the  proper  fraction  -  into  a  series  of  fractions 
with  unity  for  their  numerators. 

SOLUTION. 

Proceed  as  follows : —       b)a{q 

-c)a(g' 

e)a(g" 
7... 
IVom  the  equations  derived  from  this  operation  we  have  -= — 

— ;H — j-j n  -,  and  so   on  till  the  quotients  terminate.    This 

qq'     qqY     qqY' a'  ^ 

prooen  gives 

769      ,     1         1  1  1 


1114  3  '3x24     3x16x139  '  3x14x139x667 


CHAPTER    XXiy. 
INDETERMINATE     ANALYSIS. 

(503*)  Indeterminate  Analysis  is  the  method  of  finding  tJH 
values  of  the  unkDown  quantities  when  the  namber  of  eqnatiooiii 
less  than  the  number  of  unknown  quantities. 

PROBLEM     1 . 

(504*)  To  find  the  positive  integral  values  of  x  and  yin  tk 
equation  24;  +  3y=35. 

SOLUTION. 

It  is  evident  that  if  no  restrictions  were  placed  upon  the  values  d 
X  and  y  that  they  might  each  have  an  infinite  number  of  valuesi  U- 
cause  for  every  assumed  value  of  the  one  there  would  be  a  coira- 
ponding  value  of  the  other ;  thus  if  y  be  equal  V —  1  we  get  '=^3^ 
— 3V— 1),  and  if  y  be  equal  to  \  we  get  x=17,  and  ao  on  foriD 
values  whatever.  But  we  see  that  the  positive  integral  values  of  t 
and  y  must  be  limited  in  number. 

Let  us  now  seek  an  expeditious  way  of  finding  these  valoea^  i«* 
membering  that  if  a  whole  number  be  increased  bj,  dimiDi^ed  by, 
or  multiplied  by,  a  whole  number,  the  result  must  be  a  whole  num- 
ber.    We  shall  use  wh,  to  represent  a  whole  number. 

T,  ,,  ,.  ,  35  —  2X     33— 3x-har  +  2 

From  the  equation  we  get  y= = ! — =11—* 

3  3 

^+2  x+2 

H — — -.     Since  y  and  11— X  are  each  whole  nnmbeis,  must 

o  3 

be  a  whole  number  which  representing  by  m,  we  have  =iii ; 

3 

whence  ar=3w— 2  which  being  substituted  in  the  value  of  y  giws 

y=13— 2m.     By  observing  the^  values  we  see  that  m  must  not  be 

less  than  1,  nor  greater  than  6,  if  x  and  y  are  both  to  be  positive 

integers.     By  making  m  successively  1,  2,  3,  4,  6,  and  6,  we  get 

ar=l,  4,  7,  10,  13,  16;  and  y=ll,  9,  7,  6,  3,  1. 
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PROBLEM     2. 

(505.)  To  find  the  least  corresponding  positive  integral  values  of 
X  and  y  in  the  eqnation  7^;— 9y=29. 

SOLUTION. 

29  +  9y     ^  ,        2y4-l        .         .      2y+l 
x= — - — =4H-yH —^    Assuming  -^Y~  =*''^=^  ^®  g®* 

2y=7wi— 1,  or  y=3i»+ — r— .     Now  assuming  — -— =tiFA.=n, 

^  2 

we  get  m=2n4-l;  whence  ar=9»+ 8,  and  y=:7n+3.    Making  n 

^0,  we  obtain  a; =8,  and  y=3,  for  the  least  positive  integral  values 

of  X  and  y.     We  also  see  that  as  n  may  be  taken  =1,  2,  3,  d^c,  to 

infinity  there  are  an  infinite  number  of  posiUve  integral  values  of  x 

and  y  which  will  satisfy  this  equation. 

FBOBLEM     8. 

(506,)  Fmd  the  corresponding  positive  integral  values  of  x  and 
y  in  the  eq.  8z+lly=49. 

SOLUTION. 

«=6— 2yH —  .    Since   -^-=-  is  a  whole  number  it  will  be  a 

whole  number  when  multiplied  by   2;  therefore,  — — -?^=:wA.=y 

H — J—.    From  ——z=:m  we  get  y=4m— 1 ;  whence  «= — . 

We  see  that  f»=l  is  the  only  appropriate  value ;  whence  ar=2,  and 

y=3.     We  may  avoid  the  fractional  form  in   the  expression  for 

the  value  of  jp  as  follows : 

49-lly     ^  l-3y     ^,  ,  .  ,  .      l-3y , 

ar= — _/=6-y4-— g-~.    Mulbplymg  -^-^  by  -3,  we  get 

9y— 3  y— 3     „        y— 3 

— _-=:y4-i-__.    From  ^--— =f7i,  we  get  y=8m4-3  ;  whence  x 
8  8  8 

^2— 11m.    Here  m  must  be  zero;  whence  a?=2,  and  y=3. 

Remark. — ^When  we  multiply  the  expression  upon  which  we  are 

operating  by  a  number  which  is  not  prime  to  the  denominator,  one 

vf  the  final  expressions  for  x  and  y  will  be  in  a  fractional  form. 

PROBLE  M     7 . 

(507  •)  Find  a  number  which  being  divided  by  3,  4,  and  6, 
fihdl  leave  respectively  the  remainders  2,  3,  and  4. 
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SOLUTION. 

^  ar— 2 

Letting  x=   the  number  and  we  have — — -=iffA.=m;  wiieoee 

3 

«  .    c^  Al  ^  —  3  L  3m— 1  ,  II.+  1 

a5=3m4-2.     Also, — -—=wh,= — - — =ny   whence   m=n-i . 

4  4  3 

Putting  —-—=;?,  we  get  n=3;?— 1 ;  m=4p — 1 ;  and  x=l2p—\ 
3 

But  -— -=t^A.=— ^^ =2/>--H--f .     Since  -f=  wk.  -^=»i 

6  5  5  5  5 

=p+^.     Put^=g';   whence  />=5g,  and  ar=60^— 1,     If  g=l, 

5  5 

x=69  ;  if  q=2j  a:=119,  and  so  on. 

PROPOSITION     1. 

(508,)  If  a  and  b  represent  numbers  prime  to  each  other,  tk 
remainders  found  by  dividing  a,  2a,  da (b — l)a  5y  b  cwofl 

different, 

DEMONSTRATION  . 

Let  us  suppose  that  when  ma  and  na  which  represent  any  two  of 
the  above  numbers,  whether  consecutive  or  not,  are  divided  bj  6  that 
the  remainder  in  each  case  is  r.     This  supposition  gives  #iMi=yi+f, 

and  na=  Qb  +  r;  whence  Q—q=  -^^-r — .     Since  Q—q  is  a  whole 

number,  and  n—m  is  less  than  6,  and  a  and  b  are  prime  to  each  other, 
this  equation  can  not  subsist ;  and  hence  we  see  that  the  proposidon 
must  be  true,  since  a  contrary  supposition  leads  to  an  absurdity. 

PROPOSITION     2. 

(509.)  The  equation  ax— by=±l  is  always  passible  in  vholf 
numbers  when  a  and  b  are  prime  to  each  other. 

DEMONSTRATION. 

Wo  learn  from  the  last  proposition  that  there  must  be  some  mul- 
tiple of  a  as  ara,  or  ax  which  being  divided  by  b  leaves  the  remainder 

aX"—  1 
1.     Let  y  be  the  quotient,  and  we  have  — r — =y  which  is  onlv  an- 

other  form  of  the  equation  ax—by=l  which  is  therefore,  alwavs 
possible  when  a  and  b  are  prime  to  each  other. 
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The  equation  or— 6y=:  — 1  multiplied  by— 1,  gives  by^ax=l 
which  form  we  have  just'proved  is  possible  in  whole  numbers  when  b 
and  a  are  prime  to  each  other,  x  being  the  quotient  when  by—l  is 
divided  by  a. 

Cor. — When  a  and  b  are  not  prime  they  have  a  common  divisor 
d,  greater  than  unity,  and  hence,  ax—by=±l  is  not  possible  iu 
whole  numbers  for  dividing  by  d  we  have  a  whole  number  equal  to 
a  fraction. 

PBOPOBITION    3. 

(510«)  The  equation  ax— by=±c  will  admit  of  an  infinite 
number  of  positive  integer  solutions  when  a  and  b  are  prime  to  each 
other, 

Df MONSTBATION. 

Since  oa?'— 6y'=  ±  1  is  always  possible  in  whole  numbers  when  a 
and  b  are  prime  to  each  other,  acx'—ftcy'—  ±c  must  be  likewise  pos- 
sible. Putting  x=:cx',  and  y=cy'  we  have  ax—by=  ±e  always  pos- 
sible in  whole  numbers.  Let  p  and  q  represent  whole  numbers  which 
being  substituted  for  x  and  y  in  this  equation  satisfy  it    Then  from 

ax—bf/zzzap—bq,  we  get  -^ — ^=1  which  is  satisfied  by  making 

X — p    b  b  .  X — p . 

— -:=-,  Now  -  is  by  hypothesis  in  its  lowest  terms  but  — -  is  not 
y-q    a  a        '    -"^  y-q 

necessarily  so.     Let  m  be  the  greatest  common  divisor  of  x—p  and 

y— 7,  then  — ^=6,  and    - — ^=o;  whence  x^p-^-mb.  and  y=^q 

+ma.  In  these  values  of  x  and  y,  m  may  be  taken  equal  to  0,  1,  2, 
3,  ifec,  to  infinity  hence  x  and  y,  in  oar— 6y=  ±c,  may  have  an  in- 
finite number  of  positive  integral  values. 

PBOPOBITIO  N    4. 

(511»)  The  equation  ax-\-byz=ic  is  always  possible  in  positive 
integers,  if  a  and  b  are  prime  to  each  other,  and  c  is  greater  than 
ab — a — 6. 

DEMONSTRATION. 

Putting  c=ai— a— 6+r  we  getar=:6— 1  H — K    Now  x  is 

a  whole  number  if ^=- '-  is  a  whole  number.    Put  y  +  l=yj 

a 

31 
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and-^^^^=x';    whence  ax'— &/=—*'•  wLich   we   have  almd? 
a 

proved  is  possible  in  positive  whole  numbers.    Since  z^  may  be  a  pos> 

live  whole  number,  x  may  be  a  positive  whole  number,  since  x=6— 1 

— x',and  x'  is  less  than  6—1  when  y'  is  taken  less  than  a.    Hiat  / 

may  be  taken  less  than  a  may  be  seen  by  applying  the  last  demos- 

stration;  whence  y'=q-\-fna  ;  now  it  is   evident  by  taking  m=:0; 

—  1,  —2,  —3,  <kc^  we  must  encounter  a  value  of  y'  less  than  a. 

ScHOuuM. — The  converse  of  this  proposition   is   not  true.    For 

5a:  +  l7y=62,  67,  5C,  62,  47,  42,  39,  37,  32,  27,  22,  are  aU  possible 

in  positive  whole  numbers. 

PBOBLE  u  8. 

(5 12.)  To  find  the  number  of  solutions  that  ax  +  by^c  will 
admit  of  in  positive  integers. 

SOLUTION. 

Since  ax'—b/=l  is  always  possible  in  positive  integere,  ae^ 
^hcy'^c  is  also  possible  in  positive  integers;  hence  ax+hy=fK£ 
^hcy'.  Because  ra:'>ar,  wo  assume  that  cx*=ix+tnh.  We  nuv 
also  assume  a/=  —  y  +  771a,  since  these  values  substituted  give  ax+iy. 
In  these  assumptions  m  may  be  any  number  that  will  make  f  and  y 
positive  integers.  If  no  such  number  can  be  found  then  the  eqns- 
tion  is  impossible  in  positive  integers.  On  the  other  hand  there  will 
be  as  many  solutions  in  positive  integers  as  there  are  suitable  values 
of  in.     Since  x=cx' —mh^  and  y=ma—c}/  we  must  take  m  \m 

tlian  —  and  greater  than  — .     It  can  easily  be  shown  that  no  frac- 
tional value  of  m  will  answer,  but  that  m  must  be  some  positive 

ex'  Ctl' 

integer,  which  integer  must  be  between  -r-  and  —  and  therefore,  the 

number  of  integers  between  -7-  and  —  is  the  number  of  solutions  of 

0  a 

which  ax-\-hy=c  is  susceptible  in  positive  integers. 

PRO  BLEM     9. 

(513,)  Find  the  number  of  solutions  of  which  0x+13y=2000 
will  admit  in  positive  integers. 
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80LUTIOK. 

From9x'--13y'=:l,wegeta?'=13w— 10andy'=9m— 7;  whence 

»'=3,  and  y'=2  which  ig*e  the  least  possible  positive  integral  values 

^    /      J      /     rnu      /.       c^'     2000x3      .^,  ,  ,cy'     2000x2 

of  z  and  y .    Therefore  -7-  =  — — =461t^,  and  — = 

^  0  13  *'  a  9 

=444^,  and  consequently  there  are  461— 444=17  solutions  in  posi- 
tive integers. 

EXAMPLES. 

1.  6«+   9y=40.  -4»M.  No  solution  in  positive  integers. 

2.  5x-^  9y=d7.  ^n«.  One  solution  in  positive  integers. 
S.  llx+   5y=254.      ^TM.  Four  solutions  in  positive  integers. 

4.  I7aj+13y=6000.        -4iw.  27  solutions  in  positive  integers. 
£•  In  how  many  different  ways  may  £1000  be  paid  in  guineas 

and  crowns,  the  guinea  being  21s.  and  the  crown  5s.?     Afu.  190. 

5.  In  how  many  different  ways  can  £140  be  paid  in  guineas  and 
three  shilling  pieces  t  Ans,  It  is  impossible. 

PROBLEM     1 0. 

(51 4»)  find  all  the  corresponding  positive  integral  values  of  Xy  y, 
and  z  in  the  equation,  dj;4-5y+ 72^=1 00. 

SOLUTION. 

It  is  evident  that  z  can  not  be  greater  than  13.  For  0=1,  a;  and 
y  may  have  six  different  corresponding  values ;  also  for  z=z2,  x  and 
y  may  have  six  different  values ;  2=3,  five  values ;  2^=4,  four  values ; 
«=6,  four  values;  z=6,  four  values ;  «=7,  three  values ;  «=8,  three 
values;  2f=9,  two  values;  «=10,  one  value;  «=11,  two  values; 
ir=12,  one  value. 

PROBLEM     1  1  . 

(5 1 5«)  To  find  the  number  of  solutions  of  which  ax-^-by-^ez^rid 
is  susceptible  in  positive  integers  when  at  least  two  of  the  coefficients 
are  prime  to  each  other. 

SOLUTION. 

It  is  plain  that  z  can  not  bo  greater  than .    Making  2=1, 

c 

2,  8,  Ac,  we  shall  have  ax+by^d-^Cf  ar  +  6y=rf— 2c,  Ac.    The 

number  of  solutions  in  positive  integers  of  which  these  equations  ai6 
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susceptible,  is  equal  respectively  to  the  number  of  integen  between 

^     ,  ^  ■  and  ^ ^,  ^ — T^  and  ^ ^,  &c^  «'  and  y'  Iwk 

h  ah  ^        '     ^  '        * 

obtained  from  ax'— -by'  =  1.    The  sum  of  theae  solutions  will  give  the 
whole  number  of  solutions. 

Remark. — ^It  is  evident  that  the  first  terms  in  the  aboTe  expremm 
constitute  an  arithmetical  series,  as  also  the  last  terms. 

PROBLEM     1 2. 

(516*)  Find  the  number  of  solutions  of  which  5j;+7y-tlli 
=  224  is  susceptible  in  positive  integers. 

80  LUTI  O  N. 

Here  z  can  not  be  greater  than  19.  We  have  six  solutioiisfcr 
2=1,  or  2;  five  for  2=3,  4  or  5;  four  for  «=6,  7  or  8;  three  fcr 
2=9,  10,  11  or  12  ;  two  for  z=13  or  15;  and  one  for  jr= 14, 16, 17 
or  18.  These  all  added  make  59.  In  this  example  we  have  5x'— 7/ 
=  1  ;  whence  ar'=3  and  y'=2. 

We  can  also  obtain  the  result  by  finding  the  difTerence  between 
the  sum  of  the  arithmetical  scries  formed  hj  the  first  terms,  and  tbe 
sum  of  a  like  series  by  the  second  terms,  and  making  the  necessair 
corrections.  These  scries  will  be  as  follows,  each  containing  19  teno^ 
and  commencing  with  the  terms  for  z=19. 

3-15     3-26     3-37  3*213 

-7-+  r+— -7-=»28? 

2-15     2-26     2-37  2-213 

T-+-y+— — =8««f 

Each  of  these  sums  must  be  diminished  by  the  sum  of  the  frao- 

3*15 
tional  parts  that  occur  in  the  terms.     Thus,  — — -=6^j^.     In  this  way 

we  get  the  fractions  -  +  ;;  +  z  +  ;r4-z  +  z  +  =-for  first  period  in  first 

o  7777777  ^ 

^.02413^,^  .,., 

series,  and  -  +  -+-  +  -+.  for  the  first  period  m  the  second  senes. 
o      5      5      5      o 

The  sura  ef  the  fractions  in  the  first  period  =3  ;  this  period  will 

3      16     4     2 

occur  again  in  the  19  terms,  and  the  five  fractions  i:  +  =  +  -.r  +  -+r 

7     7     7     7    7 
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=2f,  making  the  sum  of  all8f.  The  snm  of  the  period  in  the 
second  series  is  2,  and  it  occurs  in  the  19  terms  3  times,  leaving 

0     2     4     1 

-4-7  +  -  +  -= If,  making  the  sum  of  all  the  fractions  7f.  Hence 
5     5     5     5 

we  have  928if— 8f =920,  and  866f — 7J  =  859  ;  the  difference  is  61 
which  must  be  diminished  by  2,  because,  whenever  -  occurs,  the  sub- 
traction indicates  one  solution  too  many.    Thus  for  2=14  we  have 

3*70 
for  the  number  of  solutions  the  number  of  integers  between  —r-- 

2*70 
and*^^,  or  30^  and  28  which  is  only  one,  but  subtracting  28  from 

30,  improperly,  gives  two.    The  same  occurs  when  «=7. 

EXAMPLES. 

!•  2x  +  3y4-52=41.  Aru.  21  solutions. 

2.  6ar  +  7y4- 92=337.  Ans.  169  solutions. 

3.  I7z+21y-h 30^=3000.  Ans.  406  solutions. 

4.  7a? +9y  4- 232=9999.  Ans.  34366  solutions. 

5.  3ir  +  7y  +  lU=86412.  Ans.  16168483  solutions. 

6.  In  how  many  ways  is  it  possible  to  pay  £1000  without  using 
any  other  coins  Utan  crowns,  guineas,  and  moidores  ?    Ans.  70734. 

NonL— A  orown  =  6«.,  «  gnlDe*  =  81«^  ftnd  a  moldore  =  27«: 
PROBLEM     13. 

(517.)  Find  the  number  of  positive  integral  solutions,  of  which 
1 2x  + 1 5y  +  202 = 1 0000 1  is  susceptible. 

SOLUTION. 

Since  no  two  coefficients  are  prime  to  each  other  we  transform  the 

z—l  2—1 

equation  and  get  4a?+6y=83334— 724-— r-.  Since  -—isa  whole 

3  ■  3 

number,  we  put  it  equal  to  i£;  whence  «=3t«-f  1.  The  given  equa- 
tion now  becomes  4z+6y  + 20^=83327  which  has  1388611  solu- 
tions. 

PRO  BLSM     1 4. 

(518.)  Giren  j  io*+3yt2z=120  f  »<>  find  the  correBponding 
poative  int^pral  ralues  of  x. 
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BOLUTION. 

Elimination  gives  y=26jr— 258,  and  0=:447 — 44 jr.  A  smpla 
inspection  shows  that  x  can  not  be  less  nor  greater  than  20 ;  henoa 
a?=10,  y=2,  and  z=7. 

MIBCELLANSOUS     E  X  A  If  P  JL  X  8  . 

1.  A  man  buys  horses  and  oxen  for  $1770,  and  paja  (31  for  each 
horse;  and  $21  for  each  ox.  How  many  horses  and  oxen  did  be 
buy  ?  Ans.  9  and  71,  or  30  and  40,  or  51  and  9. 

2f  Divide  30  into  three  such  parts,  that  if  the  first  part  be  multi- 
plied by  7,  the  second  by  19,  and  the  third  hj  38,  the  sum  of  the 
three  products  equals  745.  Ans.  6,  11,  13. 

S»  Divide  142  into  two  such  parts  that  the  one  may  be  divisible^ 
by  9,  and  the  other  by  14.  Ans.  72,  and  70. 

4.  A  man  bought  124  head  of  cattle,  viz.,  pigs,  goats,  and  sheep, 
for  $400.  Each  pig  cost  $4},  each  goat,  $3^,  and  each  sheep^  $1). 
How  many  were  there  of  each  kind  ? 

Ans.  17,  99,  8 ;  or  40,  60,  24  ;  or  63,  21,  40. 

5.  Required  to  find  three  whole  numbers  such,  that  if  the  first  be 
multiplied  by  5,  the  second  by  13,  and  the  third  hy  18,  the  sum  of 
the  products=997  ;  but  if  the  first  be  multiplied  by  11,  the  second 
by  20,  and  the  third  by  37  ;  then  the  sum  of  the  prod  acts  =1866. 

Ans.  16,  29,  30. 

6.  Thirty  jx^rsons,  men,  women,  and  children,  spent  jointly  $58. 
Each  man  spent  $3^,  each  woman,  $1  J,  and  each  child  ^  of  a  doUar. 
IIow  many  were  there  of  each  I 

Ans.  10  men,  16  women,  and  4  children. 

7.  Ilequired  to  find  two  whole  numbers,  whose  sum  and  product 
are  togetlier=139. 

Atis.  1  and  69  ;  3  and  34  ;  4  and  27  ;  6  and  19  ;  9  and  13. 

8*  A  country  woman  brings  a  number  of  eggs  to  market,  more 

than  100,  but  less  than  200.     She  is  undetermined  whether  to  sell 

tliem  in  fifteens  or  by  the  dozen,  for  in  the  first  case  she  would  hav^ 

4  eggs  remaining,  and  in  the  second  10.    How  many  eggs  has  she  I 

Ans.  154. 
9.  Into  what  two  fractions  whose  denominators  are  7  and  11  may 
^  J  be  divided  ?      Ans.  4  and  jf  ;  or  Y  and  |f ;  or  -y-  aad  ^V. 
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10.  A  boy  plays  with  nuts,  the  number  of  which  is  less  than  400 
and  wishes  to  make  small  heaps  of  them.  If  he  puts  IS  in  each  heap 
he  has  9  remaining ;  but  if  he  puts  17  in  each,  he  has  14  remaining. 
How  many  nuts  are  there  ?  Ana.  2^9. 

11.  A  general  being  asked  how  strong  his  regiment  was,  replied, 
"  My  regiment  is  not  2000  men  strong.  I  can,  however,  draw  it  up 
5,  6,  and  1  deep,  without  having  one  remaining;  but  if  I  make  it  11 
and  13  deep,  in  the  first  case  I  should  have  9  men  remaining,  and  in 
the  second  case  8  too  few.*'    How  many  men  were  in  the  regiment  ? 

Ans.  1890. 

12.  A  captain  wishes  to  march  out  his  company,  which  is  between 
100  and  200  men  strong.  If  he  should  march  them  2,  4,  8  or  10 
men  deep,  he  would  have  1  remaining  each  time  ;  but  if  he  should 
march  them  6  or  12  deep,  he  would  have  5  remaining  each  time. 
What  number  of  men  did  his  company  contain  ?  Ans,  161. 

13*  Into  what  two  parts  must  you  divide  the  numbers  4890,  so 
that  the  first  part  divided  by  37  may  leave  the  remainder  3,  and  the 
second  divided  by  54,  the  remainder  6  ? 

Ana.  ISO  and  4110;  or  2778  and  2112;  or  4776  and  114. 

14*  Required  to  find  two  whole  numbers,  whose  product  exceeds 
twice  their  difference  by  100. 

Ans.  10  and  10 ;  14  and  8 ;  22  and  6  ;  30  and  5 ;  46  and  4 ;  or 

94  and  3. 

15*  What  numbers  divided  by  3  leave  the  remainder  1,  and  divided 
by  5,  the  remainder  2  ? 
Ans.  15  n  +  1  in  which  any  value  at  pleasure  may  be  assumed  for  n. 

16*  What  numbers  divided  by  6,  12  and  15,  leave  the  remainders 
1,  1,  10  ?  Ans.  All  numbers  of  the  form  60  n  +  25. 

17.  Find  three  fractions  with  the  denominators  3,  4,  and  6,  of 
which  the  sum  is  ^^.  Ans.  |,  J,  and  -J. 

18.  If  I  have  9  half  guineas  and  six  half  crowns  in  my  purse, 
bow  may  I  pay  a  debt  of  £4  lis.  6d.  ? 

Ans.  By  8  half  guineas,  and  3  half  crowns. 

19.  In  how  many  different  ways  is  it  possible  to  pay  £20  in  half 
guineas  and  half  crowns  ?  Ans.  7. 

20«  What  numbers  divided  by '4,  6,  9,  16,  leave  the  remainders 
3,  3,  3,  12  ?  Ans.  180  nH- 147. 
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21.  What  numbers  divided  by  5,  6,  7,  8,  leave  the  remaioden  3, 
1,  0,  5,  respectively  ?  Atut.  840  fi  + 133. 

22.  In  how  many  ways  can  on  equivalent  for  $13,  at  Ss.  each,  be 
given  in  Euglish.  crowns  and  seven-shilling  pieces  ? 

Ans,  Only  one,  viz.,  5  crowns,  and  2  seven-shilling  p]ec«& 

23.  A  company  of  men  and  women  spend  $1000.  The  men  pay 
each  |19,  and  each  woman  $13.  How  many  men  and  women  aie 
there? 

Ans.  2  and  74  ;  or  15  and  55 ;  or  28  and  36  ;  or  41  and  17. 
21.  A  speculator  having  between  $300  and  $400,  found  if  he 
bought  lambs,  at  $2  a  piece,  sheep,  at  $3  a  piece,  or  calves,  at  $5  s 
piece,  he  would  liave  |1  remaining;  but  if  he  bongbt  hogs,  at  $7  s 
piece,  he  would  have  no  money  remaining.  How  mnch  money  had 
he  ?  Ans.  $301. 

25.  A  butcher  bought  calves,  at  |7  a  piece,  and  found  he  had  t6 
remaining.  Siiould  he  have  bought  sheep,  at  $2,  $3,  $4,  $5,  or  |6  a 
piece,  he  would  have  no  money  remaining.  How  much  money  had 
he  ?  Ans.  $180. 

26.  A,  B,  and  C's  fortunes  ai-c  in  the  proportion  of  5,  7,  and  9. 
It  is  found  that  if  they  expend  their  fortunes  for  land,  giving  $1 1,  |13, 
and  $15  an  acre,  respectively,  they  will  have  remaining  $1,  $2,  and 
$3,  respectively.    What  is  the  least  sum  of  money  they  can  have  f 

Ans.  A,  $2685;  B,  $3760  ;  andC,  $4833. 


CHAPTER    XXV. 
DIOFHANTINE    ANALYSIS. 

(5 19.)  DioPHA^TiNE  Analysis  is  that  part  of  analysis  which 
relates  to  the  methods  of  finding  such  values  of  the  unknown  quan- 
tity as  will  render  irrational  expressions  rational. 

PROBLEM     1 . 

(520»)  Find  such  values  of  a?  as  will  render  l^cu?,  fa*af,  and  Vax" 
rational. 

SOLUTION. 

—  o» 

Putting  Vax-=.p  we  get  Jc=  — ,  in  which  p  may  be  assumed  to  be 

any  rational  quantity.  To  render  Vd^x^  or  ofi/x  rational,  it  is  evident 
that  0?  most  be  a  square  number.  It  is  impossible  to  rationalize 
l^(u;*,  or  xS/a  except  when  a  is  a  perfect  square. 

PROBLEM     2  . 


(521  •)  Find  such  values  of  :i;  as  will  rationalize  ^/ax-^-h^  and 
)/ax^-\-hXy  in  which  a  and  h  may  either,  both,  or  neither  be  squares. 

SOLUTION. 

Putting  f^oaj-f  6=/>,  we  get  jr=^ ,  and  l^a«*  +  6a;=|M:,  we  get 

h 


PROBLEM     3. 


(522*)  Find  such  values  of  X  as  will  rationalize  f^aa;'  +  6a;+c' 
)/a*x-\-hx-\-c^  and  Vax+ftar+c  when  6*— 4ac  is  a  perfect  square; 
|/aar*  +  6z  +  c  when  it  equals ^(dx  +  tf  +  {fx-\-g){hx  +  h) ;  ^a^^hx^c 
when  one  value  of  x  is  known  ;  and  l^x'  + 1. 
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SOLUTION. 


Aasume  the  first  equal  to />x+c;  the  second,  to  ad? +/?;  thetfairdequil 
to  0,  and  then  resolve  the  equation,  thus  giving  €u:  +  &c+c=(/jr-f-^) 

(kx+k.)   Nowassumef (/cH-y)(Ax+A:)=/?(x4-^); whence :p=i^^-y- 

To  rationalize  the  fourth,  assume  V{dx+ey  +  {fx  +p)(hx +k)=(djc+e) 

+p(/'+9);  whence  ,=g^g^ 

For  the  fifth  suppose  that  y/ax^  +  bz+c^i  is  rational  whenx=:r. 

Assuming  x=y  +  r^  we  got  \/ay*  +  (2ar  +  b)y + r  which  rationaliad 

2/w— 2ar— 6                         2/w— ar— 6— rp*      _       ^      , 
^=  — j —  ;  whence  x=^ ; — =-.     To  rational- 


P''»y=        a-p-       ■  a-p- 


-^-P\ 


ized  Vx^-\- 1|  assume  y/x'-^-l^x+p;  whence  *=— ^ —  ?  whence  it 

is  apparent  that  x  can  not  be  an  integer,  and  to  be  a  positive  fractioii 

m  n'— «* 

p  must  be  a  proper  fraction.     Putting  />=-,  we  get  x=-- ; 

whence  Vx^  + 1 = -r .    Smce  -^ — rj-  + 1  =  ^-rr rf- ;  whence 

(n*— m')'  +  (2mw)'=(n'  +  m*)*,  a  general  expression  for  the  sum  of 
two  squares  in  which  ti  and  m  may  be  taken  at  pleasure.    We  would 


obtain  tbe  same  result  by  assuminor  v/x*4-l=-icH-l.  . 
•^  °  n 

Scholium. — To  have  ar'+y*=  a  square  we  only  need   to   take 

ar— n'— m',  and  y=2mn  ;  to  have  x'— y*=  a  square  we  only  need 

to  take  x=n*'{-m*^  and  y=2mn. 

PROBLEM     4 . 


(523.)  Find  such  values  of  x  as  will  rationalize    y/aa^-^-bj^^ 


Vax^-k-bx^-^-cx-^-iP^  and  Vax* -{-bx^-^-cx+d  when  one  value  r  of 

X   is    known  ;     f^a'x*  +  &x' + cj'  +  rfx + e\    v/aV  +  6j:"4-cj:*  +  rfx+f, 

1/ai:*4-6j:*  +  cx'-h</i:  +  <?',    and    4'aa:*4-*Jj"4-c-r'  +  rfar  +  c    when     one 

value  r  of  a-  is  known;   l/aV  +  ^J"" +«+</•,   VaV  +  &t*  +  cr+rf 

Vajr"+6i;"  +  fxH-</*,  and  V<w^'+Ax*  +  cz+rf  when  one  value  r  of  « 
is  known. 
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SOLUTION.  .      . 

Assuming  the  first  equal  to  px,  we  get  x=- ;  the  second  =—yC 

c*—4b(P 
•\-d  ;   wheuce  x= —  ;  this  gives  only  one  value,  but  others 

may  be  obtained,  when  possible,  as  in  the  following  example  ;  when  h 
and  c  each  equal  0,  the  method  fails :  the  3d  becomes,  putting  a;~y-|-r, 
Vat/  4-  b'y^  -h  c'y  -f-  «*,  9  being  =Var^  -\-br^-\-cr-\-d  ;  whence  x  may  be 
determined   as  in   last  case;    the  fourth rzaa:"  +mfl?+«/    whence^ 

by  expanding  and  equating  the  tenns  containing  ic*,  »i=— -,  and 

4a(ad:izhe\         .  ,  .  .  .a 

g=.a  ,  ^  a/n   'ir\  ^^^^  ^  °^*y  ^®  positive  or  negative ;  after  ex- 

.  ,       ,      ,     ^  ,  cP=fc4c'(2ai?q=c)      . 

pandmg,  we  might  take  d=z2me  ;  whence  x=. —        ^ — ^-  ;  these 

two  methods  give  four  solutions,  and  fail  entirely  when  6  and  d  are  both 

0 ;  the  5th  z=zax^-\-mx-\-n  ;  whence  6=2aw,  and  c=w*  +  2a»,  and 

(A.a^c-hy-Ua^e        ,.,-.,       ,        ,        ,    ,  ,   ,,    ^ 

^=:r-^-r7 — iTT-s r¥vT  which  fails  when  h  and  a  are  both  0 ; 

8a'[8a*a — 6(4aV — 6')] 

the    6th=77ia;'+/u?-f«;    whence    cf=2n«,  and    c=»*  +  2i»e,  and 

x= — *-/  -     ,^   ' — TTTv^  which  feils  when  h  and  c?  are  both  0  ;  the 
64a«*— (4cc— d')' 

7th  becomes,  assuming  x=.y-\-r^  f^ay*T^V+^yT5^yT»'  which  is 
the  form  just  treated  of;    the  8th=aar+c?/  whence  xz=  ,^ 

the  9th=aa:  +  m;  whence  6=8a'wi  and  a;=  -— 5 —        ,;  the  10th 

=mx+d;  whence  c=3m(r,  and  a?=^  .,^  ,  ;  the  11th  be- 
comes, assuming  ;r=y+r,  Vay*  +  6'y' +  c'y -f »'  which  is  the  last 
case. 

PROBLEM     5. 


(524.)  Rationalize  V'ay'  +  l,  or  what  is  equivalent,  solve  the 
equation  x* — ay^ = 1 . 

SOLUTION. 

Putting  a:=-y  +  l  ;  whence  y=—j^--j.     Since  this  result  gives 
fractional  values,  let  us  seek  integer  values  of  x  and  y.    We  observe 


f 
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first  that  a  can  not  be  negative  nor  a  square  number.  To  obtain  the 
least  integral  values  of  x  and  y,  extract  the  square  root  of  a  by  con- 
tinued fractions,  and  take  the  numerator  of  the  convergent  corre- 
sponding to  the  quotient  preceding  2r,  r  being  the  integral  part  of  Vo, 
when  expressed  in  decimals. 

If  the  number  of  quotients  in  a  period  is  odd,  no  integral  value  of 
y  will  rationalize  V'ay'  +  l.  See  (501  •)  which  will  also  indicate 
bow  Vay'— 1  may  be  rationalized. 

Remark. — Lagrange  has  shown  that  o^ — cry'=l  is  alttmyH  possible 
in  inters,  a  not  being  a  square,  and  that  x^—ay*z=^\  is  possible 
in  integers  only  when  the  number  of  quotients  in  the  period  of  \/a 
is  odd.  He  has  also  shown  that  if  x^—ay^zzzdth  is  possible  in  in- 
tegers, a  being  positive  and  not  a  square,  and  h  positive  and  less  than 

—  X 

VcL^  the  values  of  x  and  y  must  be  such  that  -  may  be  one  of  the 

y   X 

principal  fractions  converging  to  the  value  of  Va, 

Remark. — ^This  subject  is  so  extensive  that  we  must  refer  those 
who  desire  to  pursue  it  further  to  JSuler^s  Algebra  with  Lagrange's 
additions. 

PROBLEM     6  . 

(525*)  Find  such  a  value  of  :r  as  will  rationalize  each  of  the 
expressions  Vox + b  and  Vex  -h  d,  Vcu*  +  bx  and  Vex* + dx,  Vax^  +  bx-^-e 
BXidVdx^+ex-h/. 

SOLUTION. 

Putting  a  for  a  square  nimiber  the  equations, 

ax  +  b=D 

are  called  double  equalities. 

From  ax^b=p'  and  cx+d=q*  we  get  caq*—cad+e^b=(^p*:=:  D  ; 
whence  Vinq*-{-n,  {m  being  =ca,  and  n=zc*b^cad)  which  is  easily 
rationalized 

In  the  second  example,  if  we  put  ir=:-,we  get 

6y-f  a=  D 

dt/-\-c=D 
which  has  just  been  disposed  of.     Or  putting  (m:'4-5j?=j»V,  we  get 
bdp*'{-cb*—abd=0  ;  whence  V^mp' -h w. 

In  the  third  case  resolve  the  equalit}  ax^  +  bx-^e^zD,  and  subati- 


DIOPHANTINE  ANALYSIS.  498 

tote  the  yalue  of  x  in  da^  +  ez  +/=  n  ;  whence  will  result  a  biquad- 
ratic ezprewioii  in  a  form  which  lias  already  been  discussed. 

PROBLEM    7 . 

(526*)  Resolve  the  triple  equality  <u;  +  6y=D,  w+(fy=n, 
and  er+/y=n. 

SOLUTION. 

Putting  <*,  tt',  and  «'  for  the  right  hand  members,  and  finding  the 

values  of  x  and  y  from  the  first  two  equations,  we  get,  by  substitution 

m      .V.  ,    af—l^  ,     cf—de  ,  ,     -       , 

and  putting  u=tr,  zj—ri^'~~i — !"=  ^  5  whence  z  may  be  found. 

__   ,  d—bz*.       -        az^—c    , 

We  nave  a?=-^ — ^r,  and  y=  -= — =-  ^  • 
ad— be  ad— be 

EXAMPLES. 

!•  Find  three  square  numbers  whose  sum  shall  be  a  square. 

Ans.  1,  16  and  64. 
2«  Find  four  numbers  such  that  if  their  sum  be  multiplied  by  any 
one  increased  by  unity,  the  products  shall  all  be  squares. 

Ans.  3,  8,  15  and  143. 
S«  Find  three  square  numbers  whoso  sum  shall  be  the  square  of 
4.  Alls.  -V^,  ^  and  -V"- 

4«  Find  three  square  numbers  in  arithmetical  progression. 

Ans.  1,  25  and  49. 
f  •  Find  three  numbers  in  arithmetical  progression  such  that  the 
ram  of  every  two  of  them  may  be  a  square. 

Ans.  482,  3362  and  6242. 
6.  Find  two  numbers  such  that  if  to  each,  as  also  to  their  sum,  1 
be  added,  the  three  sums  will  each  be  squares.       Ans.  15  and  48. 

?•  Divide  85,  which  is  the  sum  of  the  two  squares  81  and  4,  into 
two  other  squares.  Ans.  49  and  36. 

8.  Find  four  numbers  whose  sum  shall  be  a  square ;  also  if  their 
sum  be  multiplied  by  any  one  of  them  and  the  product  increased  by 
unity,  the  results  shall  each  be  squares.  Ans.  3,  5,  ^,  and  1\. 

9t  Find  three  cube  numbers,  whose  sum  shall  be  a  cube. 

Ans.  1',  6',  and  8'. 
10.  Find  the  least  nonquadrate  values  of  x  and  y  in  the  double 
equality  a!*+y'=  D,  and  o^+y*=  D .     Ans.  x=364,  and  y=273. 
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lit  Find  the  least  int^ral  values  in  the  equation  ic'— 211^=  +  !• 
Ans.  «=278354373660,  y= 19162705353. 

12t  Find  three  square  numbers  in  arithmetical  progression,  such 
that  if  from  each  its  root  be  subtracted,  the  three  remainders  shall  be 
squares. 


-4n#.  (25ir*= 
49aj'= 


•  —  /^340814414884742932783918468592674193422528iy 
*  ""\2017764271614078196042928196999625T353230160/ 

/I17040720744237146G39195923429633709671126405\« 


\  2017764271514078196042928196999G251353230160  / 
/163857009041932005294874292801487193539576967\' 


"\  20177642715140781960429281969996251353230160  / 

Remark. — We  are  indebted  to  Professor  Daniel  Kirkwood,  of  the 
"  Indiana  State  University,"  for  these  answers.  He  thinks  that  these 
results  are  the  least  possible  when  the  roots  of  x*,  25a;'  and  49a;'  are 
taken  with  the  positive  sign.  A  writer  in  the  ^^  Indiana  School 
Journal^  under  the  ^nom  de  plume^^  Jacob  Staff,  gives  a:'=l 

/-151321\*     ^,  ,     „   /-151321V         J     ^^  ,     ,^/-16182lV 

I 1   26a:'=25| 1,  and  49aj'=49| f 

\  7863240/'         V  7863240/'  \  7863240  / 

which  indicate  that  the  roots  are  taken  negatively. 

This  problem  was  published  in  the  first  English  edition  of  Young* s 
Algebra^  but  with  incorrect  answers.  It  has  since  been  suppressed. 
It  is  not  inserted  here  for  students,  but  more  as  a  matter  of  curiosity, 
and  for  those  who  may  desire  to  try  their  hands  at  it 

Many  laborious  problems  in  Diophantine  Analysis  may  be  found 
in  Bonny  costless  Algebra^  to  which  we  refer  the  student  who  may  not 
be  satisfied  with  the  above. 


CHAPTER    XXVL     . 
OENEBAL  THEOBT  OF  EaUATIOXS. 

(527  •)  A  ROOT  of  an  equation  is  a  quantity  which  when  sub- 
stituted for  the  unknown  quantity  in  the  equation  satisfies  the  equa- 
tion. 

(527  •)  A  ruNOTiON  of  a  quantity  is  an  expression  which  contains 
that  quantity.    Thus  a;  +  6,  :i;'  +  6^*,  <S^c.,  are  functions  of  x;  and  x  +  t/, 

-^  Ac,  aro  functions  of  both  x  and  y.    The  symbol  f(x)  denotes  a 

function  of  or,  and  f{x,  y),  a  function  of  x  and  y. 

PROPOSITION     1. 

(528t)  7)^  a  t>  a  root  of  the  equation^ 
*"+-4ar-»  +^JJ*"* Tx-]-  Cr=0,  {£),  then  will  the  first  mem- 
ber be  divisible  by  x — a. 

Rbmark. — For  the  sake  of  brevity  we  shall  generally  write  /  (a;) =0, 
or/(a^)=0  for  the  equation  (E,) 

PROPOSITION     2. 

(529*)  If  the  first  member  of  the  equation^  f  (x°)=:0,  is  divisi- 
hie  by  x—a^  then  is  a  a  root  of  the  equation. 

PROPOSITION     3. 

(530t)  livery  equation  containing  but  one  unknown  quantity  has 
as  many  roots  as  there  are  units  in  the  highest  power  of  the  unknown 
quantity,  jirovided  that  none  of  the  exponents  of  the  unknown  quan- 
Hiy  are  fractional. 

Remark. — It  should  be  observed  that  in  this  chapter  the  equations 
referred  to  in  the  propositions,  unless  otherwise  stated,  are  considered 
to  be  of  the  form  of  {E)  in  which  w,  n— 1,  n— 2,  <fec.,  are  positive 
integers,  but  in  which  A,  B,  (7,  &C.,  may  be  integral  or  fractional^ 
pontive  or  negative. 
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PROPOSITION     4. 

(531t)  If  a  is  a  root  of  the  equation, /{a:") =0,  then  is  •'-^—-^  or 

y][aJ*~')=0  an  equation  containing  the  n— 1  remaining  roots. 

Remark. — ^In  dividing  /[sf)  by  re— a  it  is  best  to  use  Synthetic 
Division. 

EXAMPLES. 

1.  One  root  of  a:*— 6«'+11jc— 6=0  is  1  ;  find  the  equation  con- 
taining the  other  two  roots.  Ans,  a;' — 5a:  +  6 = 0. 

2t  Two  rootsof  a;*— 6x"+24ar--16=0  are  2  and  —2;  findthe 
other  roots.  Ans.  a?= 3  ±V5. 

PROPOSITION     6. 

(5 3 2.)  1.  In  any  equation  (E),  the  coefficient  of  the  second  term 
is  the  sum  of  c^ll  the  roots  of  the  equation  with  their  siyns  changed. 

2.  Tlie  coefficient  of  the  third  term  is  the  sum  of  the  products  of 
every  two  roots  with  their  signs  changed. 

3.  TTie  coefficient  of  the  fourth  term  is  the  sum  of  the  products  of 
every  three  roots  with  their  signs  changed. 

4.  In  general  the  coefficient  of  the  n^  term  is  the  sum  of  the  pro- 
ducts  of  every  n— 1  roots  with  their  signs  changed. 

6.  The  coefficient  of  the  (n+ 1)*^  term^  that  is,  the  term  containing 
x"  which  is  the  last  or  absolute  term^  is  the  product  of  all  the  roots 
with  their  signs  changed. 

Scholium. — In  this  proposition  the  expression  "  with  their  signs 
changed*^  applies  to  the  roots  and  not  to  the  sum  or  products. 

ILLUST  RATION. 

It  is  evident  that  a  and  b  are  the  roots  of  the  equation  {x''a)(x-'b) 
= 0  which  becomes  «"  —  (a  +  5)a?  +  a6 = 0.  This  shows  that  tiie  prop- 
osition is  true  for  a  quadratic  equation.  In  like  manner  a,  6  and  e, 
are  the  roots  of  the  equation  (a;— a)(a;— 6)(a;— c)=0,  or  a:*— (a +  6 
•^c)x*-\-{ah-\-ac  +  hc)x—abc=0;  and  a,  6,  c  and  rf,  the  roots  of 
{x—a){x—b){x—c){x—d)=0,  or 

x*^{a']-b'{-c  +  d)x^  +  {ab-\-ac-\-ad  +  bc-\-bd  +  cd)x'—{abc-^abd 
+  acd  4-  bcd)x + abed = 0. 

Thus  we  see  that  whatever  may  be  the  number  of  the  simple 
binomial  factors  (x--a)(x—b) that  their  product  will  give  a 
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poijnomial  in  which  the  coefficients  following  the  law  of  combina- 
tionA  will  give  such  a  result  as  is  stated  in  the  proposition. 

Cor.  1.  This  proposition  shows  us  how  to  form  an  e^juation  whose 
roots  shall  be  given.  Thus  a'— (2  +  3— 4)a;'4-{2-3  +  2-— 4-f3'— 4) 
«— (2-3--4)=0,  or 

ar*— «•— 14ar+.24=0,  which  is  the  same  as  (a?— 2)(a:— 3)(a?-|-4)=0, 
is  ao  equation  whose  roots  are  2,  3,  and  —4. 

Cor.  2.  This  proposition  indicates  another  mode  of  solving  a 
quadratic  equation.  Thus  in  x*—5x  +  Q=0  if  we  put  y  and  z  for 
the  roots  we  have  y2=6 

and  y-\-z=5 
whence  y— 2=±1. 

Therefore,  y=8,  or  2  ;  and  z=2,  or  3. 

EXAMPLES. 

1,  Find  the  equation  whose  roots  are  ^  and  |. 

Am.  6a:'— '7:p=— 2. 

2,  Find  the  equation  whose  roots  are  2  +V^,  2—/^, and  —3. 

Ans.  x*—x^'-1x  +  l6=0.' 
S«  Find  the  equation  whose  roots  are  4  +  V3— V9, 

1^8  -  V8"-f  1/9 + |/-18-9V/3-3l/9y 

and  i(8-V3+V9-|/-18-9V/~3-3V9V 

^iw.  ir'-12a:'  +  6'7a:=94. 

PROPOSITION     6. 

(633t)  If  the  signs  of  the  even  or  of  the  odd  terms  of  an  equation 
be  citanged,  the  signs  of  the  roots  will  he  changed, 

DEMONSTRATION. 

If  a  is  a  root  of  (U)  then  we  are  to  prove  that  —a  is  a  root  of 

sT-AxT-^  -h BxT-^  -  Cx— 3  + ± Txip  U=0.     (1.) 

and-a;"  -^-AjT-^  —Bx*-^  +  Cx"*-^  — up  Tx±:  U—0.     (2.) 

Equations  (1)  and  (2)  are  identical,  since  either  one  may  be  de- 
rired  from  the  other  by  multiplying  it  by  —1.  When  n  is  even,  —a 
substituted  for  a;  in  (1)  gives  {E\  and  when  n  is  odd«  —a  substituted 
in  (2)  also  gives  E,  The  truth  of  this  proposition  is  a  direct  conse- 
qaenoe  of  the  truth  of  Ph>po0ition  5,  sinoe  changing  all  the  roots  of 

32 
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an  equatdon  can  aflfect  only  the  even  terms  of  an  equation,  or  those 
terms  that  contain  the  roots  in  combinations  of  one  at  a  time,  three 
at  a  time,  five  at  a  time,  <fec 

PROPOSITION     7. 

(534,)  If  the  coefficients  of  an  equation  are  all  whole  numbers 
and  the  coefficient  of  the  first  term  is  unity^  all  ike  commensurable 
roots  are  whole  numbers. 

Cor.  If  among  the  commensurable  roots  of  an  equation  there  is  a 
fractional  root,  and  the  co^flScient  of  the  first  term  of  the  equation 
is  unity  then  all  the  other  coefficients  can  not  be  unity.  Hence  an 
equationof  theform(u:"-f  &B^' 4-ca:^*+  ...  -f^^+t«=0,  in  which 
a^b^c^  ...  t  and  u  are  integral,  and  a  not  being  a  common  divisor, 
must  have  fractional  roots. 

PROP  OSITION     8. 

(535t)  If  an  equation  contains  no  imxiginary  coefficients  and  has 
one  root  of  the  form  P  +  Qf^— 1,  P  and  Q  not  being  imaginary ^  it 
has  another  root  of  the  form  P— Q  V'— 1. 

Cor.  1.  All  the  roots  of  an  equation  of  an  even  degree  with  no 
imaginary  coefficients,  may  be  imaginary,  but  if  they  are  not  all 
imaginary  an  even  number  of  them  must  be  real. 

Cor.  2.  The  product  of  every  pair  of  imaginary  roots  of  the  form 
P+  QV—l  and  P—QV—l,  P  and  Q  being  restricted  as  above,  is 
P'  4-  C  a  positive  quantity ;  therefore,  the  absolute  term  of  an  equa- 
tion whose  roots  are  all  imaginary  and  of  the  form  P+  $\/— 1  and 
P—  ©V— 1,  must  be  positive. 

CoR.  8.  Every  equation  of  an  odd  degree  with  no  imaginary  co- 
efficients must  have  at  least  one  real  root,  and  this  root  must  have  a 
sign  contrary  to  that  of  the  absolute  term. 

Cor.  4.  Every  equation  of  an  even  degree  with  no  imaginary  co- 
efficients of  which  the  absolute  term  is  negative,  must  have  at  least 
two  real  roots,  one  positive  and  the  other  negative. 

PROPOSITION    9. 

(536t)  Every  equation  with  commensurable  coefficients  which 
has  one  root  of  the  form  P+V'Q,  P  and  Q  being  commensurcd>le,  has 
also  another  of  ike  form  P— V'Q.  t 
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Bemark. — Many  autfaorR  say,  "  Surds  and  impossible  roots  enter 
emotions  by  pairs^  Tlie  equation,  ar*— (|/2+V'^)a;+V^=0, 
has  the  two  roots  V2  and  V—l  which  do  not  occur  in  pairs.  One 
Buthor  says,  '*  Irrational  and  imaginary  roots  altoays  occur  in  pairs 
tehere  the  coefficients  are  reair  The  assertion  even  with  this  qualifi- 
cation is  untrue,  for  all  the  coefficients  in  the  equation  a?"— •3V2.ii?  +  4 
=0  are  real  and  yet  the  roots  24^2  and  V2  are  not  pairs.  If  he  had 
even  said,  "  where  all  the  coefficients  are  whole  numbers^^  it  would 
still  be  untrue  for  the  equation  x*— -12x^  +  51  z-'d4=0  has  two  ima- 
ginary roots  which  are  pairs,  but  a  surd  root  4-I-V3— VQ  which  is 
not  one  of  a  pair.    See  Ex.  3,  Prop.  6. 

EXAMPLES. 

1.  One  root  of  «"— 15x  +  4=0  is  2— f^3  ;  find  the  other  roots. 

Ans.  2-ff3  and  —4. 

2.  Two  roots  of  «*— 4x"--'7a;'  +  26;c=  14,  are  3+V'2  and 
—  1— V'S ;  find  the  other  roots, 

Ans.  3—^2,  and  —I+VQ. 

3  i  1/     of 

S.  One  root  of  «*— Sa^'-f  42ar=40  is — — — ;  find  the  other 

2  ' 

,  roots.  Ans.  ^(— 3— f  ^^),  4,  and  —1. 

4,^  Two  roots  a;*—10j;*-f  29a:*— lOar'— 62a?  +  60=0  are  6  and 

—V2  ;  find  the  other  roots.  Ans.  2,  8,  and  V2. 

PROPOSITION    10. 

(537  •)  If  two  quantities  when  substituted  for  the  unknown 
quantity  in  any  equation  give  results  which  have  contrary  signs,  one 
root  at  least  lies  between  these  quantities. 

Cob.  If  the  difference  between  the  quantities  substituted  is  ±  1, 
it  is  evident  that  the  one  which  is  numerically  less  than  the  other,  is 
the  integral  part  of  the  root. 

EXAMPLES. 

1.  Find  the  integral  part  of  one  value  of  z  in  the  equation, 
a:*  +  80ar=420.  Ana.  6. 

2.  Find  the  integral  part  of  two  values  of  x  in  the  equation, 
**-8«*+14«'+4«=:8.  An^.  2,  and  5. 
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PROPOSITION     11. 

(538.)  When  two  quantities  have  an  odd  number  of  different 
roots  of  an  equation  'between  them,  these  quantities  when  substituted 
in  the  first  member  of  the  equation  give  two  results  with  contrary 
signs ;  but  they  give  results  with  like  signs,  if  the  number  of  dif- 
ferent roots  between  them  is  zero,  or  an  even  number. 

PROP  OSITION     12. 

(539*)  Conversely,  if  two  quantities  when  substituted  in  the 
first  member  of  an  equation  give  results  with  contrary  signs  they 
comprise  between  them  an  odd  number  of  different  roots  of  the  equa- 
tion, but  if  they  give  results  with  like  signs,  they  do  not  comprise 
between  them  any  root,  or  they  comprise  an  even  number  of  different 
roots. 

ScHOUUM. — In  these  two  propositions  the  word  "  different^  has 
been  used  to  cover  the  case  of  equal  roots.  Thus  in  the  equation, 
{x^S){x—4y{x'-'5)\x—8)=0,  there  is  an  odd  number  (9)  of  roots 
between  2  and  7,  but  an  even  number  (4)  of  different  roots. 


^   n    »    ■■   » 


TRANSFORMATION  OF  EQUATIONS. 

PROBLEM     1. 

(540*)  To  transform  one  equation  into  another  of  which  the 
roots  shall  be  greater  or  less  than  the  roots  of  the  given  equation  by 
a  given  quantity. 

RULE. 

Let/(x)=0  be  the  equation  which  is  to  be  transformed  into  an- 
other whose  roots  shall  he  x-j-r,  or  x—r. 

Diindef(j)  by  x-\-t,  or  x—r,  and  the  quotient  thus  obtained  by 
the  same  divisor,  and  so  on  till  the  division  terminates  ;  then  mil 
the  coefficients  of  the  transformed  equation,  beginning  with  the  highest 
power  of  the  unknown,  be  the  coefficient  of  the  highest  power  of  the 
unknown  quantity  in  the  given  equation,  and  the  several  remainders 
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chiained  by  the  successive  divisions^  taken  in  a  reverse  order^  will  be 
the  other  coifficients,  the  first  remainders  being  the  last  or  absolute 
term  of  the  required  transformed  equation. 

RxMABS. — ^When  there  is  an  absent  term  its  place  must  be  sap- 
plied  by  a  cipher. 

DEMONSTRATION. 

It  is  evident  that  if  y+r  be  substituted  for  x  in  the  equation, 
<w*+&c^'  +ciif~"  +  . . . .  tx+u=0,  (1),  that  the  resulting  equation, 

ay +  -By^»  +  C7y*""  + Ty+  ^=0,  (2),  is  one  whose  roots  are 

less  by  r.  Now  if  in  (2)  wo  put  for  y  ite  value  «— r,  the  resulting 
equation  must  be  identical  with  tlie  original  equation,  that  is,  a{x—ry 
+  -5(z-r)'^>  +  qaj-r)— 3  +  . . .  T{x-r)+  U=a3r-\-bx^'  +cjr-^ 
+  ...te+tt.  If  the  first  member  of  this  equation  be  divided  by 
«— r,  the  remainder  will  be  U,  consequently  if  the  second  member 
be  divided  by  x—r  the  remainder  must  also  be  U,  In  the  same  way 
it  can  be  shown  that  if  the  quotient  be  divided  by  a?— r,  ihe  remain- 
der will  be  T,  and  finally,  that  the  last  remainder  will  be  B, 

Hence  we  see  that  wo  have  a  method  of  obtaining  equation  (2) 
from  (1)  without  substituting  y  +  r  for  x.  This  will  be  found  to  be 
more  expeditious  than  substitution,  since  the  work  may  be  shortened 
by  synthetic  division. 

PROBLEM     I. 

(541.)  Transform  6a;* — 1 2x"  +  3x'  +  4a: — 6 = 0  into  an  equation 
whose  roots  shall  be  less  by  2. 

8  OLUTI o  N. 

1  ST  METHOD.  Substituting  y + 2  for  ar  we  have  5(y+2)*— 12(y-f2)' 
4-3(y  +  3)'4-4(y-f2)--6=0  which  becomes  by  expanding  and  col- 
lecting terms  5y*  +  28y*4-51y'  +  32y— 1=0. 

2o  METHOD.  Dividing  the  given  equation  by  x—2  we  get  a  quo- 
tient Q  and  a  remainder  —1;  also  Q={x—2)Q^+S2y  and  Q^ 
=(ar-2)(2,+51,  and  ea=(-r-2)^3 +28.  Hence,  5y*  +  28y" 
4-fily*  +  32y— 1=0  is  the  required  equation. 

All  this  dividing  may  be  consolidated  into  one  operation.     The 
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* 
required  equation  will  be  of  the  form  5y*  +  -5y'+Cy +  i>yf  ^=0. 

We  wi«h  to  find  B,  C,  D,  and  E. 

5—12+   3+  4—6(2 
10—  4t-  2  +  4r 


-  2-   1 

2- 

-1 

.-.^=-1 

10     10 
8     15 

30 
32 

/.  i>  =  32 

10     36 
18     51 

.-.  C7  =  51 

10 
28 

.-.  ^  =  28 

PROBLEM 

2. 

-2j;'  +  3x- 

-4= 

0  into 

an  equation  whose  roots  shall 

TVansform  x* 
be  less  by  1'7. 

SOLUTION. 

The  result  will  be  «"  + J5y^+  Cy  +  i>=0  in  which  we  find  -5=3-1, 
C7=4-87,  and  i>=-233. 

1—    2  +  3      -4(1-7 

1-7-  -51     4-233  ^     „,„ 

—     .-.  i>=*233 

—•3     2-49       -233 

Therefore  y"  +  3-ly'  +  4-87y+-233=0. 

We  would  obtain  the  same  result  by  first  transforming  the  given 
equation  into  one  whose  roots  should  be  less  by  1,  and  the  equation 
thus  obtained  into  another  whose  roots  should  be  less  by  -7.     One 
of  these  operations  may  be  continued  from  the  other.    Thus : 
1-2    +  3      -4(1-7 
1-1  2 

—  1         2      —2 
1        0  2-233 


0  2  -233 

1  1-19 


1-7      3-19 
j7     1-68 

2-4     4-87 

j7 

8*1 


.  i)=-233 

C=:4.87 
^=3-1 
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The  first  column  is  the  same  as  the  first  member  of  equation  {E), 

A'      A' 
which  represent  by  X,  and  the  co^flScients  of  A,  — - ,  ~—  <kc.,  by  JT 

1*2    l'2*o» 

JT',  X'\  Ac,  respectively.    Then  we  have 

The  terms  of  JTmay  be  derived  from  the  terms  of  X  by  multiplying 
the  coefficient  of  x  by  its  exponent,  and  diminishing  the  exponent  by 
1.  In  this  manner  fix)m  x^  we  get  naf~*,  and  from  Azf^^  we  get 
A{n—l)x^'y  and  so  on.  In  like  manner  the  terms  of  X'  may  be 
obtained  from  those  of  JT,  the  terms  of  -X^'.from  X',  and  so  on. 

The  poljmomials  X',  X^,  X",  <kc.,  are  called  the  derived  poly- 
nomiaU  of  X,  or  the  derived  functions  of  X. 

PROBLEM     3. 

(543i)  Transform  a:*— 27x— 36=0  into  an  equation  whose  root* 
shall  each  be  3  less. 

SOLUTION. 

In  this  example  equation  (D)  becomes  by  substitution 
X.  =(a;«-27^-36)  +  (3x^-27)3  +  (6x)l^  +  (6)^^=0. 

orX,=a:'  +  9jr'-90=0. 

Remark. — For  additional  exercise  the  student  should  solve  in  this 
banner  the  examples  in  (541*) 

PROBLEM     4. 

(544*)  To  transform  an  equation  into  another  which  shall  want 
the  second  term. 

RULE. 

Divide  tht  codfficient  of  the  second  term^  disregarding  the  sign,  by 

the  highest  power  of  the  unknown  quantity  and  call  the  quotient  q  ; 

then  transform  the  given  equation  into  another  whose  roots  shall  he 

greater  or  less  by  q,  according  as  the  sign  of  the  second  term  is  plus 


EXAMPLES. 

It  Transtbrm  x* -^ ax^ +bx + c=0  into  an  equation  which  shall 
want  the  second  term.         Ans,  y'  —  (^a— i)y  +  ^a* — ^ab  -f  c = 0. 
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2.  IVansfonn  a;*+16«*  +  12a?'— 20a?'+14a:— 25=0  into  an  equa- 
tion which  shall  want  the  second  tenn. 

Ans.  y*-78/  +  412y'~757y-|-401=0. 

PRO  DLEM     5. 

(645.)  To  transform  an  equation  into  another  whose  roots  shall 
be  any  proposed  multiple,  or  submultiple  of  the  roots  of  the  given 
equation. 

SOLUTION. 

If  in  eq,  (H)  we  put  —  for  x,  since  y=mx^  m  being  the  proposed 

mnltiple    or    submultiple,    the    resulting    equation,    ^  +  mB^^ 

4- m^Ctr~^  + »'*""*  ^y  +  ^"  C^=0,   will    be  the    one  required. 

Hence,  we  hare  only  to  put  y  for  x  and  multiply  the  second  term  by 
m,  the  third  term  by  m*,  the  fourth  by  m',  and  so  on. 

Cob.  1. — ^If  the  coSflScient  of  the  first  term  be  »w,  we  can  effect 
the  transformation  by  omitting  m  in  the  first,  leaving  the  second 
term  unchanged,  multiplying  the  third  by  m,  the  fourth  by  m*,  and 
80  on. 

Cob.  2. — If  an  equation  has  fractional  coefficients  it  may  be  trans- 
formed into  another  having  integral  ones  by  obtaining  an  equation 
whose  roots  are  M  times  that  of  the  given  equation,  M  beiog  a  mul- 
tiple of  the  denominators. 

Cob.  3. — ^If  the  coefficients  of  the  given  equation  are  divisible  by 
1,  m,  »w*,  »i',. . .  .m""',  and  w"  respectively,  then  m  is  a  common 
measure  of  the  roots  of  the  equation. 

PBOBLEM     6. 

C  «j  H  1  O 

(546.)  Transform  5;*--a;»  +  —a:^-—a:-^^=0  into  an  equa- 
tion with  integral  coefficients. 

SOLUTION. 

^  1.  ,  .1^.    ..  .  ,       fiw*    5m'    Vm'        ,   13m* 

To  accomplish  this  it  is  necessary  that   — -,  -— -,   ---:,  and  -— -- 

^  ^  6  '     12     150'  9000 

be  made  integral,  which  can  be  done  by  making  m=9000,  the  least 

common  multiple  of  the  denominators.    But  m  may  be  taken  smaller 

mnoe  it  is  only  necessary  that  m*  be  divisible  by  9000,  at  the  same 
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time  that  m",  m',  and  m  are  respectively  divisible  by  150, 12  and  0. 
As  these  numbers  are  composed  of  the  prime  factors  2,  3  and  5,  we 
find  that  m=2"3*6=80  will  answer  the  conditions  and  the  required 
equation  will  be  y*—26y*  +  376y'—1260y— 1170=0. 

SX  AMPLXS. 

!•  Transform  2a;*— 4a:*  4- 7a:— 8=0  into  an  equation  whose  roots 
shall  be  three  times  as  large.  Av^.  2y*— 12y*-f-63y— 81=0. 

2.  Transform  4a:*— 3a:*'— 12a:*  +  5a?— 1=0  into  an  equation  whose 
roots  shall  be  four  times  as  large. 

Ans.  y*— 3y*— 48y*  +  80y— 64=0. 

3.  Transform  a:* +  ia:'—Ja:+ 2=0  into  an  equation  with  integral 
coefficients.  Ans.  y*  +  4y* — 36y  +  3456 = 0. 

13        '^l         32  43  1 

4.  TraDsform  ,'-_«« +^z'-— *«-—x -—=0  into   an 

equation  with  integral  coefficients. 

^4n«.  y*-65y*  +  1890y*— 30720y*— 928800y-972000=0. 

5.  Transform  a:*— 7a;— 6  into  an  equation  whose  roots  shall  bo 
twice  as  large.  Ans.  y*— 2 8a:— 48=0. 

PROBLEM     7. 

(547*)  To  transform  an  equation  into  another  whose  roots  shall 
be  the  reciprocals  of  the  roots  of  the  given  equation. 

SOLUTION. 

Substituting  in  aaf'  +  Ajf-^  -\-B3^^  -f  ...  7^0:+  f^=0,  the  value 
of  X  derived  from  y=-,  we  get  C7y"+2y~'  +  . .  .j5y*-f^y-f  a=0, 

of  which  the  roots  are  the  reciprocals  of  the  given  equation. 

CoR.  1.  In  order  to  transform  an  equation  into  another  whose 
roots  shall  be  greater  or  less  than  the  reciprocals  of  the  roots  of  the 
given  equation,  we  have  only  to  reverse  the  order  of  the  coefficients 
and  proceed  according  to  (540.) 

CoR.  2.  If  the  coefficients  of  the  given  equation  be  the  same  when 
taken  in  a  reverse  order,  the  transformed  equation  will  evidently  be 
the  same  as  the  given  equation,  and,  therefore,  its  roots  must  be  of 

the  form  r,  -;  r', -,;  r\  ^,  Ac. 
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Cob.  8.  If  the  ooSfficients  of  an  equation  of  an  odd  degree  be  the 
same  when  taken  in  a  reverse  order  but  with  contrary  signsi  the  roots 
of  the  transformed  equation  will  be  the  same  as  the  roots  of  the 
given  equation,  for  the  latter  with  all  its  signs  changed  is  identical 
with  the  former. 

This  will  also,  for  a  like  reason,  be  the  case  in  an  equation  of  an 
even  degree  when  the  middle  term  is  wanting. 

Equations  whose  coefficients  are  the  same  when  taken  in  a  reverse 
order,  are  called,  from  their  coefficients,  Recurring  Equations^  or, 
from  their  roots,  Reciprocal  Equations, 

Cob.  4.  If  the  sign  of  the  absolute  term  of  a  recurring  equation 
of  odd  degree  be  +,  one  of  the  roots  must  be  —  1,  and  if  it  be  —,  one 
root  must  be  4-1,  because  the  absolute  term  of  every  recurring 
equation  must  be  +1  or  —I,  and  the  product  of  the  other  roots 

r,  -,  r\  -„  r',  ^,  &c^  is  -f  1,  and  when  the  absolute  term  is  + 1  the 

product  of  the  roots  is  —1,  and  vice  versa. 

Hence,  a  recurring  equation  of  an  odd  degree  can  be  depressed  to 
ODe  of  the  next  lower  degree  by  dividing  it  by  «+ 1,  or  x— 1,  accord- 
ing as  the  sign  of  the  absolute  term  is  +  or  —1. 

Con.  5.  A  recurring  equation  of  an  even  degree  can  be  depressed 
to  an  equation  of  half  the  dimensions,  for  the  equation 
s^+Aj^'^^  +^jj'"-3  +  . .  .-4j?+  1=0,  after  being  divided  by  or  be- 
comes ar+^+ALr-^  4._-_j4. . . ,  nix -{--We,  -^  being  the  mid- 
dle term  or  the  coefficient  of  3f.  K  we  put  x-f--=y,  we  get 
«»+-,=y'— 2,  x»  +  -;;=y'— 3y,  a;*  +  — j-y*— 4y»  +  2,   Ac.,  which 

X  Qb  X 

▼alnes  being  substituted  result  in  an  equation  of  the  n*^  degree. 

SZ  A1CPLE8. 

!•  Transform  a:*— 7x-f-7=0  into  an  equation  whose  roots  shall 
each  be  one  less  than  the  reciprocals  of  the  roots  of  the  given  equa- 
tion. Ans.  7y'  +  Uy*  +  ^^y  + 1  =0. 

2«  Given  «•— 6«*+5«*  +  6«'— 6«+l=0  to  find  all  the  values  of 

,  5±V2T 
se.  Ans.  —1,  +1,  +1,  and  — - — . 
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8*  Find  the  equation  whose  roots  are  the  redprocali  of  the  roots 
of  the  equation  a^— 3^— 2j?*  +  3a:»4-12«*4-Jfl^— 8=0. 

Ant.  8y'-10y*-12y^^-8^2y  +  8y-l=0. 

4.  Given6x»— 4ar*+8a?'— 8a:'  +  4a;— 6=0tofindx. 

.       -     l±v/^  -3±4f'ZT 

Ana.  1, ,  and . 

2  5 

5.  Given  «•  +  8x*— 7a^  4-6a^— 7«*  +  8jf+l=0to  find  all  the  values 

iP                                                J       1   ,     ^./-T       ^  -6±V21 
of  «.  -4ii*.  1, 1,  ±K  — 1,  and . 

6.  Given  4:*=:1  to  find  all  the  values  of  x. 

Ans.  ±1, ,  and . 

7.  Given  «'4-2«*— 6jf*+2«*  +  l=0  to  find  all  the  values  of  g. 

Aru.  ±1,  ±1,  and  ±|(/32:f  V-6). 

8.  Given  4a:»—24a?*  +  5'7ar*—'73«'  +  57a:'—24jr+4=0  to  find  x. 

Ans.  2,  i,  2,  i,  and    "^ ^^  . 
••  Given  «•— 4a?'  +  28x*— 84ar*  +  4a:»  +  4ar+l=0  to  find  ar. 


>!       ,    1        o-wo       ,l±i^— 7dbV'_2db2V'-7 

-4n<.  1,  1,  — 2dbK3  and . 

'  2 

Remabx. — ^This  equation  is  not  recurring,  but  an  artifice  will  bring 
it  to  a  recurring  equation  of  the  fourth  degree. 


LIMITS  OF  THE  ROOTS  OF  EQUATIONS. 

(6  48.)  The  superior  limit  of  the  roots  of  an  equation  is  a  poei- 
iiwQ  quantity  greater  than  the  greatest  positive  root 

(549t)  The  inferior  limit  of  the  roots  of  an  equation  is  a  nega- 
tive quantity  greater  than  the  greatest  negative  root. 

RxMARKS. — ^This  definition  considers  —7a  greater  negative  quan- 
tity than  —6.  There  are  instances  as  in  inequations  where  —7  is 
considered  as  less  than  —6. 
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PROPOSITION      1. 

(550*)  In  any  equation  which  has  all  its  terms  positive  except 
ike  teeondy  the  coefficient  of  this  term  taJcen  positively  is  a  bupsbiob 
UMXT  <f  the  roots, 

PRO  POBITIO  N     2. 

(551.)  In  any  equation  the  greatest  negative  coefficient  with  its 
sign  changed  and  increased  by  unity  is  a  superior  limit  of  the 
roots, 

P  ROPOBITIO  N     d  . 

(552.)  In  any  equation  unity  added  to  that  root  of  the  greatest 
negative  coefficient  with  its  sign  changed,  whose  index  is  equal  to  the 
difference  of  the  exponents  of  the  first  term,  and  the  first  negative 
term,  is  a  superior  limit. 

Cob. — To  obtain  an  inferior  limit  of  the  roots  of  an  equation,  change 
the  signs  of  the  alternate  terms,  and  find  a  saperior  limit  of  this  new 
equation. 

PROBLEM   1 . 

(553«)  Find  limits  of  the  roots  of  the  equation 

solution . 

Here  we  evidently  have  for  a  superior  limit,  according  to  the  last 
proposition,  1+1^52  which  is  greater  than  8  and  less  than  9.  By  the 
corollary  we  get  for  an  inferior  limit  1  +52=53. 

ANOTHER     solution. 

We  can  put  the  given  equation  under  the  form 

ar(j?*— 12«*-62) +  (7a;*— 49x«-13)=0. 

Putting  each  of  the  polynomials  in  the  parentheses  equal  to  zero, 
and  solving  the  equations,  we  get  from  the  first  the  greatest  positive 
value  of  X,  greater  than  3  and  less  than  4,  and  from  the  second, 
greater  than  \/7  and  less  than  \/8.  It  is  evident  then  that  4  is  a 
superior  limit  of  the  given  equation.  For  the  inferior  limit  we  have 
to  find  the  superior  limit  of  x'(a;'— 7a:— 12)  +  (49x*— 52a:-hl3)=:rO. 

The  second  parentheses  contains  an  expression  which  is  evidently 
positive  for  x=:l,  or  any  quantity  greater  than  1,  and  from  the  first 
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we  get  z=z — — — <8^,  henoe  8^  is  an  inferior  limit  of  the  giyen 

equation. 

SoHOLinif. — ^This  last  solution  gives  a  more  limited  range  for  the 
roots  than  the  first,  viz.,  4  and  —8^  instead  of  0  and  —53.  Newton^s 
method  will  give  the  superior  limit  a  little  less,  viz.,  3. 

PROBLEM     2. 

Find  by  Newton's  method  the  superior  limit  of  the  equation 
a;*— 7x'  +  6a?*+56a?— 104=0. 

SOLUTION. 

Ftom  derived  functions  we  have 

X  =a;*— 7ir'  +  6ar'+66a;-104=0 

X  =4a:»— 21a:»+10a?+56 

X" 
— --=12x*-422;+10 

-^=24x-42=6(4af-'r). 
We  also  have  X,  =:X-hXh-^—h^+^^h*-{-  &c. 

Now  the  superior  limit  of  the  roots  of  the  transformed  equation 
JT,  must  be  the  same  as  that  of  the  roots  of  X,  provided  h  be  con- 
sidered as  an  infinitely  small  quantity  or  zero. 

We  now  wish  to  find  such  a  value  of  a?  as  will  render  X,  X, 

X'    X"  7 

— ,  —7^  positive.    We  see  that  for  «=  a  quantity  greater  than  -, 

we  have  -— -   positive.      For  a:=2,  we  have  =  +6,  but  — - 

1*2*3  1*2*3  1*2 

X' 
=—26;  also  for  d;=3,  —=—8;  hence  x  must  bo  more  than  3. 

X' 
F<Mraf=4,  wehave  —  =  H-34;  Z'=+,and  -X'=+,  hence  4  is  a 
I.'  ji 

superior  limiL 

RxMijiK. — ^In  the  following  answers  the  asterisk  indicates  results 
obtained  by  the  second  solution. 
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BXAlfPLBB. 

!•  Find  superior  limits  of  the  roots  of  the  equation  a;*~5x*-~ldx* 
-6a:*  +  8a;»— 20j;*— 27a;»— 5x*  +  10=0.  Ans.  28,  8*  or  7. 

2«  Find  superior  limits  of  the  roots  of  the  equation  2i;^+ll^* 
-10a?»—26a;*  +  8U'  +  72x'—230jr— 348=0.     Arts.  16,  or  3 ^V*- 

2»  Find  a  superior  limit  of  the  roots  of  the  equation  ar*  — 5x* 
-37a;"— 3x  +  39=0.  Am.  6. 

4*  Find  the  limits  of  the  roots  of  the  equation  a;*+7x*  — 12x' 
-64j:''+23jr+64=0.  Ans.   +8  and —65. 

5.  Find  a  superior  limit  of  the  roots  of  the  equation  x^+llx* 
-26x-67=0.  Ans.  6. 

6*  Find  an  inferior  limit  of  the  roots  of  the  equation  3j;'— 2^:' 
-lU+4=0.  Ans.  3. 

^    f   ♦    Bi   ^ 
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PROBLS  M. 

(558«)  To  find  by  trial  the  integral  roots  of  an  equation. 

SOLUTION. 

Let  Ax^-i-Bx^-^-Cx^-^-Tx-h  U^O  be  the  equation  whose  integral 
roots  are  sought.  Let  a,b,c.,.U^  —  f/",  . .  — c,  —6,  —a  be  all  the 
integral  divisors  of  U.  Since  U  is  the  product  of  all  the  roots  of 
the  given  equation,  if  it  has  any  integral  roots  they  must  be  among 
the  integral  divisors  of  U.  If  a  is  an  integral  root,  we  must  have 
Aa*  +  Ba''-hCa^-hTa-hU=0. 
Since  U  is  divisible  by  a  we  shall  have,  putting  U-^a-=Q^  and 

r+  Q=S,  Aa'-^Ba}  +  (7a  +  ^=0. 
Since  <S^  is  divisible  by  o  wo  shall  have,  putting  iS^-j-«=§',  and 

C-hC/=S\  Aa'-\-Ba  +  S'=0. 
Since  S^  is  divisible  by  a  we  sliall  have,  putting  S'-r-azzzQ",  and 

B+Q'=S\Aa-hS''=0. 
Since  S'  is  divisible  by  a  we  shall  have,  putting  S''-^a=  Q'\ 
A+Q''=0. 
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We  can  simplify  this  process  as 

follows. 

a)U            . 

/ 

a 

-7v                   \ 

>^_  ^ 

Q          \ 

IT 

.1-         i 

I 

c 

a)8            1 

1 

7 

w     1 

1 

-Sf 

i 

] 

«' 

a)S'           \ 

J 

<7 

Q'       r 

or 

\ 

S' 

I 

] 

Q' 

a)S'            i 

1 

B 

Q"          \ 

ff 

8' 

n-            ] 

f 

r 

0              I 

1 

A 

/ 

/ 

V 

0 

BcHouuir. — ^This  method  of  finding  roots  is  applicable  to  all  roots, 
but  is  of  no  advantage  when  the  roots  are  not  integral. 

PRO  BLEM     1 . 
(569,)  Find  the  roots  of  a;*— C**— 16a:  +  21=0. 

SOLUTION. 

The  divisors  of  21  are  1,  3,  7,  21,  —21,  —7,  —3,  —1,  but  we 
need  try  only  1,  3,  and  —1,  since  by  Newton's  method  the  limits  of 
the  roots  are  +  4  and  —2.  It  is  most  convenient  to  try  1  and  —  1  by 
direct  substitution  which  shows  that  1  is  a  root.    To  try  8,  we  have 

3 

2? 

7 

—16 

-9 

—3 

-6 

-9 
—3 

_0 

—3 
-1 

+  1 
0 
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"whioh  proves  that  3  is  a  root.    It  should  be  obeerved  that  0  repre- 

aents  the  coefficient  of  x*  which  is  wanting  in  the  given  equation. 

Since  1  and  8  are  roots  the  equation  is  divisible  by  (x— l)(a:— 3),  or 

(ar*— 4ar+3).      Instead  of  dividing  x*  +  Ox*— 62*— 16^  +  21   by  x" 

— 4«+3,  we  can  ascertain  the  quotient  bj  remembering  that  the 

second  term  with  its  sign  changed  is  the  sum  of  the  roots  and  the 

absolute  term  is  tbe  product  of  all  the  roots  with  their  signs  changed. 

21 
Hence  we  have  +0— (— 4)=+4  and  -r-~  "7,  whence  tbe  quotient 

3 

must  be  a:*+4a:+'7.    The  roots  of  a;*+42;  +  '?=0  are  — 2±V'^^. 

PROBLEM     2. 

2  4 
Find  the  roots  of  8x*— 2ic'— 62;  +  4=0,  or  «*— -a:'— 2a;+-=0. 

3  3 

SOLUTION 

Since  this  equation  evidently  has  one  or  more  fractional  roots  let 
us  transform  it  into  one  which  can  not  have  a  rational  fraction  for  a 
commensurable  root.  To  do  this  put  y=3x,  whence  we  obtain  y* 
— 2y'--18y  +  36=0.  The  integral  divisors  of  36  are  1,  2,  3,  4,  6, 
9,  12,  18,  36,  -36,  -18,  -12,  -9,  -6,  -4,  —3,  -2,  -1,  but 
as  Newton's  method  gives  the  limits  +5  and  —5  we  need  try  only 
1,  2,  3,  4,  —4,  —3,  —2,  —1.  Direct  substitution  shows  that  neither 
1,  or  —1  are  roots 

Divisors  2       3       4—4—3       —2 

Dividend 

Quotients 

Quotients 


0  -7. 

This  shows  that  2  is  the  only  int^ral  divisor  of  36  that  satisfiuk 
the  equation.  We  might  in  this  case  have  discovered  that  2  is  a 
root  by  a  shorter  process,  since  by  factoring,  we  have  (y— 2)y'-* 

33 


36 

18     12 
-18 

9 

-9 

—  12 

-18 

0     -6 

-9 

-27 

-30 

-36 

0     -2 
—2 

10 

18 

-2     -4 

8 

16 

—  1 

1 

-8 
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18(y— 2)=0,or(y— 2)(y*— 18)=0,  whence  we  see  that  y=2,  or 

2  - 

y=±3|^2.    But  since  y=3ar,  we  have  ar=-,  or  ±V'2. 

SX  AMPLXS. 

1.  «?•— 6a!*4-ll«— 6=0.  Ans.  «=1,  2,  or  3. 

2.  «■— 8x'  +  5a:4-U=0.  -4n*.  «=  —  !,  2,  or  7. 
8.  «■— 2x'— 4a;  +  8=0.  -4n*.  ar=2,  2,  or  —2. 
4.  a;*—18a:'  +  87x— 110=0.  .4n«.  a;=2,  6,  or  11. 
4,  a:*4-4af'— a?*— 16a?-12==0.  Ans.  a:=-l,  —2,  —3,  or  2. 

6.  «*— 6j:'  +  5a;*  +  2x— 10=0.      .  ^n*.  «=  — 1,  5,  or  IzbV'"^. 

7.  «•— 14aJ*-6x+70=0.  ^yw.  «=14,  or  iV'S. 

8.  «*— 46a?'— 40x4-84=0.  Ans.  x=l,  —2,  —0,  or  1. 

13  3 

9«  100a:*  +  160j'-f  9a;— 9=0.  4w«.  «=-,  —  — ,  or— o- 

10.  2«»-8a^-12a!»  +  18«'-26«+89=0. 

3 


An^.  -,  d=|/3±m. 


^  ■»  »  >i  ^ 
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PROPOSITION. 

(553t)  A  polynomial  of  the  n^  degree  has  for  its  first  derived 
polynomial  a  quantity  equal  to  the  sum  of  the  products  of  its  simple 
factors  taken  n— 1  at  a  time  ;  or  to  the  sum  of  the  quotients  obtained 
by  dividing  the  given  polynomial  by  each  of  its  simple  factors. 

DEMONSTRATION. 

Let  X=3r  +  Air-i  -^Bxr^'  +  . . .  Tx-h  U={x—a)(x—b){x—c),.. 
(a?— /)=0,  then  will  ^=nar^>  -f  (n— l)^"-a  +(n-2)^jr"-'  +  ... 
T=0^  be  its  derived  polynomial  which  is  to  be  proved  to  be  equal  to 

the  sum  of  the  products  of  (x— a),  (a?— 6),  {^—o), i^—^)  taken 

n— 1  at  a  time. 

We  have  already  seen  that  X'  is  the  co6fl3cient  of  A*  when  x-^-h 
h  substituted  for  x  in  X  Making  this  substitution  in  the  second  form 
of  X,  we  have  (a:  +  A— a)(a:+A— 6)(a:-f  A— c). .  .(a?  +  A— /),  or  put- 
ting iP-a=il„  a?-6=J?,,  &C..   (A4-^,)(A+^,)(A-f(7,)..., 
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. .  (A + X, ).  Performing  the  multiplications  indicated  we  get  for  the  lost 
term  -4,  J?,  C^..  .Z,,  or  the  product  of  the  factors  ^,,  ^,,  C,,  <fec., 
taken  n  at  a  time.  The  term  next  to  the  last  is  h  multiplied  by  the 
8um  of  the  factors  ^,,  -ffj,  C,,  <kc.,  taken  n— 1  at  a  time.  This 
proves  the  first  part  of  the  proposition. 

It  is  evident  that  each  of  the  products  whose  sum  constitutes  the 
coefficient  of  h  is  the  same  as  the  last  term  lacking  one  factor. 
Hence,  if  we  divide  A^  B^  C^, .  ,L^  ^7  -^i  ^®  ^^^  obtain  one  of 
these  products;  by  ^,  another,  and  so  on.  Since  A^  B^  C^ . ,  .L^-^X^ 

XXX  X 

we  have,  for  the  coefficient  of  A,    i-H--D-  +  7r  +  '-''?^>  therefore 

^i     ^\     ^i  ^1 

XXX  X 

X'= 1 fH h  . . . . ;  which  proves  the  second  part 

ar— o     x—h    x—c  x^l 

of  the  proposition. 

PBOBLX  M. 

(5 5 4.)  To  find  whether  an  equation  has  equal  roots,  and  if  so, 
their  number. 

SOfiUTION. 

Let    X=(ar— a)"(a;-6)'(a:— cy(x— fl?)  ...  (a;— ifc)=0,  then    has 
X=0, 971  roots  equal  to  a,  j9  roots  equal  to  6,  and  q  roots  equal  to  c. 
By  the  last  proposition  we  have  for  the  first  derived  polynomial 
XX  XX,  X         " 


-H tow  terms,  H --{. to/?  terms,  ^ h- 


x—a     X'-a  x—h      x—b  x—c     x—c 

XX  XXX 

tog  terms,  H -.,, r,  whence  X'=w hp :r-¥q 

^  ^      x—d       x—h  x—a    ^x—b     ''x—c 


X 


x—d' ' ' x—k 

Performing  the  divisions  indicated,  we  get 

jr=m   {x-aY  '  {x-hy     {x-cY     {x—d){x-e) {x-k) 

H-^(ar— a)-     {x—by-^\x—cy     {x—d){x—€) [x-k) 

+  q\x—aY     {x—hy     (x-c)^^  \x-d){x-e)  ....  {x—k) 

+  \x—aY     \x—hy    \x—cy  (ar— e) \x-k) 

+   {x-aY     {x-by     (x-c)^     (x-d)  {x-k) 


H-    {x-a)"^     {x-^Y     {^-^y     (x-d){x-€) 

It  is  evident  from  this  that  X  is  divisible  by  (ar— a)"->(a:— Z»)^" 
(af— c)^*,  since  every  term  of  the  second  member  is  divisible  by  it. 
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It  is  also  apparent  tliat  X  is  divisible  by  (a?— a)*~'(a?— 6)^' 
(:p— c)^',  and  that  no  other  factors  are  common  to  Xand  X',  and 
therefore  (a?— a)*~>(a:— fc)'"*(a;— c)*~^  is  their  greatest  conmion 
divisor. 

Hence  the  number  of  equal  roots  may  be  ascertained  by  findin^W^ 
the  greatest  common  divisor  of  the  ^ven  equation,  and  its  first  ^^ 
derived  polynomial,  resolving  it  into  its  simple  factors,  and  increasing 
their  exponents  by  unity.    A  divisor  of  the  form  (a:— !)*(«+ 2)'  in- 
dicates  five  roots  equal  to  1,  and  seven  equal  to  —2. 

BXAMPLS8. 

1.  a;*+a;'— 16a:+20=0.  -4n*.  a? =2,  2,  or —5. 

2,  a^— a?*— 8aj+12=0.  -4n*.  a? =2,  2,  or —8. 
8.  a?*— 6aj*4-12a?— 8=0.  Am.  a;=2,  2,  or  2. 
4.  «•— 2a:*— 7a!*4-20aj— 12=0.  ^iw.  ar=l,  2,  2,  or  —8. 
4.  a;*4-2a;*— 8«*— 4ar+4=0.  Ans.  ar=l,  1,  —2,  or  —2. 

6.  a:*-12«*  +  60a!»— 84a?  +  49=i0.     -4»w.a?=3diV2,or8diV'2. 

7.  «'+2a;*—llaf'— 8a:*4-20ar+16=0. 

Ans.  a;=— 1,— 1,  2,  2,  or  — i. 

8.  a;»  +  4a;*— 14ar'-l'7ar-6=0. 

Ans,  a;=  — 1,  —1,  —1,  2,  or  —3. 

9.  ^•+8a:*-6a:*-6a:'  +  9a?'  +  3a:-4=0. 

Ans.  a;=l,  1,  1,  —1,  —1,  or  —4. 

10.  «•— 10a;'H-37ar*-60jr'4-36=0. 

Ana.  ar=v/3,  V^,  -  VZ,  -V%,  -f'2,  -V'2,f^,or|/2^ 
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(555«)  A  VARIATION  in  a  series  of  signs  is  a  change  from  +  to 
— ,  or  from  —  to  +. 

(556t)  A  PERMANENCE  in  a  series  of  signs  is  a  repetition  of  the 
same  sign.    Thus  +  +,  or  +  +   +  is  a  permanence.    In  the  series 

+ h   —   +  +  H there  are  five  variations  and  two 

permanences. 
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PROBLBM. 

(556*)  To  find  the  number  of  different  real  roots  in  an  equation 
that  has  no  imaginary  coefficients. 

SOLUTION. 

The  solution  of  this  problem  is  derived  from  a  beantifiil  theorem 
discoyered  in  1829,  by  M.  Sturm,  a  French  mathematician.  Sturm 
uses  the  functions  X,  X,,  X,,. .  .JT^,,.  .X,  which  are  thus  ob- 
tained. The  given  equation  is  X=0,  and  X^  is  the  first  derived 
polynomial  or  derived  function  of  X.  Proceed  now  to  find  the 
greatest  common  divisor  of  X  and  X^ ,  being  careful  not  to  intro- 
duce or  reject  any  negative  &ctor,  and  indicate  the  quotients  by  Q,, 
Q,,&c.,  and  the  corresponding  remainders  by  — X,,  —X^^  Ac., 
that  is  the  remainders  with  their  signs  changed  by  X^,  JT,,  Ac. 
Hence  the  following  equations  : 

X       =Qy     X,     -X, 


X,^,  =  Vi»    X,     — X^, 

X„      =GM-i-^»+i""-^»+a 

x^,  =  6»4.j,X„+2  "~X„^3 

X^,  =  C^jX^,-X. 

It  will  be  observed  that  the  sign  of  each  remainder  is  changed 
before  it  is  used  as  a  divisor.  If  X=0  has  not  equal  roots  the  last 
remainder  — X,  or  X,  must  be  a  numerical  quantity,  and  therefore 
independent  of  x.  In  the  demonstration  of  Sturm's  theorem  X=0 
is  supposed  not  to  have  equal  roots.  Two  important  principles  are 
deduced  from  the  above  equations : — 

Ist,  Two  consecutive  functions  can  not  vanish  for  the  same  value 
of  X. 

2d.  If  one  of  the  derived  functions  vanish  for  any  particular 
value  of  X,  the  two  adjacent  functions  have  contrary  signs  for  the 
game  value  of  x. 

If  the  first  principle  is  not  true,  it  is  easy  to  see  that  we  should 
have  X  =0,  which  can  only  be  true  when  X=0  has  equal  roots. 
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the  case  which  we  have  aheady  excluded.  U  X^=0,  we  have 
jr,^,  =  — X,>4.,,  and,  therefore,  X^,  and  ^n^^  have  contrary  signs. 
This  establishes  the  second  principle.  We  are  now  ready  to  state 
and  demonstrate 

STUBlf's     THEOREM. 

^  a  and  (3  being  two  numbers  of  any  magnitude  and  signs  what- 
ever^ we  shall  substitute  the  less  of  the  two,  a,  in  the  place  of  x,  in 
all  the  functions 

then  we  shall  write,  in  order ^  on  the  same  line,  the  signs  of  the  results, 
and  we  shall  count  the  number  of  variations  which  occur  in  this 
series  of  signs;  we  shall  count  likewise  the  number  of  variations 
furnished  by  the  substitution  of  (3  in  the  place  of  x,  and  as  many 
variations  cu  there  will  be  less  in  this  second  series  of  signs  than  in 
the  first,  just  so  many  real  roots  comprised  between  a  and  0  will  the 
equation  X=0  have, 

^  If  the  second  series  present  as  many  variations  as  the  first,  the 
equation  proposed  will  not  have  any  roots  comprised  between  a  and  (3. 

"  Moreover,  the  second  series  can  not  have  more  variations  than  the 
first:' 

DEMONSTRATION. 

Let  all  the  real  roots  of  the  equations 

X=0,  X,=:0,  X^=0,  Xs=0,  ...  X,_^=Q 
be  comprised  between  — c  and   +d.     Suppose  now  that  —  c  is  sub- 
stituted for  X  in  the  functions  X,  X^, X^^,  X^  and  the  num. 

ber  of  variations  of  signs  is  noted.  If  2;  be  a  number  that  varies 
continuously  from  •— c  to  -|-rf,  its  substitution  for  x  in  the  above 
equation  can  produce  no  change  of  signs  as  long  as  2;  is  less  than  any 
of  the  roots  of  these  equations.  When  z  equals  a  root  of  any  of  the 
equations  formed  from  the  derived  functions,  that  function  will  vanish 
when  z  is  substituted  for  x  ;  but  since,  according  to  principle  2d,  the 
adjacent  functions  must  in  this  case  have  contrary  signs,  the  num- 
ber of  variations  is  not  changed,  because  just  before  z  in  its  continu- 
ous increase  became  equal  to  a;  in  one  of  the  derived  functions,  the 
adjacent  functions  must  have  stood  -f*— ,  or  —  *-f,  and  the  func- 
tions would  have  had  the  following  signs,  4-H — ,  H , h, 

or  — f-  -h,  which  give  but  one  variation,  and  there  is  also,  just  one 
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tfiation  when  the  middle  sign  is  removed,  or  its  function  vanishes, 
fence  we  see  that  when  z  in  its  continuous  increase  from  — c  to  +</ 
passes  from  a  number  a  very  little  less  than  a  root  of  any  of  the 
ierived  functions,  to  a  number  a  very  little  greater  the  number  of 
ariations  in  signs  remains  the  same.  If  any  change  then  is  possible 
in  the  number  of  variations,  it  must  be  by  2r  passing  from  a  number 
less  than  a  root  of  X=0,  to  a  number  greater,  since  X^  is  a  number, 
and  therefore  its  sign  can  not  change  for  any  value  of  z.  That  a 
change  in  tbe  number  of  variations  is  possible,  we  establish  as  fol- 
lows. Let  r  be  a  root  of  X^O  ;  also  let  z  pass  from  r— t  to  r  +  t,  i 
being  so  small  that  no  other  root  of  X=0  besides  r,  or  any  root  of 
any  of  the  derived  functions  can  be  equal  to  r— t,  or  r+t,  or  lie  be- 
tween them. 

It  is  evident  that  as  z  passes  continuously  from  r— t  to  r  +  i,  that 
DO  change  can  take  place  in  the  signs  of  the  derived  functions,  but 
that  X  changes  either  from  —  to  H- ,  or  from  4-  to  —  1  and  thus 
changes  the  number  of  variations.  Every  other  real  root  of  JSr=0 
will  also  produce  a  change  in  the  number  of  variations.  Suppose  a 
substituted  for  x  and  j3  for  x  give  respectively  the  following  series, 
viz.  I  X  X^  X^  X^  X^  X  JT,  X^  X^  X^ . 
+     -       +       -+  -+4-       +       + 

Since  the  number  of  variations  can  only  be  lessened  by  X  chang- 
ing from  +  to  —1,  or  from  —  to  +  as  2  passes  a  root  of  X=0, 
and  as  in  tbe  first  series  there  are  four  variations,  and  only  one  varia- 
tion in  the  last  series,  X  must  have  gone  through  the  following 
changes,  viz.,  from  +  to  — ,  from  —  to  +,  and  from  +  to  — ,  thus 
showing  that  there  are  three  real  roots  of  A'=0  between  a  and  /?. 

When  -X'=0  has  equal  roots,  -3r,=0,  and  A'^,  is  the  greatest 
common  divisor  of  A' and  X,.  Dividing  X^  by  X^,,  we  get  T, 
Since  7*— 0  has  not  equal  roots,  but  just  as  many  different  real  roots 
as  X=0  has,  we  can  proceed  with  T=.0  just  as  we  did  with  A'=0 
when  it  had  no  equal  roots.  The  divisor  X^ ,  indicates  the  value 
and  multiplicity  of  the  equal  roots  of  X=0, 

Since  all  the  real  roots  of  an  equation  are  comprised  between  its 
inferior  and  its  superior  limit,  we  have  only  to  substitute  these  for  a 
and  3  and  the  difference  in  tlie  number  of  variations  will  show  the 
number  of  different  real  roots.  In  practice,  however,  it  is  easier  to 
use  —CO  and  +qo  ,  because  then  only  the  fii-st  terms  of  X,  X,,  X, 


620  REAL  ROOTS. 

.  •  .X^,  need  be  used  to  obtain  the  sign  of  the  functions,  the  tenns 
containing  an  even  power  of  x  will  be  +  for  a;=— oo  ,  and  those 
containing  an  odd  power  — ,  for  a:=  +  oo  all  the  terms  will  have  the 
signs  of  their  coefficients. 

This  theorem  will  also  enable  us.  to  obtain  the  situations  of  the 
roots. 

PBOBLSM     1. 

(557«)  Find  the  number  of  real  roots  of  ar*— 4ar'— 6«+8=0. 

SOLITTION. 

fX  =«'— 4a;»-6ar+8 

-    ^, .  ,  u        ]  X,=3a!»-8j:-6 

In  this  example  we  have  •<    ^*     ,  ^ 


1  x:=., 

1^3=  + 


1467 


We  get  for  the  signs  of  X,  X,,  X,,  X,  when 

a;=— oo,  —  +  —  +,  3  variations. 

When  «=+oo,  +  +  +  +,0        " 

Hence  there  are  three  real  roots.  There  is  a  variation  between 
ar=0  and  ar=l,  between  jr=4  and  ar=5,  and  between  a;=— 1  and 
«=— 2,  thus  showing  that  the  three  roots  are  between  0  and  1,  4 
and  5,-1  and  —2.  It  is  evident  that  we  can  approach  as  near 
these  roots  as  we  please  bj  successive  trials. 

PROBLEM     2. 

Rnd  the  number  of  real  roots  of  2x*— llar'+8x— 16=0. 

SOLUTION. 

!X  =2ar*— lla;»+8a?— 16 
X,  =2(4a;*— llar+4) 
Xj,=lla;*~12x  +  32. 

We  proceed  no  further  because  X^  is  positive  for  all  values  of  x 
whether  positive  or  negative.    X,  =0  has  only  imaginary  roots. 

Making  ir=  -co  ,  and  ar=  +  oo  ,  we  find  there  are  two  real  roots ; 
also,  by  trial  that  their  initial  figures  are  2  and  —2. 

PRO  BLEM     3. 

Find  the  number  of  real  roots  of  a;*— 7a;*  +  13a;*  +  a?  — 16a? +  4=0. 
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SOLUTION. 

Id  thh  example,  we  have 

X  =a;»-7a^  +  18x'+«*-16ar  +  4 
JT,  =5a;*  -  28x»  +  39iP*  +  2ar— 16 

a;=— 00  giyes  4  variations,  and  d;=:+oo,  no  variations;  henoe 
there  are  four  different  real  roots;  the  common  divisor  x— 2  indicates 
that  there  are  two  equal  to  2,  therefore  there  are  in  all  five  roots. 


EXAMPLES. 


1.  ar»  +  9iF=6. 

I,  a:«=15a?-21. 

8.  a;*=4z"  +  621. 

4.  a;*=3ar«  +  4. 

i.  2a:*-.13z"+10af--19=0. 

•.  a?'~5a!*  +  8j?-l=0. 


Am.  One  real  root 
Am,  Thru  real  roots. 
Am,  Two  real  roots. 
Am,  Two  real  roots. 
Am,  Two  real  roots. 
Am,  One  real  root 
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HORNER'S   METHOD    OF   RESOLVING    NUMERICAL 
EQUATIONS. 

PROBLEM. 

(560.)  To  resolve  a  numerical  equation. 

BULE. 

1.  Find  the  number  of  positive  and  negative  real  roots  by  Sturm's 
theorem^  and  the  initial  figures  by  the  same  theorem  or  by  trial, 

2.  Transform  the  equation  into  another y  each  of  whose  root^  shall 
be  less  by  the  initial  figure.  If  a  negative  root  is  sought ^  change  the 
signs  of  the  odd  terms  and  then  proceed  as  with  a  positive  root, 

3.  To  find  the  initial  figure  of  the  root  of  the  transformed  equa- 
tioHy  divide  the  absolute  term  by  the  penultim^ate  coefficient  which  is 
called  the  trial  divisor, 

4.  Transform  this  equation  into  another  each  of  whose  roots  shall 
be  less  by  the  quotient  thus  obtained,  and  proceed  in  the  same  manner 
for  other  figures  of  the  required  root, 

NoTB  1.  The  correctness  of  any  figure  found  by  the  trial  divisor 
will  be  manifest  in  the  next  transformation. 

Note  2.  Particular  attention  should  be  paid  to  the  local  value  of 
the  figures. 

DEMONSTRATION. 

The  demonstration  of  this  rule  is  based  upon  the  theory  of  trans- 
formation, and  the  accuracy  of  the  rule  is  manifest  from  the  fact  that 
the  initial  figure  of  the  first  transformed  equation  is  the  second  figure 
of  the  root  ^^^  ^^^  initial  figures  of  the  successive  transformed  equa- 
tions give  the.  successive  figures  of  the  root 

Remark. — This  method,  which  is  due  to  W.  G.  Horner,  Esq.,  of 
Bath,  England,  connected  with  his  method  of  synthetic  division  forms 
the  most  elegant  process  of  resolving  numeiical  equations  that  has 
ever  been  discovered.  It  is  generally  called  an  approximating  method ; 
but  it  is  not  strictly  so  for  if  the  root  is  integral  it  will  give  it  exactly, 
or  if  it  can  be  expressed  by  a  terminating  decimal. 

Mr.  Horner  published  hM  method  in  the  year  1819. 
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PI^OBLBM      1  . 

(561.)  Find  the  roots  of  the  equatioD,  x*— 7ar+7=0. 


SOLUTION. 


By  Sturm's  theorem,  we  find  all  the  roots  are  real,  two  positive 
and  one  negative,  and  that  the  initial  figures  of  the  roots  are  1*3, 
1*6,  and  —3.    We  now  apply  Homer's  method  as  follows : — 


1  +  0 

-7 

+  7(1.866895867 

1 

1 

1 
-6 

-6 
*  1 

1 

2 

-.903 

2 

-*4 

*.097 

1 

.09 

—.086626 

♦8.3 

—3.01 

♦.010376 

.3 

1.08 

-.009048984 

8.6 

-*1.93 

♦.001326016 

.8 

.1976 

-.001184480 

♦8.96 

—  1.7325 

.000141686 

.05 

.20 

—.000132923 

4.00 

— *1.5325 

.000008668 

.05 

.024336 

-.000007882 

♦4.056 

-1.508164 

.000001281 

.006 

.024372 

-.000001181 

4.062 
.006 

-♦1.48379 
.00325 

2 
4 

8 
4 

8 
6 
2 
6 

.000000100 
-.000000089 

*|4.0168 

-1.48053 
.00325 

.000000011 
-.000000010 

-1.4772 
3 

.000000001 

-1.4769 
3 

-l.|4|7|6|5 

In  this  process,  we  have  omitted  the  letters  and  marked  the 
coefficients  of  the  transfoimed  equation  by  asterisks.  The  first 
transformed  equation  is  y*  +  8y*— 4y  +  l=0,  and  the  second  trans- 
formed equation  is  «'  +  3.92'— 1.932 +  .097=0,  and  the  third 
»'+406t;'-1.6325v  +  .010876=a 
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We  have  snortened  the  work  by  annexing  decimal  figores  when 
found.     Thus  when  we  get  .8  and  wish  to  add  it  to  3.,  we  write  3.3 

o 

instead  of        .8      ^®  might  also  have  omitted  the  decimal  points 
gg*  and  ciphers. 

Note. — When  the  number  of  decimals  in  the  last  term  becomes 
equal  to  the  number  which  you  desire  in  the  root,  it  is  not  necessary 
to  obtain  any  more  places  in  this  column.  Since  each  new  figure  in 
the  root  multiplied  into  the  column  next  to  the  last,  makes  one  more 
figure  yi  the  last  column,  to  avoid  increasing  the  figures  in  the  last 
column,  we  may  cut  off  one  figure  in  the  column  that  precedes  it, 
two  in  the  column  preceding  that,  and  so  on,  increasing  by  one  as  we 
go  to  the  left  When  all  the  figures  in  the  first  column  are  cut  off, 
we  obtain  the  other  figures  by  merely  continuing  the  division  by  the 
trial  divisor  to  as  many  places  as  the  root  still  lacks  of  what  we 
desired. 

We  obtain  the  other  positive  root  as  follows,  omitting  the  points 
and  ciphers : 


+  0 

-7 

+  7(1.692021471 

1 

1 

-6 

1 

-6 

1... 

1 

2 

-1104 

1 

-4.. 

-104... 

2 

216 

100809 

86 

-184 

-3191... 

6 

252 

3156888 

42 

68.. 

-34112 

6 

4401 

31774 

489 

11201 

-2338 

9 

4482 

1589 

498 

15683.. 

-749 

9 

10144 

635 

6072 

1578444 

-114 

2 

10148 

111 

6074 

16885 

9 

2 

3 

2 

1 

|60|76 


l|6|8i8|7 


For  the  negative  root  we  change  the  signs  of  the  odd  terms : 


BESOLYOra  NUMKBICAL  BQUATIONa 


625 


1  -0 
3 

-7 
9 

-7(3.0489173896 
+  6 

3 
3 

2 

18 

—  1 

814464 

6 
3 

20.... 
3616 

-185636... 
166382592 

904 
4 

203616 
3632 

—  19153408 
18791228 

008 

4 

.  207248.. 
73024 

-362180 
208875 

0128 
8 

20707824 
73088 

—  153305 
146212 

0136 
8 

2087091 
822 

2 

10 

-7093 
6266 

|..|01|44 

2087914 
823 

2 
0 

-827 
626 

208873 

7 
9 
3 

9 

—201 
188 

208874 

-13 
12 

2I0|8|817|5 

1 

Hence,  the  three  roots  of  «■— 7^+7=0  are 
a;=  1.356895867 ;a;=1.69202147l ;aj= -3.04891 7339.... 

PROBLEM     2. 

Find  one  value  of  x  in  the  equation,  «■  + 2a:' +  3a?=  13089030. 

SOLUTION. 

By  trial,  we  find  x  is  greater  than  200,  and  less  than  300. 


1  +  2 
200 

+  3 
40400 

—  13089030(235 
8080600 

202 

40403  • 

♦- 5008430 

200 

80400 

4192890 

402 

♦120803 

♦-815540 

200 

18960 

816540 

*602 

139763 

00000 

30 

19860 

632 

♦169623 

30 

3485 

662 

163108 

30 

♦692 

5 

697 

626  ~  hobnsb's  kethod. 

Remabx. — This  showB  that  Horner's  method  will  give  an  exact  in- 
tegral root 

EXAMPLES. 

1.  Given  «•— 700aj=59829  to  find  x.  Ans.  x=111. 

2.  Given  «*— 5a?=:8366  to  find  x,  Ans.  a: =94. 

3.  Given  «•— 12832:=  16848  to  find  x.  Ans.  ar=1296. 
4»  Given  3a;*— 4a;' +  2ar— 1000=0  to  find  x. 

Ans.  a:=4.34244760. 
6.  Given  x*  +  2a;*  +  3a;*  +  4a;»  +  6a;— 54321 = 0  to  find  x. 

Ans.  a:=8.41445475. 

6.  Given  a;*— 21a;=214591760730  to  find  ar.     Ans.  ar=463251. 

7.  Given  a;'  +  l73a;=14760638046  to  find  z.      Ans.  ar=2453. 
8*  Given  a;'=673373097l26  to  find  x,  that  is,  extract  the  cube 

root  of  673373097126.  Ans.  ar=8765. 

9.  Given  «•+  11a;'— 102a;  + 181  =0  to  find  the  values  of  x. 
-47W.  a;=3.21312776..,a;=3.22962121.., and  a;=  — 17.44264896.. 

10.  Given  a;* +  3;* +3;*  + 3a;— 100=0  to  find  the  real  values  of  x. 
Ans.  a;=2.8028512181 582 ... ,  and  a;=  —3.4335778633659 . . . 

11.  Given  a;*  +  2a;*  +  3a;"-}- 4a;*  +  6a;— 20=0  to  find  the  values  of  x. 

Ans.  a;=  1.125790... 

12.  Givena;*  +  3a:*  +  2a;'— 32;*- 2a;— 2=0  to  find   the  real   values 
of  X,  Ans.  a:=1.059109003461882. . . 

13.  Given  a;*— 12a;' +  12a;— 3=0  to  find  the  real  values  of  x. 

Ans.  a;=2.858083308163  . . .,  a;=.6060183069l7 . .  ., 

a;=.443276939605.  .  .,and  a;= -3.907378554685. . . 
ra;  +  2  Vy— 2=38  > 

14.  Given)   x  -{■  Vz—2=z38L  to  find  the  values  of  a;,  y,  and  z 

(6y  +  2i^a;-2=38  )     . 
Ans.  a;=34.353166..,y=6.324849.  .,  and  2=15.299396  . . 

15.  Given  a?*— 3a.=  l  to  find  the  values  of  ar. 

Ans.  ar=  1.879385242. . .,  a;=  — 1.532088886. . .,  and 
a;= -.347296355... 

16.  Given  a;*— 27a;'  +  162a;'  +  356a;=1200  to  find  the  values  of  x. 
2lfW.a;=— 3,a;=2.05607...,a;=13.16306...,anda;=14.79085... 

17.  Given  a;'— 6a;=2  to  find  the  values  of  ar. 

Ans.  a:=2.6016'791318...,  ar=— 2.2618022452. ..,"  and 
a;=— .3398768866... 

18.  Given   a;*— 7035a;"  +  15262754a;— 10000730880=0   to   find 
the  values  of  a?.  Ans.  a;=1234,  a;=2345,  and  a;=3456. 
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CARDAN'S  FORMULA  FOR  CUBICS. 

PBOBLEM. 

(562«)  To  find  Cardan's  formula  for  cubics. 

SOLUTION. 

Since  the  term  containing  o^  may  be  removed  from  any  cnbio 
equation  it  follows  that  all  cubics  may  be  reduced  to  the  form 
aj*=3j?a:  +  25'(l)  in  which  p  and  q  may  be  positive  or  negative. 

Assuming  that  a;=y  +  -  and  substituting  this  value  in  (1)  we  get 
after  clearing  of  fractions  and  transposing  terms, 

whence  yz=y  q-iiy/q^-^p^ 

Therefore  x=  A/q±Vq*-'P*+i—p=^=^=.  which  is  the  for- 
mula required.  y  q±y/q  —p 

PROBLEM     1. 

(563.)     Given  a;'=6a;  +  40  to  find  one  value  of  ar. 

SOLUTION. 


3     / 'Z 

Here7?=2  and  (7=20;  whence  ar=j/20  +  \/392  4--  .        = 

^  |/20  +  \/392. 

We  might  get  an  approximate  value  of  x  by  extracting  the  roots 
indicated, but  by  Tartalea's  Rule  (228.),  we  get 

_         2  _  ^ 

a:=2  +  V2  +  ^ ;^,  or  ar=r:2+ V'2+2~  V2=4. 

2  4-v2 

PROBLEM     2. 

Given  a;'— 12ar'  +  86a:— 9=0  to  find  one  value  of  x. 

SOLUTION. 

Putting  y=x— 4  in  order  to  remove  the  second  term  we  get 
y*=12y— 9,  in  which 7) =4  and  5^=— 4J;  whence  afler  factoring  we 

have  y=y^(_3e+4^rn^)+r^j™^;™. 


comes  by  (228.)  or  (247.)  y=i(3+»'-7)+-— — =-=8. 

f(3+y— 7} 
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ScHOUUH. — ^The  other  values  of  x  may  be  obtained  as  in  (531») 
Since  the  rules  for  extracting  the  cube  root  of  binomial  surds  are  not 
general,  we  are  not  always  certain  that  Cardan's  formula  can  be  sim 
plified.  It  is  evident,  however,  that  when  the  binomial  surd  whose 
cube  root  is  sought  is  not  imaginary,  we  can  at  least  get  an  approxi- 
mate value  of  X  even  though  we  fail  to  find  the  cube  root  of  this 
binomial  surd.  But  when  this  surd  is  imaginary,  we  can  not  obtain 
an  approximate  value  of  x,  and  hence  the  simplification  of  the  for- 
mula depends  upon  our  ability  to  find  the  cube  root  of  this  binomial 
surd.  This  is  generally  called  the  " Irreducible  Case,^  which  is  only 
encountered  when  all  the  roots  of  the  equation  are  real  and  unequal, 
while  the  Reducible  Case  is  encountered  when  two  of  the  roots  are 
imaginary  or  equal  We  must  not  conclude  that  the  formula  can 
never  be  simplified  in  the  so-called  "  Irreducible  Case^  for  this  can 
frequently  be  done,  as  in  the  second  problem  above,  by  Tartalea's  or 
Bombelli's  Rule,  or  by  some  other  tentative  process.  For  the  solu- 
tion of  all  cases  of  cubic  equations  by  tables  of  sines,  tangents  and 
secants,  see  Tayloi^s  Logarithms^  page  57 ;  Supplement  to  Hut- 
tofCs  Math.  Diet.;  Bonnycastle^s  Trig.;  Wilson's  Trig,;  Euler's 
AL;  Feacock*s  Al.,  Vol,  11. ;  Cirodde^s  Lemons  D\ilgebre,  page 
654,  and  Phil.  Trans.,  1087,  1707,  1738,  1780,  and  Hutton's 
Math.,  Vol.  II  Infinite  series  may  also  be  used  in  the  simplification 
of  the  irreducible  case. 

EXAMPLES. 

i.  Given  x*=6x'{-0  to  find  x.  Ans.  jp=V2  + V4. 

2.  Given  a:"  +  6a:' =32  to  find  x.  Ans.  ar=2,  —4,-4. 

S.  Given  27ir*=l737ar  +  1150  to  find  x.  Ans.  xz=^, 

4.  Given  ir*— 12x»  +  41a:=42  t8  find  x.  Ans.  ir=:2,  3,  7. 

5.  Given  a;"— 12a;'-}- 5  7a? =94  to  find  ar.  Ans.  a:=4  +  V3  —  V9. 
8«  Given  2a:*=15a;— 581  to  find  x.  Ans.  x— .  —  7. 


FINIS. 


